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Mirror worlds
This thesis is a thesis on the world of twin buildings, an extension of theformer building theory.Building theory was orginally developed by J. Tits to give a geometrial in-terpretation of the theory of semi-simple linear algebrai groups. Impliitelybuildings were born in 1965, in the famous paper [28℄. Although at thattime the geometries whih J. Tits onstruted were not alled buildings yet.Buildings where oÆially established in the mathematial landsape in '74,with the appearene of the standard referene [29℄. In this work J. Tits givesa omplete lassi�ation of spherial buildings (i.e. buildings of �nite diame-ter) of rank bigger than 3. Important in this lassi�ation was the fat thatevery spherial building of rank bigger than 3 is a Moufang building. (Mo-ufang buildings an best be seen as buildings with a high degree of symmetry.)A lot of tehniques used in this work found their inspiration in algebraigroup theory. Espeially J. Tits sueeded in generalizing the onept of aroot datum, the Galois ohomology of algebrai groups and relative algebraigroup theory.During the 90 new developments in physis (i.e. quantum gravity, superstring theory) led to an interest of mathematiians into a new algebrai stru-ture, namely Ka-Moody algebras. These strutures arose as generalizationof the former will known Lie algebras, symmetry groups of ertain physialsystems. Lie algebras are always de�ned in �nite dimensional vetor spaes.The di�erene in Ka-Moody theory is that Ka-Moody algebras an be de-3



4�ned in in�nite dimensional vetor spaes, making the theory in a lot aspetsquite di�erent from Lie algebra theory.Every Lie algebra orresponds to an algebrai group and onversily everyalgebrai group indues a Lie algebra. As J. Tits already sueeded in giv-ing a geometrial interpretation to linear algebrai groups he and M. Ronanstarted to think how a geometry assoiated to a Ka-Moody algebra wouldlook like. As a result they introdued the onept of a twin building. One wayto see twin buildings is as a ouple of buildings, endowed with an oppositionrelation between them. This opposition relation is in fat a generalizationfrom the fat that the diameter of a spherial building is �nite. Intuitivelythis opposition relation is as if one would onsider a building, put it beforea mirror and onsider the reeted building as its twin.In the standard referene [32℄ J. Tits desribes a possible lassi�ation pro-gram for twin buildings. The tehniques he proposes hereby are quit relatedto the ones used in [29℄. Having made a phd on a part of building theorythat has strong onnetions with twin building theory, Bernhard M�uhlherrgot interested in this lassi�ation. In partiular he wanted to get a lassi-�ation of 2-spherial twin buildings, i.e. twin buildings where the diameteris loally �nite.A �rst major result needed to start the lassi�ation was proved in '92 byBernhard M�uhlherr and M. Ronan in [18℄. Using this result they ould provethat the two parts of a twin building are in the 2-spherial ase Moufangbuildings and that a twin building is ompletely determined by its loal da-tum, namely a Moufang foundation.The next important steps towards a lassi�ation were taken in [21℄ and [20℄.In [21℄ Bernhard M�uhlherr sueeded in extending the relative theory of alge-brai groups and the Galois ohomology to the �eld of twin buildings. Thisled to [20℄ where the lassi�ation of 2-spherial twin buildings is redued toa lassi�ation of three types of geometries. Namely twin buildings of type~A2, ~B2 and 443.As buildings of ~A2 where studied before thoroughly (fr. [35, 36℄) this leftto problem of lassifying twin buildings of type ~B2 and 443. This was thestarting point of writing this thesis. In the end I got a lassi�ation of ~B2twin buildings where the geometries are loally lassial or indi�erent and aintegrability riterion for twin buildings of type 443. During the proess of



5�nding the right teniques the theory developed ould in some ases also beused to solve other non related problems.The thesis is organised in four Chapters.Chapter 1 gives an overview of the de�nitions and notations used in thethesis.Chapter 2 onsists of the proofs of two theorems. The �rst theorem wasa problem known to be true but no real formal proof was written down. Itonerns the fat that every Moufoufang building an be seen as half of atwin building. This problem was stated in [29℄ with a strategy of a proof.But J. Tits mentions that the proof is not straightforward and some newonepts should be introdued. In order to get familiar with twin buildingtheory, I had to solve this problem. At this point I have to mention thisresult was found independantly by P. Abramenko and I should thank himfor the mathematial disussions and suggestions onderning this problem.The seond theorem deals with a loal haraterization riterion for twinbuildings whih was also found independantly by P. Abramenko and H. VanMaldeghem.In the setup of [29℄ and [20℄ a lassi�ation of 2-spherial twin buildingsrelies heavily on a arefull study of Moufang sets. Moufang sets are in fatthe smallest twin buildings and form the building bloks of every twin build-ings. Therefore we give in this hapter a lassi�ation of the Moufang setsneeded to lassify ~B2 twin buildings whih are loally lassial of indi�er-ent. The problems whih arose here are quit related to Borel Tits theory(fr. [2℄), lassial theory on orthogonal, hermitian and unitary groups ofWitt index 1 (fr. [6, 7℄) and algebrai group theory (fr. [27℄). But as allthese theories only work under restritions, whih had to be avoided for thelassi�ation, a ompletely new setup was developed and some new resultson lassial groups ame out. (fr. Theorem 127) As a byprodut of thetheory developed in Chapter3, a loal haraterization of lassial Moufangsets ould be proved (fr. Theorem 132).The �nal hapter deals with lassi�ation and integrability onditions.As already mentioned by the results in [18℄, twin buildings are ompletelydetermined by their loal data whih are alled Moufang foundations. Hene



6to lassi�y twin buildings one has to give a list of existing Moufang foun-dations, and then try to see whih Moufang foundations are integrable (i.e.isomorphi to the loal data of a Moufang building).As in almost all ases (by the results of Chapter 2 and [18℄) twin buildingsand Moufang buildings of type ~B2 are the same objets we preferred workingin this hapter with Moufang buildings instead of twin buildings. In partiu-lar we give a lassi�ation of ~B2 Moufang buildings whih are loally lassialor indi�erent and prove integrability onditions for Moufang foundations inMoufang buildings of type 443.To give a list of existing foundations of type ~B2 we rely heavily on the re-sults of Chapter 3. To prove integrability we again rely on Chapter 3 andthe results proved in [23℄. Moreover to omplete the lassiation we provea theorem (fr. Theorem 151) whih uses representations of Moufang setsand properties of the geometry. Similar tehniques ould be used to provea integrability riterion for Moufang foundations of type 443 (fr. Theorem158).
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12 CHAPTER 1. PRELIMINARIES1.1 Conventions and notationsjXj ardinality of a set XoX(Y ) omplement of a set Y in XN natural numbersZ integersR real numbersH generalized quaternion algebra� standard involution of a ertaingeneralized quaternion algebra Hk division ringhar(k) harateristi of a division ring kV , E vetor spaesdim(V )jk dimension of a k-vetor spaeif k is lear from the ontext this is alsodenoted by dim(V )PG(E) projetive spae assoiated to a vetor spae E.GLn(k) general linear group ating on a n-dimensionalright k-vetor spaeG groupord(g) order of an element g of a groupZ(G) enter of a group G[g1; g2℄ ommutator of two elements g1 and g2 of a group GFixG(Y ) fg 2 Gjg(y) = y;8y 2 Y g, where G ats on a set YStabG(Y ) fg 2 Gjg(Y ) = Y g, where G ats on a set YId identity map�mj=1�j �1�2 : : : �mPmj=1 �1;j : : : �i(j);j �1;1�2;1 : : : �1;i(1) + : : : +�1;m�2;m : : : �i(m);m1.2 De�nitionsIn this setion we list the most frequently used de�nitions in the sequel. Mo-tivation of onepts will be indiated where it is possible.



1.2. DEFINITIONS 131.2.1 Coxeter systemsDe�nition 1 Let I be a set. A Coxeter matrix M over I is a symmetrimatrix M = (mij)i;j2I with mij 2 N [ 1 suh that mij � 2, i 6= j andmii = 2.Given a Coxeter matrix M over I we denote by E(M) the set ffi; jg jmij �3g.De�nition 2 Let M be a Coxeter matrix over a set I . Then we denote byG(M) the graph whose verties are the elements of i and where i, j 2 I areadjaent whenever fi; jg 2 E(M).For a J � I we set MJ = (mij)i;j2J .Notie that by the above de�nition MJ is a Coxeter matrix over J .De�nition 3 Let M = (mij)i;j2I be a Coxeter over I and �M = ( �mk;l)k;l2Kbe a Coxeter matrix overK. An isomorphism betweenM and �M is de�ned asa bijetion ' from I to K suh that mij = �m'(i)'(j), 8 i; j 2 I . A embeddingfrom M to �M is an isomorphism from M to a Coxeter matrix of the form�MK0 where K 0 � KDe�nition 4 A Coxeter matrix M = (mij)i;j2I will be alled 2-spherialwhenever mij is �nite 8 i; j 2 I .De�nition 5 Given a Coxeter matrix M , a Coxeter system of type M is aouple (W; (si)i2I) where W is a group with presentation W = hsij(sisj)miji.The rank of a Coxeter system is the ardinality of I . A Coxeter system(W; (si)i2I) is alled spherial if the group W is �nite.The set (si)i2I will also be denoted as S. The group W is alled a Coxetergroup of typeM . Using standard theory as exposed in [14℄ and [3℄ one showsthat if (W; (si)i2I) is a Coxeter system of type M and J � I , (W; (si)i2J) isa Coxeter system of type MJ .De�nition 6 Given a Coxeter matrix M and a Coxeter system (W;S) oftype M we de�ne for w 2 W :l(w) = minfn jw = s1s2 : : : sn; sj 2 S; 1 � j � ng:



14 CHAPTER 1. PRELIMINARIESAn expression of the form s1s2 : : : sm, sj 2 S, 1 � j � m, will be alledredued whenever l(s1s2 : : : sm) = m.Given w 2 W , i; j 2 I suh that mij <1, we all w right fi; jg-anti-reduedif l(wsi) < l(w) and l(wsj) < l(w).A standard example of a Coxeter group is provided by Eulidean reetiongroups. Namely, onsider a �nite subgroup G of GLn(R) generated by m re-etions (ri)1�i�m. Then one an show that the group G has a presentationof the form G = hsij(sisj)miji. For more information about reetion groupswe refer to [14℄.1.2.2 Root systemsLet M = (mij)i;j2I be a Coxeter matrix over I and (W; (si)i2I) a Coxetersystem of type M = (mij)i;j2I . Remark that every element z 2 W de�nesan permutation (also denoted by z) W if we set :z(x) = zx:In this ation we all elements of the form wsiw�1, i 2 I , reetions.De�nition 7 Let M = (mij)i;j2I be a Coxeter matrix over I . Consider aCoxeter system (W;S) of type M with S = (si)i2I . Let si 2 S. The rootde�ned by si (in W ) is de�ned as the set �i = fw 2 W jl(siw) > l(w)g.All other roots in W are subsets of the form w(�s) = fwv j v 2 �sg forsome w 2 W . The opposite root of a root � is de�ned as oW (�). Given aroot � of the form w(�i) we denote the reetion wsiw�1 by s�. For everyroot � the boundary of � denoted by ��, is the set of pairs fx; yg suh thats�(x) = y. Moreover given a root �, the interior of � is de�ned as theset Int(�) = f� n ��g. Roots are alled positive or negative aording towhether they ontain 1 or not. If a root � is positive, this is denoted by� > 0. Similarly � < 0 means that the root � is a negative root. Remarkthat if � is a root in W then s�(�) = oW (�).De�nition 8 LetM = (mij)i;j2I be a Coxeter matrix over I and (W; (si)i2I)be a Coxeter system of type M = (mij)i;j2I . Then we all the set of roots �a the root system.



1.2. DEFINITIONS 15De�nition 9 Let � be a root system suh that � onsists of the roots in Wwhere (W;S) is a Coxeter system of type M . Then we say that � is of typeM 0 if and only if M �= M 0.De�nition 10 LetM = (mij)i;j2I be a Coxeter matrix over I . Given a rootsystem � of type M suh that (W; (si)i2) is the Coxeter system with � theset of roots in W . A root base or � is then de�nes as a set fw�i ji 2 Ig,where w 2 W and �i is the root belonging to the reetion si.De�nition 11 Given a root system �, suh that � onsists of the roots inW , where (W;S) is a Coxeter system. Let � be a root base for �. Denotethen the Coxeter matrix �M� = ( �m��)��2� where �m�� = ord(s�s�).The de�nition of root base implies that � is of type �M� for every root base� 2 �.1.2.3 BuildingsDe�nition 12 Let M = (mij)i;j2I be a Coxeter matrix, (W;S) a Coxetersystem of type M . A building of type M is a quadruple (�;W; S; d) where� is a set whose elements are alled hambers and d is a funtion, alleddistane funtion, going from ��� to W satisfying :Bu1 d(x; y) = 1 if and only if x = yBu2 Let x; y 2 � with d(x; y) = w. If z is a hamber suh that d(y; z) = swith s 2 S then d(x; z) 2 fw;wsg. Moreover if l(ws) > l(w) thend(x; z) = ws.Bu3 Let as above x; y 2 � with d(x; y) = w. If s 2 S then there exists ahamber z of � suh that d(x; z) = ws.The rank of the building (�;W; S; d) is de�ned as the rank of (W;S).Given a Coxeter system (W;S) of type M = (mij)i;j2I , we an view it as abuilding in the following way. The hambers are the elements of W . De�nethe distane dW on W by dW (x; y) = x�1y for x; y 2 W . Straightforwardalulations show that (W;W;S; dW ) is a building of type M = (mij)i;j2I .To simplify notation a building (�;W; S; d) will sometimes be denoted as(�; d) or even as � when the rest of the data is lear.



16 CHAPTER 1. PRELIMINARIESThe onept of a building is due to J.Tits as a result of his researh to give ageometrial interpretation of the theory of semi-simple algebrai groups. Aspeial lass is provided by the buildings of spherial type i.e. buildings of theform (�;W; S; d) where (W;S) is a spherial Coxeter system. They presentin a natural way the geometry assoiated to a simple algebrai group. Moreinformation about this subjet an be found in the standard referene [29℄where of all spherial buildings of rank bigger that 3 are lassi�ed.An alternative way to look at buildings is desribed in [25℄. Buildings arede�ned here as hamber systems with ertain properties.1.2.4 Chamber systems and buildingsDe�nition 13 Given a set I , a hamber system over I is a set C suh thateah element i 2 I determines a partition of C. The elements of C are alsoalled hambers. Two hambers belonging to the same lass of the partitionde�ned by i, are alled i-adjaent.It is rather natural to onsider galleries in hamber systems. Their stru-ture expresses in some ases important topologial invariants and ertainproperties.De�nition 14 Let C be a hamber system de�ned over a set I . A galleryin C is a sequene of hambers � = 12 : : : m suh that eah pair (i; i+1)is li-adjaent for some li 2 I . The gallery � is said to be non stammering ifli 6= li+1 for 1 � i � m. The type of the gallery � is de�ned as the string(l1l2 : : : lm).De�nition 15 Let C be a hamber system de�ned over a set I and J � I . AJ-gallery in C is then de�ned as a gallery � = 12 : : : m with i li-adjaentto i+1 suh that li 2 J , 1 � i � m.De�nition 16 Consider a hamber system C over a set I . Let J � I . AJ-residue is a set of hambers in C suh that every two hambers of theset an be joined via a J-gallery. If a J-residue ontains a hamber  wewilldenote it by RJ(). A fig-residue with is also alled i-panel or sometimesa panel when i is lear from the ontext.



1.2. DEFINITIONS 17Given a set I a sequene of the form (f1; f2, : : :,fm) with fi 2 I , 1 � i � m,will be alled word over I or simply word if I is lear from the ontext. Let(W; (si)i2I) be a Coxeter system of type M = (mij)i;j2I . If g = (j1j2 : : : jt) isa sequene of elements of I then we de�nerg = sj1sj2 : : : sjt :A word f = (f1; f2; : : : ; fm) will be alled redued if l(rf ) = m.Let (�,W ,(si)i2I ; d) be a building of type M = (mij)i;j2I . Then we all twohamber x and y i-adjaent whenever d(x; y) 2 f1; sig. Set C� = �. Thenone easily heks that in this way we get a hamber system C� over I . Thusevery building gives rise to a hamber system. As to the onnetion betweenbuildings and hamber systems we have the following theorem.Theorem 17 Let (W; (si)i2I) be a Coxeter system of type M = (mij)i;j2I , Ca hamber system over I. If every panel ontains at least two hambers andthe funtion d de�ned by : dC(x; y) = rfwhere f is a redued word if and only if there exists a gallery of type f fromx to y is well de�ned then (C;W; S; dC) is a building of type M .Conversely let (�;W; (si)i2I) be a building of type M = (mij)i;j2I and on-sider the hamber system C� over I where C� = � and where hambers xand y are alled i-adjaent if and only if d(x; y) 2 f1; sig then the followingondition holds : d(x; y) = rfwhere f is a redued word if an only if there exists a gallery of type f in Cfrom x to y.proof :Can be derive from setion 1 of Chapter 3 in [25℄. 2In the sequel we will not always expliitly mention whether we view a build-ing as hamber system or not if this is lear from the ontext.Using the hamber system approah of buildings we de�ne the notion ofmorphisms between buildings.De�nition 18 Given two buildings (�;W; S; d) and (�0;W; S; d0) of the sametype with S = (si)i2I , amorphism from (�;W; S; d) to (�0;W; S; d0) is a map-ping ' going from � to �0 suh that x and y are i-adjaent if and only if



18 CHAPTER 1. PRELIMINARIES'(x) and '(y) are i-adjaent for x; y 2 �. An isomorphism is also alled anisometry.If (W;S) is a Coxeter system of ertain type M , an isometry of W on itself,where we onsider W as a building, is given by left multipliation with a�xed element of W .1.2.5 Generalized n-gonsLet �M = ( �mij)i;j2I be a spherial Coxeter system of rank 2. Suppose(�;W; S; d) is a spherial building of type �M . Then there is another way ofde�ning the geometry of (�;W; S; d) using points and lines (fr [37℄). Firstlywe de�ne what is meant by geometry.De�nition 19 A rank 2 geometry � is a triple (P ;L; I), where P , L aretwo sets, alled the point set resp. line set, and I � (P � L) [ (L � P ) asymmetri relation between P and L.If (P ;L; I) is a rank 2 geometry I is alled the inindene relation of �. Apoint p and a line l are alled inident whenever (p; l) 2 I . The point pis said to lie on l and the line is said to pass through p. Two points lyingon a line are alled ollinear and two lines interseting in a point are alledonurrent. A ag is a pair (p; l) 2 P �L suh that (p; l) 2 I . The set of allags in � is denoted by F . If p is a point of a rank 2 geometry � = (P ;L; I)we denote �(p) = fh 2 L j(p; h) 2 Ig. Similarly �(l) = f q 2 P j(q; l) 2 Ig.De�nition 20 Given a rank 2 geometry � = (P ;L; I), a subgeometry �0 isa rank 2 geometry (P 0;L0; I 0) where P 0 � P , L0 � L and I 0 � I .De�nition 21 Let n � 2 and n 2 N. A generalized n-gon is a rank 2geometry � = (P ;L; I) suh that the following axioms are satis�ed :(i) � ontains no ordinary k-gon as subgeometry for 2 � k < n.(ii) Any two elements v; u 2 P [ L are ontained in some ordinary n-gon(viewed as subgeometry of �), a so alled apartment.(iii) For any element u 2 P [ L, �(u) ontains at least 3 elements.



1.2. DEFINITIONS 19Given a generalized n-gon (P ;L; I) for some n � 2 we an onstrut a spher-ial rank 2 building in the following way. Consider the Coxeter matrix �M� 1 nn 1 � :Let ( �W; (�si)i2I) be the Coxeter system of type �M . Set �� = F . De�ne a dis-tane funtion �d on ��� �� in the following way. For two ags F1 = fp; l1g andF2 = fp; l2g de�ne �d(F1; F2) = �s1. Similarly if F 01 = fp1; lg and F 02 = fp2; lgwe de�ne �d(F 01; F 02) = �s2. Let F = fp; lg and G = fq; hg be two ags. Con-sider a minimal sequene x1x2 : : : xm suh that xi 2 P [L, Fi = fxi; xi+1g 2F , 1 � i � m. De�ne �d(F;G) = �d(F1; F2): �d(F2; F3) : : : �d(Fm�1; Fm). Thefollowing proposition holds.Proposition 22 With the notation from above the system (F , �W ,(�si)1�i�2),�d) is a thik spherial building of rank 2. Conversely every thik spherialbuilding ( ��, �W , �S, �d) of rank 2 an be obtained in this way i.e. there existsa rank two geometry � suh that �� is the set of all ags of � and �d is asde�ned above.proof :We refer to [29℄ and Theorem 1:3:8 in [37℄. 2De�nition 23 Let � = (P ;L; I) and �0 = (P 0;L0; I 0) be generalized n-gons.An isomorphism from � to �0 is a bijetion � from P to P 0 and from L to L0preserving inidene i.e.(x; y) 2 I , (�(x); �(y)) 2 I 0:A duality from � to �0 is a bijetion from P to L0 and from L to P 0 preservinginidene. If there exists a duality from � to �0 we say that � and �0 aredually isomorphi.1.2.6 BN-pairsAs already mentioned buildings arose from the geometrial struture of alge-brai groups. It is therefore not surprising that they have a group theoretialounterpart.



20 CHAPTER 1. PRELIMINARIESDe�nition 24 Let G be a group with two subgroups B and N . Then(G;B;N; S) is a Tits system or BN-pair if the following axioms are satis-�ed :BN0 hB;Ni = G.BN1 H = B \ N E N and N=H is a Coxeter group with generating setS = f(si)i2Ig.BN2 BsiBwB � BsiwB [ BwB whenever w 2 W and si 2 S.BN3 siBsi 6= B for si 2 SIf G is a group with a BN -pair (B;N) one an show that G = Fw2W BwB(for a proof we refer to Lemma 5.1. in [25℄). This is the so alled Bruhatdeomposition of G. Moreover we have the following theorem.Theorem 25 Every BN -pair (B;N) in a group G de�nes building, wherehambers are left osets of B and distane is given by :d(gB; hB) = wwhere w is the unique element of W suh that g�1h 2 BwB.proof :Follows Theorem 5.1 in [25℄ and Theorem 17 2But not every building an be onstruted in suh a way. There is how-ever a speial ondition that ensures a building (�;W; S; d) to ome from aBN -pair. This is the ondition of a group G ating strongly transitive on� (for more information we refer to p57 in [25℄). A speial ondition whihensures that suh a group exists is the Moufang ondition. In order to givea proper de�nition of the Moufang ondition we need some more terminology.1.2.7 Moufang buildingsLet M = (mij)i;j2I be a Coxeter matrix over I and (W; (si)i2I) a Coxetersystem of type M . Let � be a root system of type M = (mij)i;j2I .



1.2. DEFINITIONS 21De�nition 26 Two roots � and � inW are alled prenilpotent if and only if�\� 6= ? and (��)\ (��) 6= ?. If two roots � and � in W are prenilpotentthen the interval [�; �℄ is de�ned as the setf 2 	 j� \ � �  and (��) \ (��) � (�)gIf f�; �g is a prenilpotent pair of roots, the set [�; �℄ nf�; �g will be denotedby (�; �).De�nition 27 An apartment � in a building (�;W; S; d) of type M =(mij)i;j2I is an isometri opy of the Coxeter system (W;S), viewed as thebuilding (W;W;S; dW ), in �. A root in � is de�ned as an isometri opy of aroot � in �. The boundary of a root in � is de�ned in a similar way. Givenan apartment � in �, and  2 �, we an de�ne positive and negative rootswith respet to this hamber as follows. Positive roots with respet to  arethose ontaining , while negative roots are those not ontaining . When thehamber  is lear from the ontext we will also simply speak about positiveand negative roots in �.One an prove that apartments always exist and that they haraterize thegeometry of the building (fr. Theorem 3:11: in [25℄).De�nition 28 Start with a building (�;W; S; d) of a ertain type M =(mij)i;j2I . Fix an apartment �0 and denote the set of all roots in �0 by �.Then we all the building (�;W; S; d) a Moufang building if there exists afamily of automorphism groups (U�)�2� (alled root groups) suh that :Mo1 Every element u 2 U� �xes all hambers of �. If � is a panel on ��and  is the hamber of � lying in � then U� �xes  and ats regularlyon all the hambers of � n fg.Mo2 If f�; �g is a pair of prenilpotent distint roots then :[U�; U� ℄ � U(�;�):Mo3 For eah u� 2 U� n f1g there exists an element m(u�) 2 U��u�U��stabilizing �.Mo4 If n = m(u�) then for every root � 2 � we have nU�n�1 = Us�(�).



22 CHAPTER 1. PRELIMINARIESThe apartment �0 will also be alled the standard apartment of (�,W ,S,d).Given a Moufang building � with root groups (U�)�2�, we de�ne the groupG = hU�i�2�, N the group generated by all m(u) with u 2 U for a root in �. If � is a generalized polygon, the group G is also alled the littleprojetive group and the root group elements are alled root elations.De�nition 29 Let (�;W; S; d) be a Moufang building with root groups(U�)�2� and standard apartment �0 and (�0;W 0; S 0; d0) a Moufang buildingwith root groups (U�0)�02�0 and standard apartment �00. An isomorphismfrom � to �0 seen as Moufang buildings is an isomorphism ' from � to �0suh that '(�0) = �00 and for every � 2 �f'u�1� '�1ju� 2 U�g = U'(�):Remark that general theory as exposed in setions 1-4 in Chapter 6 of [25℄show that if (�;W; S; d) is a spherial Moufang building the root group systen(U�)� is uniquely determined by �. It follows therefore that every isomor-phism between two spherial Moufang buildings will de�ne automatially anisomorphism between those buildings seen as Moufang buildings.Let (�;W; S; d) be a Moufang building with root groups system (U�)�2�. Fixa root base in �, and all it �. Choose for every root � 2 � a �xed elementu� 6= 1 2 U�. Then we de�ne S as the set fm(u�)j� 2 �g. Fix a hamber+ 2 �0, and use this hamber to all roots positive or negative. Denote thesubgroup of elements of N that �x �0 by H , the torus in the lassial sense.It is easy to hek that H � NG(U�) for all root groups U�. We denote thegroup hH;U�i�>0 by B+, hH;U�i�<0 by B� and for � 2 � hH;U�i as B�.The group B+ also has a geometrial meaning : it is the full stabilizer in Gof the standard hamber + in � and N is the stabilizer of the apartment �0in G. The �rst fat is not obvious to show. It follows mainly from Lemma4 in setion 5 in [31℄. (In fat this lemma yields that G = [(B+wB+)w2W ).We have the following theorem.Theorem 30 Let (�;W; S; d) be a Moufang building with root groups (U�)�2�.Then the quadruple (G;B+; N; S) with notations as above is a BN-pair.proof :See Proposition 6.16 of [25℄. 2



1.2. DEFINITIONS 231.2.8 Twin buildingsAfter the book [29℄ appeared in 1974 the lassi�ation of spherial buildingswas a fat. A natural question that arose was whether a generalization ofthe onept of a spherial building ould be found. The answer was given inthe late 80's. At that time J. Tits and M. Ronan introdued the onept ofa twin building. This de�nition was motivated by the theory of Ka-Moodygroups. The twin buildings appeared in this theory in a group theoretialontext namely as twin BN -pairs.We give the formal de�nitions.De�nition 31 Let (W;S) be a Coxeter system of type M = (mij)i;j2I withS = (si)i2I . A twinned pair of buildings or a twin building of type M is a pairof buildings (�+;W; S; d+) and (��;W; S; d�) endowed with a odistanefunion d� going from �+ � �� t �� � �+ to W satisfying (� 2 f�1; 1g,x 2 ��; y 2 ��� and d�(x; y) = w)Tw1 d�(y; x) = w�1.Tw2 If z 2 ��� is suh that d��(y; z) = si 2 S and l(wsi) < l(w) thend�(x; z) = wsi.Tw3 For every si 2 S there exists at least one hamber z 2 ��� withd�(x; z) = wsi.The rank of a twin building is de�ned as the rank of the assoiated Coxetersystem (W;S).Given a twin building ((�+;W; S; d+); (��;W; S; d�); d�), two hambers x 2�� and y 2 ��� are alled opposite whenever d�(x; y) = 1. Opposition de�nesa symmetri relation on �+ ���, sometimes denoted by O.De�nition 32 Let (�+;W; S; d+) and (��;W; S; d�) be two buildings oftype M and O a symmetri binary relation on �+ ���. Then O is alleda twinning between �+ and �� if there exists a odistane funtion d� from(�+ � ��) t (�� � �+) to W produing a twin building ((�+;W; S; d+),(��;W; S; d�); d�) suh that :O = f(x; y) 2 (�+ ���) t (�� ��+) j d�(x; y) = 1g:



24 CHAPTER 1. PRELIMINARIES1.2.9 Twin BN-pairsAs in the ase of ordinary buildings, ertain systems of groups will also yieldtwin buildings. As already mentioned these are the twin BN -pairs.De�nition 33 Let (W;S) be a Coxeter system of type M = (mij)i;j2I , G agroup with subgroups B+; B�; N and S a subset of G=N . Then we all thetuple (G;B+; B�; N; S) a twin BN -pair (of type M) if the following axiomsare satis�ed (� 2 f�1; 1g):TBN1 (G;B+; N; S) and (G;B�; N; S) are BN -pairs of type M with W �=N=(B+ \N) �= N=(B� \N).TBN2 B�wB��siB�� = B�wsiB�� for all w 2 W and si 2 S suh thatl(ws) < l(w).TBN3 B+si \ B� = ; for all si 2 S.In a similar way as for BN -pairs one an prove that every twin BN -pairhas an assoiated twin building ((�+;W; S; d+); (��;W; S; d�); d�). Morepreisely �rstly one proves that G = Fw2W B+wB� = B�Fw2W w B+.This is the so alled Birkho� deomposition of G. Using this deompositionone proves the following theorem.Theorem 34 Every twin BN -pair (G;B+; B�;W;N; S) of typeM in a groupG de�nes a twin building ((�+;W; S; d+),(��,W ,S, d�), d�)) where (�+;W; S; d+) is the building assoiated to the BN-pair (G;B+; N; S), (��;W; S; d�) is the buildings assoiated to the BN-pair(G;B�; N; S) and d� is given by :d�(gB+; hB�) = wwhere w is the unique element of W suh that g�1h 2 B+wB�.proof :We refer to example 6 on p 23 in [1℄. 2



1.2. DEFINITIONS 251.2.10 Moufang setsThe following onept whih will appear frequently in this thesis is the notionof Moufang set. These objets where formally introdued by J.Tits in thestandard referene [31℄, though a lot of important examples already existedin other terminologies. Moufang sets turned out to be of great importanein the study of twin buildings. In Chapter 2 we show that under some re-stritions twin buildings and Moufang buildings are the same objets. Givensuh a Moufang building the root group struture indues on every panel apermutation group whih turns this panel into a Moufang set. In order tolassify twin buildings it is thus neessary to arefully study the Moufangsets whih arise.De�nition 35 AMoufang set is a setX of points suh that jXj > 2 togetherwith a family of groups Ux alled root groups satisfying :Mos1 For every x 2 X the group Ux ats regularly on X n fxg.Mos2 Every group Ux stabilizes the set of groups fUyjy 2 Xg via onjuga-tion.De�nition 36 Let (X; (Ux)x2X) be a Moufang set. Then we denote forx; y; z 2 X , u(x; y; z) as the unique element of Ux sending y to z. Elementsof root groups are also alled root elations and the group hUx jx 2 Xi isalled transvetion group and is denoted by TX .De�nition 37 Given a Moufang set (X; (Ux)x2X) a Moufang subset is a subset Y � X suh that the system (Y; (StabUy(Y ))y2Y ) forms a Moufang set.Proposition 38 Assume that Y is a Moufang subset of the set (X; (Ux)x2X).Then Z � Y is a Moufang subset of X if and only if it is a Moufang subsetof Y .proof :The proposition follows from the equalityStabStabUy (Y )(Z) = StabUy(Z); 8y 2 Z: 2Another property of Moufang subsets is the following.



26 CHAPTER 1. PRELIMINARIESProposition 39 Let (X; (Ux)x2X) be a Moufang set and (Yi)i2I a family ofMoufang subsets indexed over the set I. If Ti2I Yi 6= ;, and jTi2I Yij > 3, itis a Moufang subset of (X; (Ux)x2X).proof :Follows from similar arguments as above. 2Morphisms are de�ned in the following way.De�nition 40 Let (X; (Ux)x2X) and (Y; (Uy)y2Y ) be two Moufang sets. Anisomorphism between (X; (Ux)x2X) and (Y; (Uy)y2Y ) is de�ned as a bijetion� from X to Y suh that for every x 2 X the mapux 7! �ux��1de�nes a group isomorphism of Ux onto U�(x).A morphism between (X; (Ux)x2X) and (Y; (Uy)y2Y ) is de�ned as an isomor-phism of (X; (Ux)x2X) onto a Moufang subset of (Y; (Uy)y2y).Given two Moufang sets (X; (Ux)x2X) and (Y; (Uy)y2Y ) and a morphism �from X to Y , then � indues an injetion of TX into TY , whih we willdenote in the sequel by supersript � and whih is de�ned as :g� = � Æ g Æ ��1; 8g 2 TX:The following ondition will in a lot of ases simplify the alulations to provethat a bijetion between point sets de�nes a isomorphism between Moufangsets.Lemma 41 Let (X; (Ux)x2X) and (X 0; (Ux0)x02X0) be two Moufang sets. Thena bijetion � from X to X 0 de�nes a Moufang set isomorphism if and only ifthere exist two points x and y in X suh that the mappings �x and �y with :�x(ux) = � Æ ux Æ ��1; 8ux 2 Ux�y(uy) = � Æ uy Æ ��1; 8uy 2 Uyde�ne bijetions between Ux and U 0�(x) and between Uy and U 0�y .



1.2. DEFINITIONS 27proof :If � is a Moufang set isomorphism we have by de�nition that �x and �yde�ne groups isomorphisms.Conversely suppose � is a bijetion suh that �x and �y are bijetions betweenthe groups. Remark that �x and �y de�ne by onstrution group morphisms.In order to show that � is a Moufang set isomorphism we have to provethat for any z 2 X the map �z with �z(uz) = � Æ uz Æ ��1 de�nes a groupisomorphism from Uz to U�(z).Let z 2 X , then we hoose the unique uy 2 Uy with uy(x) = z and uyUxu�1y= Uz.If �uz 2 Uz there thus exists �ux 2 Ux suh that �uz = uy�uxu�1y and we �nd :�z(�uz) = � Æ �uz Æ ��1= (� Æ uy Æ ��1)(� Æ �ux Æ ��1)(� Æ u�1y Æ ��1)= �y(uy) Æ �x(�ux) Æ �y(u�1y ):As �x and �y are group isomorphisms this shows �z de�nes a group isomor-phism form Uz to U�(z). 2De�nition 42 Let (X; (Ux)x2X) be a Moufang set. Then it is alled abelianor ommutative whenever Z(FixTXfx; yg) = FixTXfx; yg for any two pointsx, y 2 X .In the following hapter we will investigate the onnetion between twin BN -pairs and twin buildings. It turns out that both objets are equivalent if theresidue's of the buildings involved are big enough.1.2.11 Moufang foundationsMotivated by the outline of the lassi�ation of twin buildings as desribedin [32℄ and [20℄ we give the de�nition of a Moufang foundation in the sensein [20℄. It turns out that a great deal of the lassi�ation of twin buildingsdepends on a lassi�ation of Moufang foundations. Moufang foudations anbest be seen as representations of the loal data one an extrat given aMoufang building.



28 CHAPTER 1. PRELIMINARIESDe�nition 43 Let M = (mij)i;j2I be Coxeter matrix over I . A Moufangfoundation of type M is a triple ((�ij)fi;jg2E(M),(ij)fi;jg2E(M),(�ijk)fi;jg;fj;kg2E(M)) suh that :MoFo1 For every fi; jg 2 E(M), �ij is a Moufang building of type Mfi;jg withroot groups (U�ijk )�ijk 2�ij where U�ijk is the root group ating on thek-panel in �ij ontaining ij and �ij is a root system of type Mfi;jg.MoFo2 For every fi; jg 2 E(M), ij is a hamber of �ij and ij = ji, 8 fi; jg2 E(M).MoFo3 For fi; jg, fj; kg 2 E(M), �ijk de�nes a Moufang set isomorphismfrom the indued Moufang set MRj(ij)(�ij) to the indued Moufangset MRj(jk)(�jk).De�nition 44 Let ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M)) be aMoufang foundation of type M and ((�0ij)fi;jg2E(M 0),(0ij)fi;jg2E(M 0),(� 0ijk)fi;jg;fj;kg2E(M 0)) be a Moufang foundation of type M 0. An isomorphismfrom ((�ij)fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M)) to ((�0ij)fi;jg2E(M 0),(0ij)fi;jg2E(M 0),(� 0ijk)fi;jg;fj;kg2E(M 0)) is de�ned as a tuple ((ij)fi;jg2E(M); ) with  an isomor-phism from M to M 0 suh that ij de�nes for every fi; jg 2 E(M) a isomor-phism from �ij to �(i);(j) seen as Moufang buildings suh that ij(ij)= (i)(j) and �1jk � 0(i)(j)(k)ij = �ijk, 8fi; jg, fj; kg 2 E(M).1.3 Algebrai prerequisitesWe reall and prove some lemma's that will be used in the the sequel.Throughout this setion k denotes a division ring endowed with an involution� i.e. � is a permutation of k satisfying :(x + y)� = x� + y�; 8x; y 2 k(xy)� = y�x�; 8x; y 2 k1� = 1�:We set Tr(�) = ft + t� j t 2 kg, Fix(�) = ft 2 k j t� = tg, k(�;�) = ft � t��jt 2 kg and k(�;�) = k=k(�;�) where � 2 k.Remark that the following holds :Tr(�) � Fix(�):



1.3. ALGEBRAIC PREREQUISITES 29The following result onerning equality in this equation an be found inChapter 8 in [29℄.Lemma 45 Let k be a division ring with involution �. If har(k) 6= 2 or�jZ(k) 6= 1 then Fix(�) = Tr(�).proof :We refer to setion 8.1.5. on p120 in [29℄. 2Let  2 k. Then we will denote by � the involution of k determined by :�� = ���1; 8� 2 k:We have the following Lemma whih an be derived from setion 8.2.1 on p122 of [29℄.Lemma 46 For , � 2 k we have :k(�;�) = k(�;�0);where �0 = (�1)� �. In partiular there always exists  2 k suh that 12 Tr(�).proof :The �rst laim follows from the equality :t� t�� = (t)� (t)�(�1)��; 8t 2 k:Suppose � is an involution suh that 1 62 Tr(�). Let � 2 Tr(�). Consider���1. We have setting � =  :1 2 Tr(���1) = ��1k�;�1 = ��1Tr(�): 2Lemma 47 Let k be a division ring with Z(k) 6= k, � an involution of k suhthat 1 2 Tr(�). If k is not generated as a ring by Tr(�) it is a generalizedquaternion algebra with � its standard involution.



30 CHAPTER 1. PRELIMINARIESproof :See 8.14 on p 150 in [29℄. 2As a orollary one dedues the following result onerning ommutativity.Corollary 48 Let k be a division ring not equal to a generalized quaternionalgebra, � an involution of k with 1 2 Tr(�). ThenZ(k) = k if and only if �1�2 = �2�1;8�1; �2 2 Tr(�):proof :Follows from Lemma 47 as Tr(�) generates k unless its a generalized quater-nion algebra. 2Lemma 49 Let k be a division ring with involution � suh that Z(k) 6= k.Then k is a generalized quaternion algebra with standard involution � if andonly if : [�1; �2℄ 2 Z(k); 8�1; �2 2 Tr(�):proof :If k is a generalized quaternion algebra with standard involution �, the on-dition on the traes is learly satis�ed as in this ase Tr(�) = Z(k).Conversily suppose that the ondition of the Lemma holds.Choose �0 2 Tr(�).We �nd : ��0 = �0�z�; 8� 2 Tr(�)where z� is an element of Z(k) possibly depending on �. If � 2 Z(k), we havez� = 1.So suppose � 62 Z(k).Then : (1 + �)�0 = �0(1 + �)z1+�= �0z1+� + �0�z1+�= �0 + ��0= �0 + �0�z�



1.3. ALGEBRAIC PREREQUISITES 31shows : z1+� + �z1+� = 1 + �z�:As � 62 Z(k) this is only possible if z1+� = z� = 1.As �0 was hosen arbitrarily this implies :[�; �0℄ = 1; 8�; �0 2 Tr(�):Without loss of generality we an assume 1 2 Tr(�). (fr. see Lemma 46).The Lemma follows from Lemma 47. 2Lemma 50 If k is a division ring then[x; y℄ 2 Z(k); 8x; y 2 kif and only if Z(k) = k.proof :Complelety analogous as the proof of Lemma 49 2Lemma 51 Let k be a division ring suh that Z(k) 6= k. If every element ofk satis�es a quadrati equation over Z(k), then k �= H .proof :If [k : Z(k)℄ <1 the proof an be found on p103 in [10℄. Choose �1 62 Z(k).Then there exists a �2 2 k suh that [�1; �2℄ 6= 1. Let Z(Ckf�1; �2g) be theenter of the entralizer of �1 and �2 in k. Consider the Z(Ckf�1; �2g)-algebragenerated by �1 and �2. Call it L. The ondition on k implies that L is adivision ring. We prove that L is generated over Z(k) by f1; �1; �2; �1�2g.Denote the Z(k)-algebra generated by f1; �1, �2, �1 �2g as S. To this end weshow by indution on m that every produt �mi(j)=1 �i(j) with i(j) 2 f1; 2g, 8j is inside the S.Let m = 2.



32 CHAPTER 1. PRELIMINARIESBy assumption we have that �21, �22 and �1�2 2 S. Consider �1 +�2. Theonditions on k implies that there exist z1, z2 2 Z(k) suh that :(�1 + �2)2 = �21 + �1�2 + �2�1 + �22= (�1 + �2)z1 + z2: (1.1)This equation learly implies that �2 �1 2 S.Suppose that the indution hypthesis is thrue for m. Consider a produt�mi(j)=1 �i(j). Then we have to show that �i(m+1) �mi(j)=1�i(j) 2 S. Withoutloss of generality we an assume that �i(m+1) = �1. Two ases ours :First ase : �i(1) = �1.Then we �nd �1 �mi(j)=1 �i(j) = �21 �mi(j)=2�i(j). As �21 = �1u1+u2 for someui 2 Z(k) we �nd, the indution hypothesis implies that �1 �mi(j)=1�i(j)2 S.Seond ase �i(1) = �2.If in this ase �i(2) = �2 the indution hypothesis implies as in theforegoing ase that �1 �mi(j)=1 �i(j) 2 S.Hene we are left with the ase where �i(2) = �1.We �nd using equation (1.1) :�1�mi(j)=1�i(j)= �1�2�mi(j)=2�i(j)= (��2�1 � �21 � �22 + (�1 + �2)z1 + z2)�mi(j)=2�i(j)By what we already proved and the indution hypothesis we �nd that(��2�1 � �21 � �22 +(�1 + �2)z1 + z2)�mi(j)=2 �i(j) 2 S.Hene we �nd that also in this ase �1 �mi(j)=1 �i(j) 2 S.By this we proved that every produt �mi(j)=1 �i(j), i(j) 2 f1; 2g is ontainedin S, and hene S = L. As Z(k) � Z(Ckf�1; �2g), L is a �nite dimensionaldivision ring of dimension n2 over Z(L) for a natural number n. We �ndZ(L) = Z(Ckf�1; �2g) = Z(k) and L is a generalized quaternion algebra.This implies in partiular that �2�1 = z1+ �1z2+ �2z3+ �1�2z4; zi 2 Z(k); 1 �i � 4.Let z be arbitrary in k. If z 62 L we onsider the Z(k)-algebra generatedby z; �1, �2. Denote this algebra by R. Due to the properties of L and kit follows that R is generated over Z(k) by f1; �1; �2; z; �1�2; �1z; �2z; �1�2zg,



1.3. ALGEBRAIC PREREQUISITES 33yielding[R : Z(R)℄ < 1. As R is generated over Z(k) � Z(R) by at most 8elements, [R : Z(R)℄ is neessarily 4. As the �nite dimensional ase of thelemma holds R is a quaternion algebra with standard involution whih wedenote by a bar sign.If x 2 R it is therefore solution of the quadrati equation x2�(x+�x)x��xx = 0with o�eÆ��ents in Z(R). But by assumption x is also solution of a quadratiequation x2+x1+ 2 = 0 with o�e���ents in Z(k). If x 62 Z(R) this impliesthat x+ �x = 1 2 Z(k) and �xx = 2 2 Z(k). For any quaternion algebra themap R 7! Z(R) that sends t to t+�t is surjetive. Hene we �nd Z(R) = Z(k).This means that the set f1; �1; �2; �1�2; zg would be linearly dependant overZ(k) ontraditing the hoie of z. This shows L = k, and k is a generalizedquaternion algebra.That the onverse holds follows from standard theory of quaternion algebra's.2The strategy of proof above an be used to show the following.Corollary 52 Let k be a division ring, � an involution of k. Then everyelement of Tr(�) is solution of a quadrati equation over Z(k) if and only ifk is a generalized quaternion algebra.proof :If k is not a generalized quaternion algebra Lemma 47 shows it is gener-ated as a ring by Tr(�). Following an analogous strategy as the proof ofLemma 51 where �i; z 2 Tr(�) leads to a ontradition. 2Lemma 53 Let k be a generalized quaternion algebra with standard involu-tion � and a 2 k. Suppose a satis�es :��a� =2 (Z(k)(a))where (Z(k)(a)) is the Z(k)-subalgebra of k generated by a. Then a is anelement of Z(k).proof :



34 CHAPTER 1. PRELIMINARIESLet a be as in the Lemma. Then we �nd for every � 2 k, z1 and z2 2 Z(k)suh that : ��a� = az1 + z2:Equivalently : ��1a� = az1(���)�1 + z2(���)�1:Set z01 = z1(�� �)�1 and z02 = z2(�� �)�1. As �� � 2 Z(k) we an write for� 2 k : ��1a� = az01 + z02; with z01; z02 2 Z(k):Whih is equivalent to :a�+ �az01 + �z02 = 0 2 Z(k):Adding this equation with (�� + �)a 2 Z(k)(a) implies :�(a(1 + z�1 ) + z�2 ) 2 Z(k)(a) (2):Suppose z01 6= 1. As a 62 Z(k) equation (2) is only possible if � 2 Z(k)(a).But as Z(k)(a) is a �eld this implies �a = a � and z�1 = 1, a ontradition.This means that : z�1 = 1; 8� 2 k and z02 = 0Thus for every � 2 k we have :a�+ �a = z�2 2 Z(k):As a�+ ��a 2 Z(k) this yields :(� + ��)a 2 Z(k); 8� 2 k:Hene a 2 Z(k). 2To end this setion we give a usefull Lemma on semi-linear transformations.Lemma 54 Let k, k0 be division rings V a right k-vetor spae and V 0 aright k0-vetor spae. Suppse � is a bijetion from V to V 0 suh that :�(v + w) = �(v) + �(w); 8v; w 2 V�(v�) = �(v)�0v; 8v 2 V;8� 2 kwith �0v 2 k0 might depend on v. If dim(V 0) � 2, � de�nes a semi-lineartransformation from V to V 0.



1.3. ALGEBRAIC PREREQUISITES 35proof :We �rst show that for � 2 k, v 2 V the element �0v does not depend onv.Let w 2 V .Suppose �rstly that �(w) is linearly independant from �(v).Then the equation :�(v)�0v + �(w)�0w = �((v + w)�)= �(v + w)�v+w= �(v)�v+w + �(w)�v+wshows that �v = �w = �v+w.If �(w) is linearly dependant on �(v) we hoose a u 2 V suh that �(u) islinearly independant from �(v). By what we already proved we then have�u = �v = �w.By this we an thus write for � 2 k :�(v�) = �(v)�0; 8v 2 V;where �0 does not depend on v. De�ne the bijetion � from k to k0 by :�(v�) = �(v)��; 8v 2 V:We hek that � determines a �eld isomorphism from k to k0.By de�nition of � we have �(1) = 1 and �(0) = 0. Moreover the equations :�(v)(�� + ��) = �(v(�+ �))= �(�+ �)��(v)���� = �(v(��))= �(v)(��)�show that � de�nes an isomorphism from k to k0 and it follows that � deter-mines a semi-linear transformation from V to V 0 with assoiated isomorphism� from k to k0. 2
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Chapter 2General theory
2.1 Twin buildings and Moufang buildings2.1.1 IntrodutionMotivation of this setion is a remark made by J.Tits in the standard ref-erene on twin buildings [31℄. Paragraph 3 of lo.it. deals mainly with agroup theoretial approah of twin buildings. In the theory of buildings it isalso well known that every Moufang building � has a natural BN -pair. Inhis paper J. Tits gives the desription of ertain group systems alled RD-systems. When one veri�es the axioms of an RD-system it is not hard tosee that from every Moufang building suh a system arises. Proposition 4 oflo. it. says then that whenever an RD-system is given one an onstrut atwin BN -pair. The proof is left over to the reader but the author mentionsthis is not easy. This proposition implies in partiular that every Moufangbuilding � has an assoiated twin BN -pair. Hene in view of the aboveremarks we an state that from every Moufang building one an onstrut atwin building. Moreover from the alulations it turns out that � is isomor-phi to one half of the twin building. As there is no real proof written downyet of this well known fat it will be exposed in this setion. We will use aslightly di�erent approah than the one used in [31℄. In this way it is hoped37



38 CHAPTER 2. GENERAL THEORYthat the geometry of the twin buildings will beome more lear. During theexposition of the proof it will also be indiated how to extrat a onreteproof of Proposition 4 in setion 3.3. in [31℄.The onverse of the problem namely "Is every half of a twin building aMoufang building?" also holds under some mild onditions. This followsfrom [18℄. Hene it follows that twin buildings and Moufang buildings arein a lot of situations the same objets. The Moufang ondition harater-izes buildings as automorphism groups of ertain geometries. The aboveresult implies that in a lot of ases twin buildings an be seen as ouples ofbuildings with a well de�ned opposition relation. Or they are representedas group geometries de�ned in the automorphism group of a buildings. Themain theorem of this setion will be :Theorem 55 Every Moufang building (�;W; S; d) is half of a twin buildingi.e. there exists a building (��;W; S; d�) and a odistane funtion d� from���� t���� to W suh that ((�;W; S; d); (��;W; S; d�); d�) is a twinbuilding.Something about the proof. As already mentioned a proof an be extratedfrom [29℄. It essentially boils down to heking that given a Moufang building(�;W; S; d) with root groups (U�)�2� the system (G; (U�)�2� with G hU�j� 2 �i forms an RD-system. One has to hek the �ve axioms RD1 up toRD5. That RD1 till RD4 are satis�ed is rather easy. The problem is RD5.This axiom requires that for every � > 0, with � a fundamental root of aroot system, B� 6� B� and B�� 6� B+. That B�� 6� B+ there holds is rathereasy to hek. It follows essentially from the equality B+ = StabB(+). IfB�� would be fully ontained in B+ then every element of B�� has to �x+. This ontradits the regular ation of B�� on a the s�-panel through�. To exlude the other inlusion one annot use the same argument. Thedi�erene here is that B� has no interpretation in terms of the buildingsgeometry. For this we will have to look deeper into the struture of �.2.1.2 Properties of Moufang buildingsMost of the fats given here an be found in [29℄. We list some known prop-erties and theorems of Moufang buildings and give proofs where neessary.The notations used here are the ones introdued in Chapter 1. Consider aMoufang building (�;W; S; d) with a system of root groups U� and B;N and



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 39S, + as before. We list the axioms for an RD-system as desribed in setion5.2. in [29℄.De�nition 56 Let G be a group, M = (mi;j)i;j2I a Coxeter matrix and �a root system of type M , (B�)�2� a generating system of subgroups of G.Then (G; (B�)�2�) forms an RD-system if the following axioms are satis�ed(where B+ stands for hB�j� > 0i and B� stands for hB�j� < 0i, H is theintersetion of all B�, and � = f�iji 2 Ig is a fundamental root system for� and si = s�i for all i 2 I)RD1 If f�; �g is a prenilpotent pair of roots, there is an order (� = �1; �2,: : : �m) on [�; �℄ starting at � suh that B�1B�2 : : : B�m is a group.RD2 For i 2 I , B�i \ B��i = H .RD3 For i 2 I , the group B�i has two double osets in the group it generateswith B��i.RD4 For i 2 I , there exists an element in hB�i ; B��ii whih maps B� ontoBsi(�) for all � 2 �.RD5 For all i 2 I , B�i 6� B� and B��i 6� B+.As already mentioned above a andidate of an RD-system is provided byevery Moufang building.Lemma 57 Let M = (mij)i;j2I be a Coxeter matrix, � a root system oftype M and (�;W; S; d) a Moufang building of type M with assoiated rootgroups (U�)�2�. Consider the group system (G; (B�)�2�). Then (G; (B�)�2�)satis�es axioms RD1, RD2, RD3 and RD4.proof :1. Axiom RD1.Consider the set B�B�2 : : : B�m where f�; �g is a prenilpotent pair of roots.Using exerise 15 on p82 in [25℄ there exists an ordering on [�; �℄ suh that[�; �℄ = f�1, �2, : : :, �mg and [�i; �j ℄ � f�i,�i+1, : : :, �jg for i � j. By thede�nition of H it follows that for every h 2 H and every � 2 �hU�h�1 = U�:



40 CHAPTER 2. GENERAL THEORYWe prove by indution on m, the number of roots in the interval [�; �℄ that :B�B�2 : : : B�m = HU�U�2 : : : U�m :Pik an arbitrary element u�j of U�j for some j. Thenu�jB�B�2 : : : B�m � B�u�jHUB�2 : : : B�mwhere  is one of the roots in f�2; : : : �mg. The indution hypothesis yields :B�u�jHUB�2 : : : B�m � B�u�jB�2 : : : B�m :In a similar way we an swith u�j with B�i in the produt if j � i. Fromthis it follows that u�jB�B�2 : : : B�m = B�B�2 : : : B�mhene B�B�2 : : : B�m is a group. This proves RD1.2. Axiom RD2.Consider x 2 B�i \ B��i for some i 2 I . Then we an write x = hu��i. Asx 2 B�i � StabG(+) it follows that :u��i(+) = +:But then the regular ation of U��i on Ri(+)nfsi(+)g implies that u��i = 1.Hene x 2 H , showing that B�i \B��i � H . That the onverse inlusionH � B�i \ B��i holds is lear.3. Axiom RD3.Choose �u�i 2 U�i suh that si = m(�u�i) 2 S. Then we show that B��i �H [ B�isiB��i. From this inlusion one an dedue easily thathB�iB��ii = B�i t B�isiB�i:Let x 2 B��i. If x 2 B��i then x 2 H . If x 62 B�i then x = hu��i foru��i 2 U��i and u��i 6= 1. But then m(u��i)si 2 H and x = u�im��iu0�i forertain u�i ; u0�i 2 U�i is ontained in B�isiB�i .Similar arguments show thathB�iB��ii = B��i t B��isiB��i:4. Axiom MR4.This follows from Mo4. 2



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 41Theorem 58 Given a Moufang building (�;W; S; d) of type M (with nota-tions as above) then there is a unique homomorphism � : N 7! W suh thatfor n 2 N and � 2 � nB�n�1 = B�(n)(�):The kernel of � is H. This implies that N=H �= W and N=H is generated bya set ~siH where f~sig is a set of m(u�i) with u�i 6= 1 and � = f�i j i 2 Ig afundamental root system in �.proof :This is a restatement of Lemma 3(i); (iii) in paragraph 5 in [29℄. As theproof given in lo. it. follows from axioms (RD2), (RD3) and (RD4) theproof is still valid. 2Let (�;W; S; d) be a Moufang building with root groups (U�)�2� suh thatS = (si)i2I and � = f�ij�i 2 Ig a fundamental root system for �. Choosefor every i 2 I a �xed u�i 6= 1. For the sequel we will identify si withfm(u�i) using the isomorphism � as in Theorem 58. ji 2 Ig. Granted thisidenti�ation the notation wB�w�1 for w 2 W makes sense.Theorem 59 Given a Moufang building (�;W; S; d) of type M then G atstransitively on � and the system (G;B+; N; S), de�ned as above, forms aBN -pair.proof :Suppose that for some B��i � B+. Then in partiular U��i � B+. Thisontradits the regular ation of U��i on Ri(+) n fsi(+)g. Hene for alli 2 I we �nd that B��i 6� B+. As the axiom (RD1) holds for (G; (B�)�2�)Lemma 4 in paragraph 5 in [30℄ is still valid. Following the strategy of Propo-sition 4(i) one dedues that (G;B+; N; S) is a BN -pair . 2The strategy we follow from now on will di�er from the one suggested in [31℄.We start by onstruting a hamber system C� as in the sense in [25℄. Itturns out that C� is a building on whih the group G ats. Then we de-�ne an opposition relation between (�;W; S; d) and C�. Using a result ofB. M�uhlherr [19℄ on twin buildings we dedue that the opposition relationde�nes a twinning. This implies that (�;W; S; d) is half of a twin building.



42 CHAPTER 2. GENERAL THEORY2.1.3 The hamber system C�In this paragraph we onstrut a hamber system C� using the groups. Firstwe need some lemma's.Lemma 60 Given a negative root �i with i 2 I thenB�B�i~siB� � B�i~siB�for every negative root � 2 �.proof :The proof is ompletely analogous to Lemma 4 in setion 5 in [31℄. Onereplaes all positive roots by negative roots. 2Lemma 61 Let w 2 W (with (W;S) a Coxeter group) , and si1 : : : sim aredued expression of w. Set for j 2 f1; : : : ;mg wj = si1 : : : sij , w0 = 1 and�j = wj�1(�j) then f�1; : : : ; �mg is the set of all positive roots sent by w�1to a negative root.proof :This lemma is a restatement of Proposition 3(i) in [31℄ setion 5. The proofan be found there. 2Lemma 62 Given any w 2 W and a redued expression si1 : : : sim of w thenthe set U��1 : : : U��mis a group U�w only depending on w. The group B�w satis�es B�wwB� =B�wB�. The same statements hold for Uw and BwwB+.proof :The statement of this lemma is analogous to the statement of Proposition3(ii); (iv) in setion 5 in [31℄. The only di�erene is that the groups here are



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 43parametrized by negative roots. One an easily hek that the proof given inlo.it. remains valid if positive roots are replaed by negative roots. Thatthe same statements hold if all roots are positive follows from Proposition 3of in setion 5 of [31℄. 2Using the groups U�w we onstrut the following hamber system C�. LetU� = hU��i�>0. For a given w 2 W the group U�w de�nes a oset strutureon U�. We de�ne C�w as the set of all right osets of U�w in U�. The set ofhambers of C� is the disjoint union tC�w . As we want the hamber systemC� to be de�ned over the set I we have to de�ne an i-adjaeny relation forevery i 2 I . To do this we �rst �x some terminology whih is used in [31℄ insetion 5:11.Given J � I suh that WJ = hsiji 2 Ji is �nite and an element w 2 W , thenw is alled right J-anti-redued if l(w) = maxfl(u)ju 2 wWJg. For w 2 Wand i 2 I , wi stands for the unique right fig-anti-redued element in thei-panel in W ontaining w. For adjaeny we state the following rule :two hambers xU�w and yU�v are i-adjaent if and only if(1) wi = vi,(2) xU�wi = yU�wi .It is easily heked that C� equipped with this adjaeny relation is indeeda hamber system over I in the sense in [25℄ hapter 1.We also remark that the group U� ats on the hamber system C� by leftmultipliation. It is easily heked that under this ation i-adjaent hambersare send to i-adjaent hambers. This means that the group U� ats as agroup of type preserving automorphisms of the hamber system C�.The next step is to onstrut a hamber systems morphism between C� and(�;W; S; d).Lemma 63 The map � between C� and (�;W; S; d) that sends xUw to xw(+)is a type preserving morphism between the hamber systems C� and (�;W; S; d)(i.e. it sends i-adjaent hambers to i-adjaent hambers).proof :We have to hek that � is well de�ned and that, if xU�w and yU�v arei-adjaent, then also �(xU�w) and �(yU�v) are i-adjaent. To see this we



44 CHAPTER 2. GENERAL THEORYrely on the following property :U�w � StabG(w(+)): (2.1)Let's �rst hek this property. By Theorem 58 and Lemma 60 the groupw�1U�ww is ontained in B+. As StabG(+) = B+ formula (3.15.1) is lear.Beause of property (3:15:1) the map � is well de�ned, i.e. if xU�w = x0U�wthen x(w(+)) = x0(w(+)).Suppose that xU�w and yU�v are i-adjaent, i.e. wi = vi and xU�wi = yU�wi .From wi = vi it follows that w(+) and v(+) are i-adjaent and belong tothe i-panel ontaining wi. From y�1x 2 U�wi we dedue that y�1x stabilizeswi(+), hene also stabilizes the i-panel through wi(+). This means thaty�1x(w(+)) and v(+) are i-adjaent, hene also x(w(+)) and y(v(+)) arei-adjaent. This ompletes the proof of the lemma. 22.1.4 Properties of �In this paragraph we show that � is a 2-overing from C� onto (�;W; S; d)i.e. � sends every spherial rank 2 residue in C� isomorphially onto a rank2 residue in (�;W; S; d). We start by showing that � is surjetive. For thiswe need an additional property of Moufang buildings.Proposition 64 Given a Moufang building (�;W; S; d) with standard apart-ment �0, then the orbit of �0 (as a set of hambers) under B� is the fullbuilding �, i.e. B�(�0) = �.proof :The proposition follows from the deomposition G = B�WB+ regarded thefat that fw(+)jw 2 Wg = �0. First we show that G = [w2W (B�wB�).Using Lemma 62 we write :B�siB�wB� = B�siB�wwB�:Two ases our :(1) l(siw) > l(w).Then siB�wsi � B� andB�siB�wB� = B�(siB�wsi)siwB� = B�siwB�:



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 45(2) l(siw) < l(w).Hene B�siB�wB� = B�siB�sisiwB�� fB�siB�; B�gsiwB�� B�wB� [ B�siwB�:As for every j 2 I U�j = s�j U��j s�j and G = hU�i ji 2 Ii one dedues that[w2W (B�wB�) = G.Subsequently we show that for every w 2 W and si 2 SB�siB�wB+ � B�swB+ [ B�wB+:As above again two ases an our :(1) l(siw) < l(w).This means that the root w�1(�i) is negative, heneB�siB�wB+ = B�siB��iwB+= B�siw(w�1B��iw)B+= B�siwB+:(2) l(siw) > l(w).The we use the above equation and alulate :B�siB�wB+ = B�siB�sisiwB+� B�f1; sigB�siwB+= B�siwB+ [ B�wB+:By similar arguments as for [w2W B�wB� it follows that B�WB+ = G. 2Corollary 65 The morphism � is surjetive.proof :Consider an arbitrary hamber a in �. Then by Proposition 1 we havea = b�v(+) for some b� 2 B� and v 2 W . As for every root �, H �StabG(U�) we an write b� as u�h for u� 2 U� and h 2 H . Beause H �xes



46 CHAPTER 2. GENERAL THEORYevery hamber of �0 we an write a = u�v(+). If we onsider the elementu�U�v of C� then learly �(u�U�v) = a. 2The only problem that remains to prove is that � maps rank 2 residuesisomorphially onto rank 2 residues.Theorem 66 The map � is 2-overing from C� to � i.e. it sends spherialrank 2 residues isomorphially onto spherial rank 2 residues.proof :To prove this we remark that the ation of U� on C� and � is ompatible with�, i.e. for all xU�w 2 C� and u� 2 U� we have �(u�xU�w) = u��(xU�w).In order to prove that � is a 2-overing, it will then be enough to show that� indues an isomorphism between every fi; jg residue ontaining a hamberU�w, with w an fi; jg-anti-redued element in W , and its image in �. To seethis we remark that every rank 2 residue in C� always ontains a hamberxU�w where w is fi; jg-anti-redued and x 2 U�. The morphism determinedby x�1 will then send the given rank 2 residue to another rank 2 residue thatontains U�w.Fix a ertain rank 2 residue in C� of spherial type fi; jg (hene mij < 1).Call this residue Rij�. Suppose that Rij� ontains a hamber U�w with wfi; jg-anti-redued. As U�w 2 Rij�, we see that w(+) 2 �(Rij�). If we denoteby Rij the fi; jg-residue in � whih ontains w(+) then we have to showthat � indues an isomorphism between Rij� and Rij .1. The map � indues a surjetion between Rij� and Rij .This will follow from the fat that � indues a surjetion between rank 1residues. Consider a �xed i 2 I and a hamber a in �. Using Proposition1 and the ation of U� on � we an assume that a = v(+), v 2 W . Thenevery hamber of the i-residue ontaining a an be written under the formv(u�isi(+)) with u�i 2 U�i and �i > 0.Two ases our :(i) l(vsi) < l(v).Then vu�i = vu�iv�1v with vu�iv�1 2 Uv(�i). Granted the ondition on v,one has Uv(�i) � U�vi . If we onsider in C� the hamber vu�iv�1U�vsi , thenthis hamber is i-adjaent to U�v and �(vu�iv�1U�v) = a.(ii) l(vsi) > l(v).Using Lemma 1, one starts by rewriting u�i as u��isib��i with u��i 2 U��iand b��i 2 B��i . As we also know that sib��isi � B�i the hamber



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 47a oinides with vu��i(+). Beause of the ondition on v we have thatvu��iv�1 2 U�v(�i) � U�vi . Hene the hamber vu��iv�1U�vsi is i-adjaentto U�v and �(vu��iv�1U�vsi) = a.This ompletes the proof that � indues a surjetion between rank 1 residuesin C� and �. Beause rank 2 residues are onneted it is lear that � induesa surjetion of Rij� onto Rij .2. The morphism � indues an injetion of Ri;j� into Rij .Suppose that we have two hambers u0�U�w0 and u00�U�w00 in Rij� suh that�(u0�U�w0) = �(u00�U�w00). This means that u0�w0(+) = u00�w00(+) and bothw0 and w00 belong to the fi; jg-residue in W determined by w, where w isthe unique right fi; jg-anti-redued element of this residue. Beause of theonditions on w it is easy to hek that both u0� and u00� belong to U�w. Werewrite the above equality as :(w�1u0�w)w�1w0(+) = (w�1u00�w)w�1w00(+):As both u0� and u00� belong to U�w the elements w�1u0�w and w�1u00�w belongto B+. Call the �rst one b0+ and the seond one b00+, then we �nd :b0+w�1w0(+) = b00+w�1w00(+):But this implies by the Bruhat deomposition of the group G (as we have aBN -pair in G) that w�1w0 = w�1w00, yielding w0 = w00.There remains to show that u0�U�w0 = u00�U�w00 .From the equality u0�w0(+) = u00�w0(+) one dedues that w0�1u00�1� u0�w0 2B+. The element u00�1� u0� is ontained in U�w and we all it u�w. Then u�wsatis�es w0�1u�ww0 2 B+. Consider the set of positive roots sent by w�1into negative roots, namely f1; : : : ; ng. Beause of the properties of w wean divide this set into two subsets (after possibly reordering) f1; : : : l�1gtfl; : : : ; ng. Here f1; : : : l�1g is the set of positive roots sent by w0 toa negative root and fl; : : : ; ng is the set of remaining roots. With thisnotation in mind we write u�w as u�w0u�r with u�w0 2 U�w0 and u�r =u�l : : : u�n . We rewrite the formula w0�1u�ww0 2 B+ as :w0�1u�rw0 = w0�1u�1�w0w0~b+for a ~b+ 2 B+. The right hand side of this equation shows that the elementw0�1u�rw0 belongs to B+. Suppose that w = w0 sjsi : : : sj| {z }m terms with l(w) = l(w0) +



48 CHAPTER 2. GENERAL THEORYm.Then : w0�1fl; : : : ; ng = f�j ; sj(�i); : : : ; sjsi : : : si(�j)g:Hene we an write w0�1u�rw0 asu��ju�sj(�i) : : : u�sjsi:::si(�j) yielding that w�1u�rw0 2 U� \ B+. Now welook at the rank 2 building �ij determined by B�i ; B��i; B�j and B��j (i.e.the rank 2 building we get by onsidering the group hB�i; B�j ; B��i; B��jiand the indued BN -pair in it.). It follows that w0�1u�rw0 is inside thegroup generated by these four groups. But w0�1u�rw0 �xes the fundamentalhamber ij+ in this polygon. Hene this element is inside U ij� \Bij+ where thegroups Bij+ and Bij� are similarly as above. The proof that � is a 2-overingwill be done if we show the following lemma.Lemma 67 If we are given a spherial rank 2 building with Coxeter grouph s1; s2 j(s1s2)m12 i then B+ \ B� = Hproof :If we onsider a spherial rank 2 Moufang building, the groups B+ and B�both have a geometri meaning. Indeed, in the standard apartment � therewill be two hambers + and � suh that the l(d(+; �)) is maximal in theCoxeter group. The group B+ will then be the stabilizer of + in G, B� willbe the stabilizer of � and H will be the stabilizer of the standard apartmentin G. As (G;B+; N; S) and (G;B�; N; S) are both BN -pairs in this asethe Bruhat deompositions G = [wB+wB+ = [w2WB�wB� implies thatB� \ B+ � H . As H � B+ \ B� we have :H = B+ \ B�: 2This lemma implies that w0u�rw0�1 lies in H . Moreover by properties ofspherial Moufang buildings explained in [25℄ on pages 75 and 76 it fol-lows that u�r = 1. This yields u� 2 U�w0 or u00�1� u0� 2 U�w0 , heneu00�U�w0 = u0�U�w0 what we wanted to show. This ompletes the proof ofTheorem 3. 2



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 49As already mentioned the group U� ats on both C� and � in a way ompat-ible with �. This implies that StabU�(a) = StabU�(�(a)) with a 2 C�. If wedo this for + then �(1) = + and StabU�(1) = 1 and StabU�(+) = U�\B+.This gives us U� \ B+ = f1g, whih is a very strong ondition. ConsiderB�\B+. Every element in this intersetion an be written as hu� for h 2 Hand u� 2 U�. But then u� = 1 and the element is ontained in H . As alsoH � B� \ B+ we �nd : B� \ B+ = H:Using the universal properties of buildings we get the following orollary.Corollary 68 The hamber system C� is a building of type M isomorphito (�;W; S; d) under �.proof :This follows from the results in [30℄. It is shown in this paper that everybuilding is a universal objet with respet to 2-overings. This means that ifwe have a hamber system X over I and a 2-overing ' from X to a building(�;W; S; d) of type M = (mij)i;j2I then ' is neessarily an isomorphism. 2Corollary 69 The pair (G;B�; N; S) is a BN -pair.proof :The proof is similar to the proof of Theorem 2 as B� 6� B�; 8� > 0. 2Another onsequene of the identity 2.1.4 that gives a onrete proof ofProposition 4 in [32℄ is the following.Corollary 70 Given a Moufang building (�;W; S; d) of typeM = (mij)i;j2Iwithroot groups (U�)�2� then with the notations as before (G;B+; B�; N; S) is atwin BN -pair.proof :This is the same as the proof of Proposition 4 in setion 5 in [31℄. Butwe rephrase it for ompleteness.



50 CHAPTER 2. GENERAL THEORYIt follows from the alulations already made that the systems (G;B+; N; S)and (G;B�; N; S) are BN -pairs of typeM . Moreover B+\N = B�\N = H .Hene axiom TBN1 is satis�ed.We prove TBN2.For given si with i 2 I and w 2 W one hasB+siB+wB� = � B+siwB� if l(wsi) < l(w)B+wB� [ B+siwB� if l(wsi) > l(w)Two ases an our :l(siw) < l(w).The root w�1(�i) is a negative root. Using lemma 4 we see thatB+siB+wB� = B+siB�iwB�= B+siwBw�1(�i)B�= B+siwB�:If l(siw) > l(w) then by what we just provedB+siB+wB� = B+siB+sisiwB�� B+f1; sigB+wB�= B+fsw;wgB�:That the symmetri formula :B�siB�wB+ = � B�siwB+ if l(wsi) < l(w)B�wB+ [ B�siwB+ if l(wsi) > l(w)holds follows by similar arguments.Remains to show that axiom TBN3 is satis�ed.If for i 2 I , B+si \ B� 6= ; we �nd b+ 2 B+, b� 2 B� suh that si = b+b�.But then siU�isi = U��i implies that b�U��ib�1� � B+ \ B� = H . HeneU��i � b�Hb�1� . This ontradits the regular ation of U��i on the i-panelontaining B� in the building provided by the BN -pair (G;B�; N; S). 22.1.5 The relation OWe start from a Moufang building (�;W; S; d). Denote the set of all rootsin W by �. is given by � = f�g. The root groups are denoted by U�.



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 51We use notation as before. Then we know that there are two BN -pairs in-volved, (G;B+; N; S) and (G;B�; N; S). The �rst BN -pair yields a building(�+;W; S; d+) isomorphi to (�;W; S; d). From the seond one, the building(��;W; S; d�) is onstruted. As the hambers of �+ and �� orrespondto osets of B+ respetively B�, the group G ats in a natural way on bothbuildings. Let + and � be the hambers of �+ and �� orresponding toB+ and B�. We de�ne the relation O � �+���[����+ by the followingrules :( (x+; y�) 2 �+ ���, (y�; x+) 2 �� ��+)(x+; y�) 2 Om9g 2 G suh that (g(x+); g(y�)) = (+; �)(y�; x+) 2 Om(x+; y�) 2 OWe desribe the relation O for rank 2 Moufang buildings.Theorem 71 Suppose that (�;W; S; d) is a rank 2 Moufang building ofspherial type then the relation O de�nes a twinning between �+ and ��.proof :As the building � is of spherial type there exists a unique element w0 inW suh that l(w0) > l(w) 8w 2 W . We make the following onstrution.Set (�1;W; S; d1) = (�;W; S; d), (�2;W; S; d2) = (�;W; S; w0dw0). De�ne aodistane funtion d� between �1 and �2 by :((x1; x2) 2 �1 ��2, (x2; x1) 2 �2 ��1)d�(x1; x2) = w0d(x1; x2)d�(x2; x1) = d(x1; x2)w0:It follows from Proposition 1 in [31℄ that the ouple ((�1,W , S, d1), (�2,W ,S, d2)) with the odistane funtion d� is a twin building. It an be shownthat this is the only possible twinning on �.We know that two BN -pairs (G;B+; N; S) and (G;B�; N; S) an be on-struted. Eah of these BN -pairs has an assoiated building. Denote them by(�+;W; S; d+) and (��;W; S; d�). We give a short desription of (�+;W; S; d+).



52 CHAPTER 2. GENERAL THEORYThe set of hambers �+ is given by the set fgB+ j g 2 Gg. Let s 2 S theng1B+ is s-adjaent to g2B+ if and only if B+g�11 g2B+ = B+sB+. To de�nethe distane between two hambers one uses the Bruhat deomposition ofthe group G. This means that the group G has a deomposition :G = t(B+wB+)w2W :Moreover if B+w0B+ = B+w00B+ then it follows that w0 = w00. For twohambers g1B+ and g2B+ of �+ the distane d(g1B+; g2B+) is de�ned as theunique element v 2 W suh that :B+g�11 g2B+ = B+vB+:Using standard arguments it follows that (�+;W; S; d+) is a building. Thesame an be done for (G;B�; N; S). This gives the building (��W;S; d�).From the onstrution of (�+;W; S; d+) it an be proved that it is isomorphito (�;W; S; d). The isomorphism is given by :'1 : �+ ! �'1(gB+) 7! g(+):Consider the map '2 from (��;W; S; d�) to (�2;W; S; d2) determined by :'2(gB�) = gw0(+):One heks that '2 de�nes an isomorphism from (��;W; S; d�) to (�2;W; S; d2).To �nish the proof we show the following equivalene :((x+; y�) 2 �+ ���)(x+; y�) 2 O , d�('1(x+); '2(y�)) = 1:(1) If (x+; y�) 2 O then x+ = gB+ and y� = gB�, with g 2 G. Hene'1(x+) = g(+) and '2(y�) = gw0(+). We alulate :d(g(+); gw0(+)) = d(+; w0(+))= d(+; w0+)= w0:This implies that d�('1(x+); '2(y�)) = 1.(2) Suppose gB+ and hB� are suh that d�('1(gB+); '2(hB�)) = 1. This



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 53means that d(g(+); hw0(+)) = w0. Using the isomorphism '1 and theBruhat deomposition of G it follows that :hb� = gb+for appropriate b� 2 B� and b+ 2 B+. This means that (gB+; hB�) 2 O.2Remains to prove the same result for non-spherial rank 2 Moufang build-ings. Let (�;W; S; d) be suh a building. We onsider a graph whose vertexset V is the set of all residues in �. Two verties are joined by an edge if andonly if they lie in a hamber. In this way we get a bipartite graph (V;E),whih turns out to be a tree. It an also be easily heked that every isomor-phisms of � as building indues an isomorphism of the tree (V;E). For moreinformation about non-spherial rank 2 Moufang building we refer to [26℄.The result we will prove is :Theorem 72 Given a non-spherial rank 2 Moufang building (�;W; S; d)then the relation O de�nes the opposition relation of a twinning between �+and ��.proof :First we �x some notations and terminologies.Denote W = fs; tg. The hambers of � will be onsidered as pairs fx; x0g,where x and x0 stand for the simplies in the hamber fx; x0g. We as-sume that the standard hamber is given by 0 = fx0; x1g and the stan-dard apartment �0 is the sequene : : : �2 t� �1 s� 0 t� 1 s� 2 : : :. Writei = fxi; xi+1g; 8i. Then the standard apartment �0 orresponds to a se-quene : : : x�2 � x�1 � x0 � x1 � x2 : : : in the tree (V;E).As to the Moufang struture on � we keep the notations from above.Let �+i be the positive root of �0 suh that xi lies on it's boundary. Similarly��i is the negative root of �0 suh that xi lies on ���i . By alulations alreadymade there are two BN -pairs involved ; (G;B+; N; S) and (G;B�; N; S).They give rise to two buildings (�+;W; S; d+) and (��;W; S; d�). To provethat O is the opposition relation of a twinning between �+ and �� we referto Proposition 5.4. in [18℄. In order to use this proposition we show thefollowing :(i) The relation O de�nes a 1-twinning between �+ and ��.



54 CHAPTER 2. GENERAL THEORY(ii) For any four hambers y�,1� and 2� in �� and e+ 2 �+ suh that(e+; 1�) 2 O, (e+; 2�) 2 O and :l(d�(1�; y�)) = l(d�(2�; y�))= minfl(d�(a�; y�))j(e+; a�) 2 Ogwe have d�(1�; y�) = d�(2�; y�).(iii) For any four hambers y� 2 ��, y1+; y2+; e+ 2 �+ suh that (y1+; y�) 2 O,(y2+; y�) 2 O and :l(d+(e+; y1+)) = l(d+(e+; y2+))= minfl(d+(a+; +))j(a+; y�) 2 Ogwe have d+(y1+; e+) = d+(y2+; e+).(iv) Given hambers y�; a� 2 ��, e+ and b+ 2 � suh that a� is as in (ii),l(d(a�; y�)) is minimal, b+ is as in (iii) and l(d(e+; b+)) is minimal thend+(e+; b+) = d+(a�; y�):If (i); (ii); (iii) and (iv) are satis�ed we de�ne for every x 2 �� (� 2 f1;�1g)a odistane funtion dx : �� 7!W in the following way. For every z 2 ���,dx(z) equals d��(x��; z) with (x; x��) 2 O suh that l(d(x��; z) is minimal asin (ii) or (iii). One easily heks this de�nes a odistane funtion for everyx.Remains to hek these 4 properties :(i) Beause of the de�nition of O it suÆes to hek that O de�nes a 1twinning between the s-residue Rs+ in �+ ontaining + and the s-residueRs� in �� ontaining �. We hek that for all the hambers x� of Rs� satisfy(x�; +) 2 O exept s(�).Every element of Rs� has the form u��ss(�) for u��s 2 U��s. Supposethat u��s 6= 1. Granted the properties of the BN -pair (G;B�; N; S) wean write u��ss� = u�ssu0�ss� for appropriate u�s and u0�s 2 U�s. Butthen u��ss(�) = u�s(�). And (+; u��s(�)) = (u�s(+); u�s(�)). Hene(+; u��s(�)) 2 O.Consider the hamber s(�). If (+; s(�)) 2 O then there would exist ag 2 G suh that g(+) = + and g(s(�)) = �. But then g 2 B+ andgs 2 B� or s = b+b� for b+ 2 B+ and b� 2 B�. This ontradits the fatthat s stabilizes the standard apartment �0 as we are working in a tree.Hene (s(�); +) 62 O.



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 55Granted the ation of G on �+ and �� we may assume that d+ = + in(ii); (iii) and (iv).(ii) Suppose that y�, 1� and 2� are hambers as in (ii) with (+; y�) 62 O.Then y� = gB�, 1� = b1+B� and 2� = b2+B� for g 2 G; bi+ 2 B+. Letd�(1�; y�) = w1 and d�(2�; y�) = w2. It follows from the assumptions thatl(w1) = l(w2).Assume w1 6= w2.Beause we work in a non spherial Coxeter group two possibilities our.Namely w21 = w22 = 1 or w21 6= 1 and w22 6= 1.Expressing that the distanes from 1� and 2� to y� are w1 and w2 gives :gB� = b1+b1�w1B�= b2+b2�w2B�for bi� 2 B�.Hene b1+b1�w1 = b2+b2�w2b�for b� 2 B�.Using the properties of the BN -pair (G;B�; N; S) we �nd :(b2+)�1b1+ = b2�w2b�w�11 (b1�)�1:If w21 = w22 = 1 then b2�w2b�w�11 (b1�)�1 = b0�w2w1b00�for b0�; b00� 2 B�.If w21 6= 1 and w22 6= 1 then w1w2 = 1 and the properties of the BN -pair(G;B�; N; S) yield : b2�w2b�w�11 (b1�)�1 = b0�w22b00�for b0�; b00� 2 B�.In all ases we �nd that if w1 6= w2 then for a v 6= 1, b0� and b00� 2 B�b0�vb00� 2 B+;with l(v) = 0mod 2. This means that b0�vb00� has to �x the hamber +. Writeb0�vb00� = u0�vu00�h for h 2 H . Then u0�vu00� has to �x +.



56 CHAPTER 2. GENERAL THEORYTwo ases our :(a) u00� = 1.Then we have u0�(v(x0) = x0 and u0�(v(x1)) = x1. This is only possible ifv = 1 and u0� = 1.(b) The element u00� 6= 1.Suppose that W = fs; tg, ��s = x0, ��t = x1.If u00� 2 U��s we �nd that u0�vu00�(x0) = x0. Granted the ondition on u00� thisimplies that u0�(v(x0)) = x0. Again a ontradition.Hene there u00� 62 U��2 and there exists an index j suh that xj � y1 � y2 �: : : � u00�(x0) � u00�(x1) is the gallery in � from �0 to u00�(x1).Suppose that j < 0 (we already exluded the ase where j = 0).Beause l(v) = 0mod 2, v ats as a translation of �0 i.e. :v(xl) = xl+k0; 8lfor a �xed k0 2 Z.Let v(xj) = xm.If m � 0 then d+(xj ; u00�(x0)) 6= d+(xm; x0). One easily heks that thereannot exist a u0� 2 U� with u0�(vu00�(x0)) = x0.If m � 1 then : d+(xm; vu00�(x0)) < d+(xm; vu00�(x1))One heks that for no u0� 2 U� we an have u0�(vu00�(x0)) = x0.If j > 0 one uses similar arguments to dedue a ontradition.(3) If (y1+; y�) and (y2+; y�) 2 O theny� = g(�)y1+ = g(+)y2+ = gb�(+)for g 2 G and b� 2 B�.A symmetri proof ompletely analogous to (2) gives d+(y1+; +) = d+(y2+; +).(4) Let y� and 1� be hambers of �� with (+; 1�) 2 O and d(1�; y�)is minimal as in (ii). Then we look for a hamber y+ in �+ suh that(y+; y�) 2 O and d+(+; y+) = d�(1�; y�). This will imply (iv). Withoutloss of generality we an assume that 1� = �.Let the minimal gallery in � between � and y� be :y0� = � s� y1� t� y2� s� : : : t� ym� = y�



2.1. TWIN BUILDINGS AND MOUFANG BUILDINGS 57If y1� = u��ss(�) let y1+ be u��ss(+). If y2� = u��ttu��ss(�) let y2+ beu��ttu��ss(+).If we do this for all yi� we get a gallery :y0+ = + s� y1+ t� y2+ s� : : : t� ym+from + to ym+ . One shows with a proof similar as in (2) that for nov 2 W and b�; b0� 2 B� we an have that b�vb0� 2 B+. This ensures usthat all the yj+ are di�erent. The gallery is therefore non-stammering andd+(+; ym+ ) = d�(1�; y�). By onstrution we have (y+; y�) 2 O.This ompletes the proof that (i),(ii),(iii) and (iv) are satis�ed for O. HeneO is the opposition relation of a twinning between �+ and ��. 22.1.6 Construting a 2-twinningIn this paragraph we will show that the building (�;W; S; d) is half of a twinbuilding using a result of B. M�uhlherr in [18℄. We restate the main result oflo. it.Theorem 73 Let M be a Coxeter matrix over I, let (�+;W; S; d+) and(��;W; S; d�) be two thik buildings of type M and let O � (�+ � ��) [(�� � �+) be a non-empty symmetri relation. Then O is the oppositionrelation of a twinning between (�+;W; S; Æ+) and (��;W; S; Æ�) if and onlyif the following ondition is satis�ed :If J � I is of ardinality at most 2 and if R+ � �+ and R� � �� areJ-residues, then either O \ ((R+ � R�) [ (R� � R+)) = ? or O \ ((R+ �R�) [ (R� � R+)) is the opposition relation of a twinning between R+ andR�.We now have :Theorem 74 Given a Moufang building (�;W; S; d) with root groups (U�)�2�then � is half of a twin building i.e. there exists a building (��;W; S; d�)and a odistane funtion d� suh that ((�;W; S; d); (��;W; S; d�); d�) is atwin building.proof :



58 CHAPTER 2. GENERAL THEORYBy Theorem 2 and Corollary 3 we know that there are two BN -pairs involved.Namely (G;B+; N; S) and (G;B�; N; S). The building (�+;W; S; d+) asso-iated to (G;B+; N; S) is by onstrution isomorphi to �. We de�ne thesymmetri relation O between �+ and �� as before. Consider si; sj 2 S.Let R+sisj and R�sisj be the fsi; sjg-residues in �+ and �� ontaining +and � respetively. Then it follows from Theorem 4 and Theorem 5 thatO de�nes the opposition relation of a twinning between R+sisj and R�sisj . Byonstrution this implies that O satis�es the onditions of Theorem 6. HeneO de�nes a twinning between �+ and ��. This means that � �= �+ is halfof a twin building. 22.2 Charaterization2.2.1 IntrodutionAs usual M = (mi;j)i;j2I stands for a ertain Coxeter matrix and � is anelement of the set f1;�1g. When onsidering buildings we will not alwaysexpliitly mention the type if this is not relevant in the ontext. The followingde�nition an be found in [19℄De�nition 75 A (thik) 1-twinning between a pair of (thik) buildings(�+;W; S; d+), (��;W; S; d�) of the same type is a symmetri binary rela-tion O � �+ ��� t�� ��+ satisfying :if (�; ��) 2 O, every panel in �� through � ontains exatly one hamberz with (z; ��) =2 O.Given the notion of a 1-twinning, galleries between hambers of �� and ���an be introdued.De�nition 76 Let O be a (thik) 1-twinning between (�+;W; S; d+) and(��;W; S; d�). A gallery between 0 2 �� and n 2 ��� is a sequene ofhambers (0; 1; : : : ; n) suh that :(i) (1; 2; : : : ; n) 2 ��� is a gallery in ��� and (0; 1) 2 O or(ii)(0; 1; : : : n�1) 2 �� is a gallery in �� and (n�1; n) 2 O. If � =(0; 1; : : : ; m) denotes a gallery, its length is de�ned as m.



2.2. CHARACTERIZATION 59As a onsequene of the onnetedness of �+ and �� every hamber of ��an be joined via a gallery to every hamber of ���. It thus makes sense toonsider minimal galleries between hambers of �� and ��� (i.e. galleriesof minimal length).Let x 2 �� then we denote :xo = fy 2 ���j(x; y) 2 Og:2.2.2 First resultTheorem 77 A thik 1-twinning O between two buildings (�+;W; S; d+)and (��;W; S; d�) of type M de�nes a twinning if and only if :(i) Given x 2 �� and y 2 ��� then d��(xy; y) = d��(�xy; y) whenever xy and�xy are two hambers in xo satisfying :l(d��(xy; y)) = l(d��(�xy; y)) = minfl(d��(z; y)jz 2 xog:(ii) If yx 2 yo suh that the distane d�(yx; x) is minimal, and xy 2 xo suhthat the distane d��(xy; y) is minimal then :d(xy; y) = (d(yx; x))�1:Under these onditions we an de�ne a funtion d� from �+ and �� to W .Namely for x 2 �� and y 2 ��, we set d�(x; y) as d(xy; y) where xy a ham-ber of xo at minimal distane from y. Under these onditions d� de�nes aodistane funtion of a twinning between (�+;W; S; d+) and (��;W; S; d�).proof :Suppose that O is a twinning between (�+;W; S; d+) and (��;W; S; d�).This means that there exists a odistane funtion d� going from �+ t ��suh that O = f(x; y) 2 �+ � ��t �� � �+ jd�(x; y) = 1g. Let x; xy; �xyand yx be as in the theorem. Set w = d�(x; y). It is a general observationthat for xy; �xy; yx, w = d��(xy; y) = d��(�xy; y) = d�(x; yx). Hene onditions(i) and (ii) are satis�ed form every x 2 �.We hek axioms (Tw1); (Tw2) and (Tw3) for d�.Conversily let O be as in the thoerem. Then we hek that it de�nes a twin-ning between �+ and ��. (Tw1).



60 CHAPTER 2. GENERAL THEORYThis follows from property (ii).(Tw2).Suppose d�(x; y) = w, x 2 ��; y 2 ���, si 2 S suh that l(wsi) < l(w). Letz be any hamber of ��� si-adjaent to y.The de�nition of d� implies that we an hoose a hamber xy 2 xo suh thatd��(xy; y) = w. Consider in ��� a minimal gallery �w = y0(= xy) � y1 �: : : � ym�1 � ym(= y) of type w from xy to y. Without loss of generalitywe an assume that d�(x; ym�1) = w0, w0si = w and l(w0) < l(w). It is nothard to hek that there exists a gallery ��1w0 = ym�1 � x1 � : : : � x oftype h0 with rh0 = w0�1 in �� with (x1; ym�1) 2 O. But then d�(x1; y) = sand granted the ondition of a 1-twinning we �nd d�(x1; z) = 1. This yieldsl(d�(z; x)) � m � 1. As l(d�(x; y)) = m we �nd l(d�(z; x)) = m � 1. Hened�(z; x) = w0�1 and d�(x; z) = w0 = ws.(Tw3).Consider two hambers x 2 �� and y 2 ��� with d�(x; y) = w. Two asesour.First ase : l(wsi) < l(w).As we saw in the proof for (Tw2) every hamber z in ���, si-adjaent to ysatis�es d�(x; z) = wsi.Seond ase : l(wsi) > l(w).Choose a hamber yx 2 yo suh that d(x; yx) = d�(x; y). There exists in thesi-residue ontaining y exatly one hamber, all it p with d�(yx; p) = si. Weshow that d�(x; p) = wsi.Set ~w = d�(x; p). The hypothesis on w implies that l( ~w) = l(w) or l( ~w) =l(w) + 1.Suppose that l( ~w) = l(w).Choose px 2 po suh that d(x; px) = d�(x; p).We have two possibilities.(1) d�(px; y) = 1. Granted the ondition on the opposition relation we de-due w = ~w.(2) d�(px; y) = si.Choose a third hamber q of the si-panel through y. (Suh a ham-ber always exists as the buildings under onsideration are thik.) Asd�(px; y) = si, q lies opposite px. Choose a minimal gallery � ~w in �� oftype ~h, with r~h = ~w from x to px.



2.2. CHARACTERIZATION 61Consider l(d�(x; q)).Then l( ~w) � 1 � l(d�(x; q)) � l( ~w). If l(d�(x; q)) = l( ~w) � 1, thereexists a gallery from x to p of type ~h0s suh that r~h0s = ~w. But thenl( ~ws) = l( ~w)� 1. This in turn implies that there exists a gallery � ~w oftype g with rg = ~w from xp to y.Hene ~w = w.If l(d�(x; q)) = l( ~w) we have d�(x; q) = ~w.Completely similar arguments for x; yx; y; q; p imply d�(x; q) = d�(x; y) =d�(x; p).Putting these two equalities together gives d�(x; q) = d�(x; p) = d�(x; y) =w = ~w.In any ase we �nd that if l( ~w) = l(w), then w = ~w. Consider a mini-mal gallery �w = x0(= x) � x1 � : : : � xm(= yx) in �� of from x toyx. If d(xi; xi+1) = si+1 it follows d�(xi; p) = ws1s2 : : : si. In partiulard�(xm; p) = 1 a ontradition.We onlude l( ~w) = l(w) + 1 and d�(x; p) = ws = ~w. 22.2.3 The loal approahIn what follows we prove a loal ondition on a thik 1-twinning suÆientand neessary for a the 1-twinning to be a twinning.De�nition 78 Given a thik 1-twinning O between (�+;W; S; d+) and(��,W ,S,d�) we say it satis�es ondition Ptw for a hamber  2 �� if :8y 2 ���;8y; �y 2 o suh that l(d��(y; y)) = l(d��(�y; y)) = minfl(d��(z; y))jz 2og,8y 2 yo with l(d�(; y) = minfl(d�(v; )jv 2 ogd��(y; y) = d��(�y; y) = d�(; y):Under these onditions we an de�ne a funtion f going from fg ���� toW . If y 2 ��� then f(; y) = d��(y; y) for a hamber y 2 o at minimaldistane from y.Let  be as in the de�nition. Then we denote in the sequel the induedfuntion f also by d�. A �rst observation is :



62 CHAPTER 2. GENERAL THEORYLemma 79 A thik 1-twinning O between (�+;W; S; d+) and (��;W; S; d�)is a twinning if and only if ondition Ptw is satis�ed for every hamber� 2 ��.As before O is a 1-twinning between (�+;W; S; d+) and (��;W; S; d�). Nextstep is to impose ondition Ptw on one hamber  2 ��. Then we want toprove that ondition Ptw is valid for every hamber z 2 �� t���.Lemma 80 LetO be a 1-twinning between (�+;W; S; d+) and (��;W; S; d�).Suppose ondition Ptw is satis�ed for some hamber x 2 �+. If d�(x; y) =w, z is si-adjaent to y and l(wsi) < l(w) we have dx�(x; z) = wsi.proof :As l(wsi) < l(w) the w equals w1s with l(w1s) = l(w1) + 1. Hene ev-ery minimal gallery �w of type h (rh = w) from x to y via xo an be replaedby a gallery �w1s = x � y1 � : : : ym�1 � y of type h0i with rh0 = w1 and(x; y1) 2 O.Two ases our.First ase : z = ym�1.Then we have dx�(x; z) = dx�(x; ym�1) = wsi.Seond ase : z 6= ym�1.Consider a hamber yx 2 yom�1 at minimal distane from x. There ex-ists a minimal gallery �w�11 in Æ+ of type h1 with rh1 = w1 from x to yx.The hamber z should satisfy (yx; z) 2 O. Otherwise (yx; y) 2 O anddx�(x; y) = w1 = w a ontradition. It follows that dx�(x; z) = w1. 2Lemma 81 Suppose we are given a 1-twinning between (�+;W; S; d+) and(��;W; S; d�) suh that ondition Ptw is satis�ed for x 2 ��. Let dx�(x; y) =w for y 2 ��. If z is a hamber of ���, si-adjaent to y then dx�(x; z) 2fw;wsig.proof :Set l(w) = m. There are two possibilities.First ase l(ws) = m� 1.Then the laim follows from Lemma 80



2.2. CHARACTERIZATION 63Seond ase l(ws) = m+ 1.If l(dx�(x; z)) = m + 1 then we know as there is a gallery of type hi withrhsi = w from x to z that d�(x; z) = ws.Remains to prove the lemma if l(dx�(x; z)) = m.(Remark that these are the only possible values for l(d�(x; z)) granted theondition on w.)Let dx�(x; z) be ~w. Consider elements zx; yx 2 ��, xz; xy 2 ��� suh thatd�(x; yx) = d��(xy; y) = w and d�(x; zx) = d��(xz; z) = ~w. As we are workingwith a 1-twinning there are two possibilities :1. First possibility : (zx; y) 2 O or (yx; z) 2 O.Then it is lear that dx�(x; z) = dx�(x; y).2. Seond possibility whenever (zx; y) and (yx; z) 6= O.Consider a third hamber r whih is s-adjaent to both z and y. Itfollows that (zx; r) 2 O. Hene l(dx�(x; r)) 2 fm;m� 1g.Suppose that l(dx�(zx; r)) = m�1). Then l(ws) = m�1 as there wouldbe a gallery �w0s = x � x0 � x1 � : : : � r � y of length m with(x; x0) 2 O. The type of �w0s is h0i. Thus dx�(x; y) = rh0si = w withl(rh0) < l(w).We onlude that l(dx�(x; r)) = m and thus dx�(x; r) = ~w. An analogousreasoning gives dx�(x; r) = w. Hene ~w = w and dx�(x; z) 2 fw;wsg. 2Before proving the main theorem we give an important lemma.Lemma 82 Let O is a 1-twinning between (�+;W; S; d+) and (��;W; S; d�).Suppose x 2 ��, y 2 ���, and �h a minimal gallery from x to y via xo oftype h = (h1h2 : : : hm). Then every hamber z 2 ��� joined by a gallery ���hof type h to y lies opposite x.proof :Set �h = xy0y1 : : : ym(= y). Construt a speial gallery ��h in ��. Denote xby x0. Consider the sh1 panel through x. Then there is a unique hamber inthis panel not opposite y0. This is the hamber x1. Suppose we already on-struted a gallery x0x1 : : : xi of type (h1h2 : : : hi) with (xj ; yj) 2 O, 0 � j � iand (xj ; yj+1) 62 O for 0 � j � i � 1. Then we hoose as xi+1 the uniquehamber of the shi+1 panel through xi not opposite yi. Proeeding in this



64 CHAPTER 2. GENERAL THEORYway we end up with a gallery ��h = x0x1 : : : xm in �� of type h suh that(xj ; yj) 2 O, 0 � j � m, and (xj ; yj+1) 62 O for 0 � j � m � 1. Let z0 beanother hamber of ��� joined to y by a gallery ���h = z0z1 : : : zm of type h.Then it one easily dedues using the properties of 1-twinnings and the fatthat xy0y1 : : : ym is minimal that (xj ; zj) 2 O for 0 � j � m. This implies inpartiular that (x; z0) 2 O. 2Theorem 83 Given a thik 1-twinning O between (�+;W; S; d+) and(��;W; S; d�). Then O de�nes a twinning if and only if ondition Ptw issatis�ed for some element x 2 ��.proof :That this ondition is neessary is follows theorem 79.To show the onverse we use the following strategy.Fix a hamber x0 of ��, si-adjaent to x for si 2 S. Then we prove thehamber x0 obeys ondition Ptw.As buildings are onneted hamber systems this implies that every hamberof �� satis�es ondition Ptw. From this we dedue then that also all ham-bers of ��� satsisfy ondition Ptw. Theorem 79 implies then that O de�nesa twinning between �+ and ��.Consider y0 2 ���. Let �~h = x0~y0~y1 : : : ~ym�1 ~ym(= y) and ��h = x0 �y0�y1 : : : �ym�1�ym (= y) be two minimal galleries from x0 to y via (x0)o. Suppose the type of�~h is ~h = (~h1~h2 : : : ~hm) and the type of ��h is �h = (�h1�h2 : : : �hm). Let r~h = ~wand r�h = �w. Then l( ~w) = l( �w) = m. Remains to show that ~w = �w.Two ases our :1. First ase : there exists no minimal gallery from x0 to y of type g, suhthat l(sirg) < l(rg).Aording to the length of the distane between x and y tree sub asesour.First subase : l(dx�(x; y)) = mWe assume that dx�(x; y) = s1s2 : : : sm = w. Next thing to do is alu-late the relation between x and ~y0 and between x and �y0. As a generiase we onsider x and ~y0.



2.2. CHARACTERIZATION 65Suppose d�(x; ~y0) 62 O. On going down from y to ~y0 via ~ym�1 � ~ym�2 �: : : � ~y0 we get (use Lemma 80) :dx�(x; ~ym) = wdx�(x; ~ym�1) = w or w~sim...dx�(x; ~y0) = w~sim : : : ~̂sip : : : ~si1where the hat stands for possible omitting a ertain generator.This means w = s~s1 : : : ~̂sp : : : ~sm. Thus there is a minimal galleryxz0z1 : : : zm of type (ii1 : : : ip�1ip+1 : : : im) = ~g, (r~g = ~w), from x toy via xo. But as this type starts with i and we are working with a1-twinning, x0 lies opposite z1. Thus there is a gallery x0z1 : : : y fromx0 to y of length m� 1. A ontradition to the minimality of m. Thisimplies (x; ~y0) 2 O. In a ompletely analogous way we �nd (x; �y0) 2 O.As the hamber x satis�es ondition Ptw we dedue the equality ~w = �w.Seond subase : l(d�(x; y)) = m+ 1Suppose dx�(x; ~y0) = 1 or dx�(x; �y0) = 1 We get a ontradition withl(dx�(x; y)) = m+ 1.Hene : dx�(x; ~y0) = sidx�(x; �y0) = siConsider arbitrary hambers lets all them ~y�1 and �y�1 in ��, si-adjaent to ~y0 and �y0 respetively.We have : dx�(x; ~y�1) = dx�(x; �y�1) = 1The hypothesis x yields s ~w = s �w or equivalently ~w = �w.Third subase : l(d�(x; y)) = m� 1Then there exists a minimal gallery � of length m� 1 from x to y viaxo namely xy0y1 : : : y. Then dx�(x0; y0) equals si. Let y�1 be an arbi-trary hamber in ��, si-adjaent to y0. Then x0 lies opposite y�1 andthus the sequene x0y�1y0y1 : : : ym�1 is a minimal gallery from x0 to y



66 CHAPTER 2. GENERAL THEORYof a ertain type g0 suh that l(sirg0) < l(g0), a ontradition with thehypothesis.2. Seond ase : there exists a minimal gallery from x0 to y of type u withl(siru) < l(ru).Notations are as above. Without loss of generality we may assumethat �~h is a gallery of type u = ~h = (i~h2 : : : ~hm). Under these as-sumptions it follows that dx�(x; y) = s~h2 : : : s~hm . As before we denoted�(x; y) by w. We laim all minimal galleries from x0 to y via xo havetype v suh that with rv = r~h. Consider as above the other mini-mal gallery ��h = x0�y0�y1 : : : �ym�1 �ym = y. Assume that the type of��h = (�h1�h2 : : : �hm).First possibility : l(sir�h) < l(r�h).Without loss of generality we an assume in this ase that �s�h1 =si. We have that x lies opposite �y1 and the hypothesis on x givess~h1s~h2 : : : s~hm = s�h1s�h2 : : : s�hm . Hene r~h = r�h.The seond ase ours when l(sir�h) > l(r�h).Consider d�(x; �y0).Suppose that d�(x; �y0) = si. On going down from y to �y0 the distanedx� should stutter two times. (Remember that dx�(x; y) = ~s2~s3 : : : ~sm).Two possbilities our.There exists p, 1 � p � m suh that :w = ŝis�h1 : : : ŝ�hp : : : s�hmor there exist p1, p2 with 1 � p1, p2 suh that :w = sis�h1 : : : ^s�hp1 : : : ŝ �p2 : : : s�hmThe seond possibility annot our as we have that l(siw) > l(w). Ifp 6= m we an replae the gallery �~h by a gallery � �w = �y0�y1 : : : �yp�1�yp : : : yof type ~h. We an restrit ourselves in partiular to the galleries�y0�y1 : : : �yp and �y0�y1 : : : �yp and we have redued the situation to the asewhere p = m.So we an assume without loss of generality that p = m.From the alulation from above gives :w = s�h1s�h2 : : : s�hm�1:



2.2. CHARACTERIZATION 67To proeed we onstrut a speial gallery in �� starting in x.Consider a hamber x2 2 �� with d�(x; x2) = s�h1 . Then (x2; ~y2) 2 O.Choose a hamber x3 2 ��, s�h3-adjaent to x2. As before we �ndd�(x3; ~y3) 2 O. Continuing in this way we build up a gallery � =xx2x3 : : : xm in �� suh that d�(xi; xi+1) = s�hi and (xi; ~yi) 2 O for1 � i � m.Choose a third hamber z0 2 ��� of the s�hm-panel through y, notopposite xm. As we know dx�(x; y) = w we have using Lemma 81 thatdx�(x; z0) 2 fw;ws�hmg.Suppose that dx�(x; z0) = w.This yields (xm; z0) 2 O as w = s�h1s�h2 : : : s�hm�1, a ontradition.It follows that dx�(x; z0) = ws�hm .Suppose z0 = �ym�1. On going down from �ym�1 to �y0 we get grantedthe assumption dx�(x; �y0) = si that :ws�hmw�1 = sior equivalently : s�h1s�h2 : : : s�hm = siw:This ontradits the assumption l(sir�h) > l(r�h). Therefore z0 6= �ym�1.But then d��(�y0; z0) = ws�hm and granted Lemma 80 we �nd dx�(x; �y0) =1, ontraditing the hypothesis that dx�(x; �y0) = si.The initial assumption that dx�(x; �y0) = 1 is false and the only possi-bility is that dx�(x; �y0) = si. We saw d�x(x; y) = s~h2s~h3 : : : s~hm . Henel(dx�(x; y)) equals m� 1. As d��(�y0; y) = s�h1 s�h2 : : : s�hm and two possi-bities our on going down from y to �y0.First possbilitie :There exists p1, p2, 1 � pi � 2 suh that :ws�hm : : : ŝ�hp1 : : : ŝ�hp2 : : : s�h1 = si(Remark that in this ase p1 6= m as dx�(x; �y0) = si.) or :ws�hms�hm�1 : : : s�h1 = si:The �rst possibility ontradits the fat that l(ws�hm) = m and. If theseond possbilitye would our we have l(si(ws�hm)) = l(sir�h) < l(r�h)ontraditing the initial assumption on r�h.This means that the possbility that l(sir�h) > l(r�h) is thus exluded.



68 CHAPTER 2. GENERAL THEORYThe above disussion shows the following property. If x0 2 �� is si-adjaentto x and y 2 ���. Consider two minimal galleries �~h and ��h of types(~h1~h2 : : : ~hm) and (�h1�h2 : : : �hm) respetively. Then r~h = r�h. This is one halfof ondition Ptw for x0.We show that the other half of ondition Ptw for x0 also holds. This followsfrom the following observation. Let y 2 ��� and �f = yx0x1 : : : x0 be a min-imal gallery from y to x0 via yo of type (f1f2 : : : fn). Using Lemma 2.2.3 onean easily onstrut a gallery �f�1 = x0y0y1 : : : y of type (fnfn�1 : : : f1) fromx0 to y. As we know that all minimal galleries from x0 to y have the sametype up to homotopies we're done.By the onnetedness of the buildings �+ and ��, ondition Ptw is validfor all hambers of ��.Let z 2 ��� and u 2 ��. As every minimal galery from z to u de�nes aminimal galery from u to z, one easily heks that z also satis�es onditionPtw. Hene O de�nes a twinning between �+ and �� by Theorem 79. 2
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Chapter 3Moufang sets
3.1 IntrodutionIn the standard referene [32℄ J. Tits introdues the basi onepts to be usedin a possible lassi�ation program for twin buildings. Of major importanehere is the notion of Moufang set. Lo. it. is the �rst plae where a formalde�nition appears. In view of the work of B. M�uhlherr [20℄ the lass of theso alled indued Moufang sets need speial attention. Indued Moufangsets are obtained as loal data derived from the global geometry of Moufangbuildings. In order to arry out the lassi�ation program for the ~B2 asein the spirit in [20℄ one needs to solve the following question. "Suppose weare given two Moufang quadrangles �1 and �2 having isomorphi induedMoufang sets. Does this yield any relation between �1 and �2 ?"In this hapter we will develop an alternative setup onerning indued Mo-ufang sets whih emphasizes less the quadrangle. As a onsequene the ques-tion above is translated to a more algebrai one. Namely in a lot of ases theMoufang sets we onsider are losely related to the endomorphism groups ofa ertain vetor spae endowed with a quadrati form of Witt index 1. Usingthe geometry provided by the form one ould also view these endomorphismgroups as auto-morphism groups of this geometry.71



72 CHAPTER 3. MOUFANG SETSHene the question onerning isomorphi indued Moufang sets is translatedto a question onerning isomorphi linear groups preserving a form of Wittindex 1 or to a question of isomorphisms of the related geometries.As the groups and geometries whih arise here are in some ases lassial,some work is already done onerning isomorphisms.Nevertheless most of the theorems we �nd in the literature provide partialanswers that are valid under restritions whih we had to overome.In a lot of ases one ould use Borel-Tits theory [2℄. One disadvantage isthat this works only if the groups are algebrai ones. This yields in par-tiular that the vetor spae in whih the form is de�ned should be �nitedimensional over a �eld of harateristi not 2. As the indued Moufang setswe onsider do not always arise from algebrai groups (e.g. if harateristiof ground �eld is 2) this still leaves a gap.Classial theory (fr. e.g. [6℄, [7℄, [8℄, [12℄, [11℄, [17℄, [24℄) also gives an-swers in some ases. As above these results mostly work only if the vetorspae is �nite dimensional, the form is non-degenerate, and the groups areof the same type. Espeially the question onerning isomorphi orthogonalMoufang sets in harateristi 2 was problemati. (fr. Proposition 127)A partial answer was given in [5℄ but the result only holds under a ertainnon degeneray ondition. The alternative approah developed in this hap-ter was very useful here. Using this setup the question was solved ompletely.In Chapter 8 in [29℄ one an also �nd some theorems whih handle withquestions related to isomorphisms between Moufang sets (e.g. Lemma 8.18).Nevertheless one veri�es that the heart of the problem annot be solved usingthis theory. It is in fat translated in another setup.Moreover as the lassi�ation program of ~B2 buildings requires a omparisonof Moufang sets of di�erent nature we followed a more elementary strategy.In this way we ould ompare indi�erent Moufang sets with other ones, solvea lot of question even if the harateristi of the ground �elds is 2 and thegroups are not algebrai groups and ultimately give an theorem whih har-aterizes lassial Moufang sets in some senseMoreover most of the results proved in this hapter will �nd appliation inChapter 4 dealing with existene and non-existene of ertain ~B2 Moufangbuildings.



3.2. PROJECTIVE MOUFANG SETS 733.2 Projetive Moufang setsWe start the disussion on Moufang sets by onsidering the family of pro-jetive ones. Impliitly these sets were studied before under other namesand with other terminology. One of the �rst to investigate isomorphismsbetween two suh Moufang sets was L.K. Hua. (fr. [12℄). A version of hisdesription of all possible isomorphisms an be found in setion 8.12.3 onpp147-149 in [29℄. Moreover the tehniques used in lo. it. will enable usto ompute in this setion all Moufang subsets in a speial ase. We give aformal desription of what is meant by projetive Moufang set and prove a�rst proposition.Let k be a division ring, E a 2-dimensional right k-vetor spae and X be theset of all vetor lines in E. To simplify the alulations we use a oordinatesystem. Choose a base fe1; e2g of E. Denote he1x + e2i as (x) and he1i as(1). This means we an write X = f(x)jx 2 kg [ f(1)g.Choose as point set the set X .As to the root group struture we start by giving desriptions of U(1) andU(0). In lassial terms U(1) and U(0) o��nide with transvetion groups withenters e1, e2 respetively. A typial example of a root elation u((1); (0); (x))2 U(1) has matrix representation with respet to the ordered base fe1, e2g :� 1 x0 1 �whereas an element of the form u((0); (1); (x)) 2 U(0) has matrix represen-tation with respet to the ordered base fe1, e2g :� 1 0x�1 1 � :All other root groups are onjugates of U(1) under appropriate elements ofU(0). Namely if (x) 2 X , we de�ne Ux = gU1g�1, where g = u((0); (1); (x)).We hek that (X; (Ux)x2X) de�nes a Moufang set.1. Condition MoS1.We �rst prove that U(1) ats regularly on X nf(1)g. Let (x), (y) 2 Xnf(1)g. Then the root elation with matrix representation with respet to theordered base fe1, e2g : � 1 y � x0 1 �



74 CHAPTER 3. MOUFANG SETSis the unique element of U(1) sending (x) to (y).By similar arguments one heks that also U(0) ats regularly on X n f(0)g.As the other root groups are de�ned as onjugates of U(1), ondition MoS1is learly satis�ed.2. Condition MoS2.As U(1) and U(0) o��nide with the transvetion groups with enters e1 ande2, a root group Ux orresponds to the group of transvetions of enter x.Hene the set fUxj x 2 Xg is stabilized by GL2(k) and ondition MoS2holds.In this way we obtain a Moufang set (X; (Ux)x2X) whih is denoted by P(k)and is alled a projetive Moufang set de�ned over the division ring k. Asalready mentioned we prove the following proposition.Proposition 84 Consider a projetive Moufang set P(k) de�ned over the�eld k.(i) If har(k) 6= 2 every Moufang subset Y of P(k) orresponds to a sub�eldof k.(ii) If har(k) = 2 every Moufang subset Y of P(k) orresponds after a righthoie of oordinate system to a subset l of ksatisfying : (�k is the �eld generated by l)(i) l = l�1(ii) 1 2 l(iii) The set l is a vetorspae over a sub�eld k0 of k ontaining �k2.proof :Suppose as above that the point set of P(k) is de�ned as the set of allvetorlines of a 2 dimensional right k-vetorspae E. Choose an orderedbase fe1; e2g of E suh that with notations as above P(k) = (X = (f(x)jx 2kg [ f1g, (Ux)x2X).Let Y be a Moufang subset of P(k). Set l = ft 2 kj(t) 2 Y g. Without lossof generality we an assume that (0), (1) 2 Y and (1) 2 Y as Y ontainsby de�nition at least 3 elements.We show that (l;+) is a subgroup of (k;+).Let s; t 2 l. As (Y; (StabUy(Y ))y2Y ) is a Moufang set, u((1); (0); (t)) stabi-lizes Y . This means that u(1; 0; t)(s) = (s + t) 2 Y and hene s + t 2 l.By similar arguments one dedues that if t 2 l also �t 2 l. Hene (l;+) is a



3.2. PROJECTIVE MOUFANG SETS 75subgroup of (k;+).To proeed we restate a formula used on p148 in [29℄.It is based on the following general observation. Let (�;W; S; d) be a Mo-ufang building with root groups (U�)�2�. Then there exist for every u� 2 U�unique u�� and u0�� 2 U�� suh that u��u�u0�� interhanges � and �� inthe standard apartment.As Moufang sets are 1 dimensional Moufang buildings we an speialize thisproperty. Chambers are points of the Moufang sets and apartments are pairsof hambers. The above observation means that every u((1); (0); (a)) 2U(1), determines unique �1; �2 2 U(0) with :�1u((1); (0); (a))�2((0)) = (1)�1u((1); (0); (a))�2((1)) = (0):The only possible hoie for �1 and �2 is �1 = �2 = u((0); (1); (�a)) and�1u((1); (0); (a))�2 has a matrix representation with respet to the orderedbase fe1, e2g :� 1 0�a�1 1 �� 1 a0 1 �� 1 0�a�1 1 � = � 0 a�a�1 0 � :Hene for (x) 2 Xn f(0), (1)g we �nd :�1u((1); (0); (a))�2((x)) = (�ax�1a):As u((0); (1); (�a)) 2 StabU(0)(Y ), we �nd �1 u((1); (0); (a)) �2(Y ) = Y .This means in partiular that if a, b 2 l, b 6= 0 also ab�1a 2 l. Setting a = 1or b = 1 this shows that if y 2 l also y�1 and y2 2 l.Aording to the harateristi we distinguish two ases.(1) Char(k) 6= 2.Let a; b 2 l, then (a + b)2 2 l. But (a + b)2 = a2 + 2ab + b2 with a2; b2 2 l.This implies 2ab 2 l. Hene also ((2ab)�1 + (2ab)�1)�1 = ab 2 l.This proves that l is a sub�eld of k.(2) Char(k) = 2.Denote the �eld generated by l as �k. We see that l has the following proper-ties :(i)l�1 = l(ii)1 2 l



76 CHAPTER 3. MOUFANG SETS(iii) The set l is a vetor spae over �k2.Remains to hek the onverse.Let P(k) be as in the beginning of the proof. This means P(k) is de�nedusing the a two dimensional right k-vetor spae E with base fe1; e2g usedto oordinatize the Moufang set. Suppose l is a subset of k suh that l isa sub�eld of k if har(k) 6= 2 and l satis�es onditions (i), (ii) and (iii) ofthe proposition if har(k) = 2. Let Y = f(x)jx 2 lg [ f(1)g. We showthat Y is a Moufang subset of P(k). This will be done if we prove that forany three points (a), (b), () 2 Y , the element u((a); (b); ()) stabilizes Y .If (a); (b) and () are not mutually di�erent we have u(a; b; ) = 1, so wean suppose a 6= b; b 6=  and a 6= . One alulates that u((a); (b); ()) hasmatrix representation with respet to the ordered base fe1, e2g : a2+ba4+a2b2+a22+b22 a2(b+)a4+a2b2+a22+b22b+a4+a2b2+a22+b22 a2+ba4+a2b2+a22+b22 !Let (x) 6= (1) 2 Y . Then u((a); (b); ()) (x) = (((a2+ b)x+ a2b+ a2)(bx+x+ a2 + b)�1).If (x) = (1) we �nd u((a); (b); ()) (1) = (a2 + b)(b + )�1 = (a2(b + ) +b2 + b2).Let har(k) 6= 2.Then the ondition on l implies u((a); (b); ())(x) 2 Y if (x) 2 Y .Let har(k) = 2.Conditions (i) and (iii) on l yield that (a2 + b)(b + )�1 = a2(b + )�1+(b�1 + �1)�1 2 Y .By the same onditions the element ((a2+b)x+a2b+a2)(bx+x+a2+b)�1belongs to l if and only if ((a2 + b)x+ a2b+ a2)(bx+ x+ a2 + b) belongsto l. Now ((a2 + b)x + a2b + a2)(bx + x + a2 + b) = (a2b + b2 + a2 +b2)x2 + (a2b2 + a22 + a4 + b22)x + (a4b + a4 + a2b2 + a2b2). By Prop-erty (iii) one �nds ((a2 +b)x + a2b +a2) (bx +x +a2 +b) = b(a4 +a22+a2x2 +2x2) +(a4 +a2b2 +a2x2 +b2x2) +x(a4 +a2b2 +a22 +b22) 2 l.This proves u((a); (b); ())(x) 2 Y , 8(x) 2 Y and Y is a Moufang subset ofP(k). 2Motivated by this proposition we give the following de�nition.De�nition 85 Let k be a �eld of harateristi 2, k0 a sub�eld of k ontain-ing k2 and l a subset of k satisfying :



3.3. INDUCED MOUFANG SETS IN GENERALIZED POLYGONS. 77(i) l is an additive subgroup of k,(ii) l�1 = l,(iii) 1 2 l,(iv) l generates k as a ring,(v) l is a vetorspae over k0.By an indi�erent Moufang set P(k0; l; k) we mean a Moufang subset Y of aprojetive Moufang set P(�k) suh that after the right hoie of oordinatesystem Y = f(x)jx 2 lg[f(1)g. If for an indi�erent Moufang set P(k0; l; k),k0 = k2 we will denote it shortly as P(l; k).Remark that if P(k0; l; k) is an indi�erent Moufang set then identity map frompoints of P(k0; l; k) to points of P(k2; l; k) de�nes a Moufang set isomorphism.Hene P(k0; l; k) �= P(k2; l; k).3.3 Indued Moufang sets in generalized poly-gons.In this setion we explain the well known proedure to onstrut Moufangsets given a Moufang polygon. It is not hard to see how this proedure anbe generalized to the tree ase.Let � = (P ;L; I) be a generalized Moufang n-gon suh that n < 1. Con-sider x 2 �. If z 2 �(x), hoose a root �z with z 2 Int(�) and x 2 ��.The group U�z indues on �(x) n fzg a regular permutation group. It anbe shown that the ation of U�z is independent of the initial hoie of �z.Therefore we an identify U�z with a permutation group Uz � Sym(�(x)).Repeating this proedure for every y 2 �(x) we get a pair (�(x); (Uz)z2�(x)).As for every z 2 �(x), Uz ats regularly on �(x) n fzg, ondition MoS1 issatis�ed for (�x; (Uz)z2�(x)).By assumption on �, u�yU�zu�1�y = Uu�y (�z). As u�y(�z) is a root suh that x isontained in �u�y(z) and u�y(z) 2 �(x)\Int(u�y(�z)), u�yU�zu�1�y 2 fUzjz 2�(x)g. This means ondition MoS2 is also satis�ed and (�(x),(Uz)z2�(x)) isa Moufang set. We all it an indued Moufang set on �(x) in �, and denoteit by M�(x)(�). Using the transitive ation of the little projetive group onpoints and lines (for a proof of this fat we refer to Theorem 64 of Chapter2 taking into aount that the group N ats transitively on the hambers ofthe standard apartment �0) it is not hard to show that M�(x)(�) dependsup to isomorphism only on the type of x. In other words if x and x0 are two



78 CHAPTER 3. MOUFANG SETSpoints in �, M�(x)(�) and M�(x0)(�) will be isomorphi. Hene we an talkabout the isomorphism lass of indued Moufang sets on a line penil or apoint row of �. The isomorphism lass of indued Moufang sets on a linepenil is denoted by Ml(�). Similarly Mp(�) stands for the isomorphismlass of indued Moufang sets on a point row in �.3.4 Desarguesian projetive planes andMoufang setsIn this setion we give a desription of the indued Moufang sets on the pointrows and line penils of a Desarguesian projetive plane. The terminologyand notation will be used in Chapter 4 dealing with existene and non-existene of ertain Moufang buildings.Throughout this setion � denotes a Desarguesian projetive plane. Usinglassial theory (fr [13℄) we know that there exists a division ring k and a3-dimensional right k-vetor spae E suh that � �= PG(E). For the sequelwe will identify in most ases � and PG(E). We state the following Lemmawhih will be used in Chapter 4.Lemma 86 If � be a Desarguesian projetive plane de�ned over a divisionring k then Mp(�) �= P(k) and Ml(�) �= P(kopp).proof :By assumption we have � = PG(E), where E is a 3-dimensional right k-vetor spae. Choose a base B = fe1, e2, e2g of E. Let E� be the dual vetorspae of E and denote the dual base of B as B� = fe�1, e�2, e�3g with e�i (ej)= Æij . As usual we will onsider E� as a right kopp-vetor spae.Every point of � orresponds then to a vetor line of the form he1x1 +e2x2+e3x3i and every line of � orresponds to a vetor line in E� of the formhe�1y1 +e�2y2 +e�3y3 i.Denote by �0 be the standard apartment fhe1i, he2i, he3ig.As a generi point row to alulate Mp(�) we hoose he1; e2i. Write thepoint set of � (he1; e2i) as fhe1v+ e2ijv 2 kg, [fhe1ig. A typial root elationof the indued Moufang setM�(he1;e2i) with �xed point he1i, whih sends he2ito he1t + e2i has as matrix representation with respet to the base ordered



3.4. DESARGUESIAN PROJECTIVE PLANES 79B : 0� 1 t 00 1 00 0 0 1A ;whereas a root elation �xing he2i and sending he1i to he1t+e2i has as matrixrepresentation with respet to the base ordered base B :0� 1 0 0t�1 1 00 0 1 1A :Consider the projetive Moufang set P(k) oordinatized in a anonial way.De�ne the map � from P(k) to M�(he1;e2i) by :�(v) = he1v + e2i�(1) = he1i:We hek that � de�nes a Moufang set isomorphism. Using Lemma 41 ofChapter 1 this will be done if we hek that the maps �(1) from U(1) andUhe1i and �(0) from U(0) to Uhe2i with :�(1)(u((1); (0); (t))) = � Æ u((1); (0); (t)) Æ ��1�(0)(u((0); (1); (t)) = � Æ u((0); (1); (t)) Æ ��1de�ne bijetions.Let (v) 2 P(k).We have :�u((1); (0); (t)��1�((v)) = �((v + t))= he1(v + t) + e2i= u(he1i; he2i; he1t+ e2i)(he1v + e2i):This shows �(1)(u((1); (0); (t)) = u(he1i; he2i, he1t + e2i). In a similar wayone heks that �(0) de�nes a bijetion from U(0) to Uhe2i. Therefore � de�nesa Moufang set isomorphism from P(k) to M�(he1;e2i).The Moufang setMl(�) an be alulated in a similar way asMp(�) usingthe dual projetive plane PG(E�). For sake of ompleteness and for applia-tion in Chapter 4 we give the expliit alulations. As generi line penil toalulate Ml(�) we hoose �(he2i). Using the dual base B� the elements of



80 CHAPTER 3. MOUFANG SETS�(he2i) an be written as fhe�1v� + e�3i jv� 2 koppg [ fhe�1ig. Let t� 2 kopp. Atypial root elation ofM�(he2i) (�) �xing he�1i and sending he�3i to he�1t� +e�3ihas as matrix representation with respet to the ordered base f e�1, e�2, e�3g :0� 1 0 t�0 1 00 0 1 1A :Similarly the root elation �xing he�3i sending he�1i to he�1t�+ e�3i has as matrixrepresentation with respet to the base f e�1, e�2, e�3g :0� 1 0 00 1 0t��1 0 1 1A :Let P(kopp) be the projetive Moufang set de�ned over kopp oordinatized ina anonial way. De�ne the map �� from P(kopp) to M�(he2i) by :��(v�) = he�1v� + e�3i�(1) = he�1i:Using similar arguments as forM�(he1;e2i) one easily heks that �� de�nes aMoufang set isomorphism. This ompletes the proof. 23.5 Classial generalized quadranglesIn this setion we introdue two lasses of generalized quadrangles whihwill be alled lassial. In order to make alulations on the quadrangles wewill use a oordinatization similar to the one introdued in [37℄. For moreinformation on the quadrangles and oordinate systems we refer the readerto hapter 2 and 3 of lo. it.3.5.1 Sympleti quadranglesLet k be a �eld, E a k-vetor spae and f a non-degenerate sympletibilinear form on E i.e. f is a funtion from E � E to k satisfying :f(x� + y�; z) = �f(x; z) + �f(y; z)



3.5. CLASSICAL GENERALIZED QUADRANGLES 81f(x; x) = 0Rad(f) = 0where x; y; z 2 E, �; �; � 2 k arbitrary and Rad(f) = fv 2 E j f(v; u) =0;8u 2 Eg. Remark that the equality f(x + y; x + y) = 0 implies f(x; y) =�f(y; x), allowing us to de�ne orthogonality (denoted by ?) aording tothe formula : x ? y , f(x; y) = 0:Orthogonality is learly a symmetri binary relation on E � E.For a subspae X of E one de�nes :X? = fy 2 E j f(x; y) = 0; 8x 2 Xg:A subspae X is alled isotropi if X \ X? 6= f0g and totally isotropi ifX � X?. Amongst the totally isotropi subspaes there are maximal onesall having the same dimension. This number is alled the Witt index of fand denoted by �(f). If the form f is non-degenerate and dim(E) < 1then neessarily dim(E) = 2m with �(f) = m. Under these onditions onean hoose a base feig1�i�2m satisfying f(ei; ei+m) = 1 and f(ei; ej) = 0 ifj 6= i+m. Suh a base is also alled a sympleti base. (For exat proofs ofthese fats we refer to the lassial theory for example [6℄, [7℄ or Chapter 8in [29℄.)To onstrut a generalized quadrangle we start with a 4 dimensional rightk-vetor spae E and a non-degenerate sympleti form f of Witt index 2.With respet to a sympleti base feig1�i�4, f is represented by the form :x1y3 � x3y1 + x2y4 � x4y2:Call points P all totally isotropi 1 spaes i.e. all projetive points of PG(E).Lines L are all totally isotropi 2-spaes in E i.e. projetive lines of PG(E)on whih f vanishes. An easy alulation shows that hxi is ollinear withhyi if and only if f(x; y) = 0. We leave it to the reader to hek that therank 2 geometry (P ;L; I) with I the natural inidene de�nes a generalizedquadrangle. This quadrangle is denoted by W (k) and is alled a sympletiquadrangle.



82 CHAPTER 3. MOUFANG SETS3.5.2 Coordinatization of W (k)Choose feig1�i�4 suh that the ordered set fe1; e3; e2; e4g is a sympleti basei.e. : f(e1; e2) = 1 f(e1; ej) = 0; j 6= 2f(e3; e4) = 1 f(e3; ej) = 0; j 6= 4:A straightforward hek shows that the following table written down withrespet to this base exhausts all points and lines of W (k). Hene it providesa oordinate system for the generalized quadrangle. Round brakets denotepoints and square brakets indiate lines.PointsCoordinates in W (k) elements in PG3(k)(1) (1; 0; 0; 0)(x) (x; 0; 1; 0)(v; y) (�y; 0; v; 1)(x;w; x0) (w � xx0; 1;�x0;�x)LinesCoordinates in W (k) elements in PG3(k)[1℄ h(1; 0; 0; 0); (0; 0; 1; 0)i[v℄ h(1; 0; 0; 0); (0; 0; v; 1)i[x;w℄ h(x; 0; 1; 0); (w; 1; 0;�x)i[v; y; v0℄ h(�v; 0; y; 1); (v0 ; 1;�y; 0)i3.5.3 Generalized quadrangles de�ned by (�; �)-quadratiformsIn this setion we will use notations and de�nitions onerning division ringswith involutions as introdued in Chapter 1. For more information we referonsequently to this hapter. The following de�nitions and notations aremainly based on Chapter 8 in [29℄, setion 2.3. in [37℄ and Chapter 10 in [4℄.To onstrut quadrangles we �rst disuss some de�nitions and basi prop-erties. Throughout this paragraph we will use the de�nitions and notationsintrodued in setion 1.3 of Chapter1.De�nition 87 Let k be a division ring with involution � and E a right k-vetorspae. A funtion f going from E � E to k is a �-sequilinear form



3.5. CLASSICAL GENERALIZED QUADRANGLES 83(or shortly sesquilinear form if � is lear from the ontext) if it is biadditiveand : f(x�; y�) = ��f(x; y)�; 8x; y 2 E;8�; � 2 k:De�nition 88 A �-sesquilinear form f is alled reexive if there exists aonstant � 2 k suh that :f(x; y) = f(y; x)��; 8x; y 2 EA form satisfying this equation is also alled (�; �)-hermitian form. In par-tiular a (�; 1)-hermitian form is indiated as hermitian and a (�;�1)-formas anti-hermitian.De�nition 89 A reexive (�; �)-hermitian form f is alled trae valued ifthere exists a �-sesquilinear form g suh that :f(x; y) = g(x; y) + (g(y; x))��; 8x; y 2 E:De�nition 90 A funtion q from E to k(�;�) is alled (�; �)-quadrati if thefollowing onditions hold :(i) q(x�) = �q(x)�� , 8� 2 k; x 2 E.(ii) There exists a trae valued (�; �)-hermitian form f on E �E suh that :q(x+ y) = q(x) + q(y) + f(x; y); 8x; y 2 E:or equivalently to (i) and (ii)(i)0 There exists a �-sesquilinear form g with :q(x) = g(x; x) + k(�;�); 8x 2 E:For the proof of the equivalene of (i); (ii) and (i)0 we refer to 8.2.1. onpp121-122 in [29℄. To simplify notation in most of the ases the oset k(�;�)will be omitted. This means that we write for example q(x) = g(x; x) insteadof q(x) = g(x; x) + k(�;�). In the sequel we will all in a lot of ases a (�; �)-quadrati form a pseudo-quadrati form if � and � are of no importane anda (�; 1)-quadrati form simply a �-quadrati form.Given any (�; �)-sesquilinear f on a spae E we an introdue orthogonalityon E � E, (denoted with the symbol ?) de�ned by :x ? y , f(x; y) = 0:



84 CHAPTER 3. MOUFANG SETSThe onditions on f ensure that ? is well de�ned i.e. ? is a symmetribinary relation on E.Given any subspae X � E we set :X? = fx 2 E j f(x; y) = 0; 8y 2 Xg:In partiular E? is denoted byRad(f), and the form f is alled non-degenerateif Rad(f) = 0. A subspae X � E is alled isotropi of X \X? 6= f0g, non-isotropi if X \ X? = f0g and totally isotropi if X � X?. Using ZornsLemma it an be shown that amongst the totally isotropi subspaes thereare maximal ones sharing the same dimension alled the Witt index of f ,denoted by �(f).Due to the properties of q, one easily heks q�1(0) is a union of 1-dimensionalsubspaes of E. A subspae X of E is alled totally singular if X � q�1(0).Similarly as above one an show that amongst the totally singular subspaesthere are maximal one's all having the same dimension alled the Witt indexof q, denoted by �(q). If q�1(0) = 0, q is alled anisotropi. A straightfor-ward alulation (see 8.2.3. on p123 in [29℄) shows that any (�; �)-quadratiform q, determines uniquely the (�; �)-hermitian form f as above. The setq�1(0)\Rad(f) is thus a well de�ned subspae of E. If q�1(0)\Rad(f) = f0g,q will be alled non-degenerate.In order to onstrut a generalized quadrangle we start with a division ringk endowed with an involution �, E a right k-vetor spae and q a (�; �)-quadrati form of Witt index 2. De�ne the following inidene struture(P ;L; I), where P is the point set, L the line set and I the inidene re-lation. Points are all totally singular vetor lines in E, while lines are thetotally singular planes in E. When working in the projetive spae PG(E)assoiated to E this means that points and lines orrespond to projetivepoints and projetive lines on whih q vanishes. Inidene is the one induedby PG(E). A straightforward hek shows that if s = hxi and t = hyi in P , sand t are ollinear if and only if f(x; y) = 0. We leave it as an exerise to thereader to hek that (P ;L; I) is a generalized quadrangle. In the following wewill denote it by Q(E; q; k; �). To end this setion we mention the followinguseful observations as explained in 8.2.1 and 8.2.2 in [29℄.Suppose q is a (�; �)-quadrati form on a vetor spae E, and let  2 k�.Then the form q de�ned by q(v) = :q(v) de�nes a (�0; �0) quadrati formwhere t�0 = t��1 and �0 = (�)�1�. Under these onditions the forms qand q are said to be proportional to one another.Important for further alulations is the following lemma (Lemma in setion



3.5. CLASSICAL GENERALIZED QUADRANGLES 858.2.2 in [29℄).Let Q(E; q; k; �) be generalized quadrangle de�ned by the (�; �)-quadratiform q and  2 k. Then learly q de�nes a non-degenerate (�0; �0)-quadratiform on E of Witt index 2 with t�0 = t� �1 and �0 = (�)�1�. Hene wean onsider the quadrangle Q(E; q; k; �0). We have the following lemmaonerning Q(E; q; k; �0)Lemma 91 Let Q(E; q; k; �) be a generalized quadrangle de�ned by a (�; �)-quadrati form q. Then for  2 k the quadrangle Q(E; q; k; �) is isomorphito Q(E; q; k; �0) with t�0 = t��1, 8 t 2 k.proof :Let Q(E; q; k; �) and Q(E; q; k; �0) be as in the Lemma. De�ne the bijetion� from Q(E; q; k; �) to Q(E; q; k; �0) as :�(hi) = hi:One easily heks then that � de�nes an isomorphism from Q(E; q; k; �) toQ(E; q; k; �0). 2Lemma 92 Every pseudo-quadrati form is proportional to a �0-quadratiform, for suitable �0. Every pseudo-quadrati form whih is not quadrati isproportional to a (�;�1)-quadrati form, where � an be hosen in suh away that 1 2 k�;�1 = Tr(�).proof :See 8.2.2. on p123 in [29℄. 23.5.4 Coordinatization of Q(E; q; k; �)In this setion we will introdue a oordinate system for quadrangles ofthe form Q(E; q; k; �) based on the oordinatization desribed in Chapter3 in [37℄. The following proposition, whih is analogous to the Proposition2.3.4 in [37℄, is of ruial importane.



86 CHAPTER 3. MOUFANG SETSProposition 93 Let q be a non-degenerate (�; �)-quadrati form of Witt in-dex 2 on E a right k-vetor spae. Then there exist four vetors ei, i 2f�2;�1; 1; 2g, a diret sum deomposition :E = e�2k � e�1k � E0 � e1k � e2kwith f(e�2; e2) = �, f(e�1; e1) = 1, f(ei; ej) = 0, if i + j 6= 0 and a non-degenerate anisotropi form q0 on E0 suh that for v = e�2x�2 + e�1x�1 +e0 + e1x1 + e2x2 with xi 2 k and e0 2 E0 :q(v) = x��2�x2 + x��1x1 + q0(e0):proof :The proof is similar to the proof of Proposition 2.3.4. in [37℄. 2As to the oordinates we explain how to handle points. For the lines analo-gous alulations hold.Choose a base fe�2; e�1; e1; e2g as in Proposition 93.Consider a arbitrary point hxi of Q(E; q; k; �). Then x = e�2x�2+ e�1x�1+v0 + e1x1 + e2x2, v0 2 E0 and xi 2 k.Two ases our :First ase : x2 6= 0.After a possible multipliation we an assume x2 = 1. Expressing q(x) = 0gives x��2� + q0(v0) + x��1x1 = 0:Thus x�2 = v1 � x��1x1, with v1 2 k suh that q(v0) + v1 = 0. This point isoordinatized as (�x��1; (v0; v1); x�1 ).Seond ase : x2 = 0.If x�1 6= 0, we an assume without loss of generality x�1 = 1. Expressingthat hxi belongs to Q(E; q; k; �) gives x1 + q0(v0) = 0. This point hxi isoordinatized as ((v0; x1);�x�2).If x�1 = 0, the onditions on q0 imply that v0 has to be 0.If in this ase x1 = 0 then hxi is the point he�2i. This point is labelled by(1).On the other hand if x1 6= 0 after an eventual multipliation x1 = 1. In



3.5. CLASSICAL GENERALIZED QUADRANGLES 87oordinates hxi is denoted by (x�2). To reapitulate we have the followingtable : PointsCoordinates in Q(E; q; k; �) Points in PG(E)(1) (1; 0; 0; 0; 0)(x) (x; 0; 0; 1; 0)((v0; v1); y) (�y; 1; v0; v1; 0)(x; (w0; w1); x0) (w1 + xx0� ;�x�; w0; x0�; 1)A similar reasoning for lines leads to the following table :LinesCoordinates in Q(E; q; k; �) Lines in PG(E)[1℄ h(1; 0; 0; 0; 0); (0; 0; 0; 1; 0)i[(v0; v1)℄ h(1; 0; 0; 0; 0); (0; 1; v0 ; v1; 0)i[x; (w0; w1)℄ h(x; 0; 0; 1; 0); (w1 ;�x�; w0; 0; 1)i[(v0; v1); y; (v00; v01)℄ h(�y; 1; v0; v1; 0); (v01; 0; v00; y�� � f(v0; v00); 1)iThere are two labelling sets used for the oordinatization. One is the �eld kand the other one is the R0;1 = f(v0; v1) 2 E0 � k j q0(v0) + v1 = 0g. DenoteR1 = ft 2 kj 9v0 2 V0 j (v0; t) 2 R0;1g and R0 = E0. As R0;1 � R0 � R1 wede�ne projetions (denoted by subsripts 0 and 1) by :(v0; v1)0 = v0 2 R0;(v0; v1)1 = v1 2 R1:Given a labelling set of the form R0;1 we de�ne the following operation �by : (v0; v1)� (w0; w1) = (v0 + w0; v1 + w1 � f(v0; w0))for (v0; v1), (w0; w1) 2 R0;1. One easily heks that (v0; v1) � (w0; w1) 2 R0;1.As : (v0; v1)� (0; 0) = (v0; v1)(v0; v1)� (�v0;�v1 � f(v0; v0)) = (0; 0)(u0; u1)� ((v0; v1)� (w0; w1)) = ((u0; u1)� (v0; v1))� (w0; w1)8 (u0; u1), (v0; v1), (w0; w1) 2 R0;1 we see that � de�nes a group strutureon R0;1 whih we will denote by (R0;1;�).



88 CHAPTER 3. MOUFANG SETSDe�nition 94 A Moufang set (X; (Ux)x2X) whih is isomorphi to an in-dued Moufang set Mp(Q) or Ml(Q), where Q is a lassial generalizedquadrangle will be alled a lassial Moufang set.3.6 Quadrangles of indi�erent typeLet k be a �eld of harateristi 2 with sub�eld k0 ontaining k2, l � k avetor spae over k0 and l0 a vetor spae over k2 i.e. :k2 � l0 � k0 � l � k:Suppose l and l0 meet the following onditions :(1) l�1 = l, l0�1 = l0, 1 2 l \ l0(2) l generates k as a ring, l0 generates k0 as a ringConsider the geometry obtained by hoosing all point rows and line penilsof W (k) oordinatized over l, l0 respetively i.e. we restrit in the oordina-tization table of W (k) as given in setion 3.5.2, x; x0; y to l and v; v0; w to l0.Inidene is the one indued by W (k). Denote this inidene struture byQ(k; k0; l; l0). A straightforward hek shows it is a generalized quadrangle,alled a quadrangle of indi�erent type.3.7 Coordinatization of Q(k; k0; l; l0)This is the oordinatization inherited from W (k).3.8 Moufang struturesAs for the oordinatization we follow for to the desription of the Moufangstruture of the quadrangles under onsideration the approah desribed inhapters 4 and 5 in [37℄.3.8.1 Moufang struture of W (k)Consider W (k) with its oordinatization as desribed in setion 3.5.2. Let�0 be the standard apartment f(1); [1℄, (0), [0; (0; 0)℄, (0; (0; 0); 0), [(0; 0), 0 , (0; 0)℄, ((0; 0),0),[(0; 0)℄g. As already mentioned there are two isomor-phism lasses of Moufang sets assoiated to W (k), namely Mp(W (k)) and



3.8. MOUFANG STRUCTURES 89Ml(W (k)).We start with the desription of a representative of Mp(W (k)).Consider as point row �([0℄) = f(0; x)jx 2 kg [ f(1)g. To desribe the rootgroup U(1) we hoose the root �(1) = f[0; 0℄, (0), [1℄, (1), [0℄g. As ex-plained in setion 3.3 the root elations with respet to �(1) indue the rootgroup U(1). The ation of a typial element u((1); (0; 0); (0; t)) 2 U(1) isgiven by: Elements of W (k) Image under u((1); (0; 0); (0; t))(1) (1)(x) (x)(v; y) (v; y + t)(x;w; x0) (x;w + 2tx; x0 + t)[1℄ [1℄[v℄ [v℄[x;w℄ [x;w + xt℄[v; y; v0℄ [v; y + t; v0℄The formula u((1); (0; 0); (0; t1)) u((1); (0; 0); (0; t2)) = u((1); (0; 0); (0; t1+t2)) implies that all root groups are isomorphi to the additive group onk. Other root groups are alulated by onjugating the group U(1) withappropriate elements of the little projetive group. This representation of(X = f(x)jx 2 kg [ f(1)g; (Uz)z2X) shows that it is isomorphi to P(k).Namely onsider P(k) de�ned in a 2-dimensional k-vetor spae V . Choose aoordinate system of P(k). Then a onrete Moufang set isomorphism fromP(k) to M�((0;0))(W (k)) is given by � with :�(1) = (1)�(x) = (0; x); 8x 2 kLeaves us with the desription of the indued Moufang set on a line penil.Consider as penil �((0)) = f[0; t℄jt 2 kg [ f[1℄g. In order to alulateU[1℄ we onsider the root �[1℄ = f(0); [1℄; (1); [0℄; (0; 0)g in �0. A typialelement of U[1℄, lets say u([1℄; [0; 0℄; [0; t℄), ats in the following way :



90 CHAPTER 3. MOUFANG SETSElements of W (k) Image under u([1℄; [0; 0℄; [0; t℄)(1) (1)(x) (x)(v; y) (v; y)(x;w; x0) (x;w + t; x0)[1℄ [1℄[v℄ [v℄[x;w℄ [x;w + t℄[v; y; v0℄ [v; y; v0 + t℄As before u([1℄; [0; 0℄; [0; t℄) u([1℄; [0; 0℄; [0; s℄) = u([1℄; [0; 0℄; [0; s+t℄), 8s; t 2k, yielding that U[1℄ is isomorphi to the additive group on k. Other rootgroups are omputed using the little projetive group of W (k). We thus ob-tain a Moufang set (X = f[0; t℄jt 2 kg [ f(1)g; (Uz)z2X). As in the ase ofM�([0℄)(W (k)) one easily shows that M�((0))(W (k)) �= P(k).3.8.2 Moufang struture of Q(E; q; k; �).Similar as for the sympleti quadrangle W (k) we alulate two lassesof indued Moufang sets, namely Mp(Q(E; q; k; �)) and Ml(Q(E; q; k; �)).Choose a �xed oordinate system for Q(E; q; k; �)) assoiated to the deom-position E = e�2k � e�1k � E0 � e1k � e2k and suppose B0 is an orderedbase of E0. Consider the standard apartment �0 = f(1), [1℄, (0), [0; (0; 0)℄,(0; (0; 0); 0), [(0; 0); 0; (0; 0)℄ ,([0; 0℄; 0) , [(0; 0)℄g. As generi point row wehoose �([(0; 0)℄) = f((0; 0); x) jx 2 kg [f(1)g. In order to alulate theroot group U(1), we use the root �(1) = f[0; (0; 0)℄, (0), [1℄, (1), [(0; 0)℄g.The ation of a typial element u((1); ((0; 0); 0); ((0; 0); t)) 2 U�(1) is givenby : Elements of Q(E; q; k; �) Image under u((1); ((0; 0); 0); ((0; 0); t))(1) (1)(x) (x)((v0; v1); y) ((v0; v1); y + t)(x; (w0; w1); x0) (x; (w0; w1)� (0; tx� � xt�); x0)[1℄ [1℄[(v0; v1)℄ [(v0; v1)℄[x; (w0; w1)℄ [x; (w0; w1)� (0; tx� � xt�)℄[(v0; v1); y; (v00; v01) [(v0; v1); y + t; (v00; v01)℄



3.8. MOUFANG STRUCTURES 91This means that u((1); ((0; 0); 0); ((0; 0); t)) has matrix representation withrespet to the ordered base B = fe�1, B0, e1g :0BBBB� 1 �t 0 0 00 1 0 0 00 0 IjB0j 0 00 0 0 1 t�0 0 0 0 1 1CCCCA :The group U�(1) indues by onstrution the root group U(1) ofM�([(0;0)℄)(Q(E; q; k; �) ating on �([(0; 0)℄). Other root groups an be foundby the onjugating U�(1) with appropriate elements of the little projetivegroup and restriting the ation to �([(0; 0)℄).This de�nes the Moufang set M�([(0;0)℄)(Q(E; q; k; �)) = (f((0; 0); x)jx 2 kg[f(1)g, (Uz)z2X). As for the sympleti quadrangle one easily shows thatM�([(0;0)℄) �= P(k).Remains to desribe Ml(Q(E; q; �;K).As line penil we hoose �((0)) = f[0; (x0; x1)℄ j(x0; x1) 2 R0;1g [ [1℄. Toalulate the root group U[1℄ we use the root �[1℄ = f(0), [1℄, (1), [(0; 0)℄,((0; 0); 0)g. The ation of a typial element of U�[1℄ say u([1℄; [0; (0; 0)℄,[0; (t0; t1)℄) is given by :Elements of Q(E; q; k; �) Image under u([1℄; [0; (0; 0)℄; [0; (t0 ; t1)℄)(1) (1)(x) (x)((v0; v1); y) ((v0; v1; y � f(t0; v0)))(x; (w0; w1); x0) (x; (t0; t1)� (w0; w1); x0)[1℄ [1℄[(v0; v1)℄ [(v0; v1)℄[x; (w0; w1)℄ [x; (t0; t1)� (w0; w1)℄[(v0; v1); y; (v00; v01)℄ [(v0; v1); y � f(t0; v0); (t0; t1 � (v00; v01)℄Thus u([1℄; [0; (0; 0)℄; [0; (t0 ; t1)℄) has matrix representation with respet tothe ordered base B : 0BBBB� 1 0 f(t0; B0) 0 t10 1 0 0 00 0 IjBj0j 0 t00 0 0 1 00 0 0 0 1 1CCCCA



92 CHAPTER 3. MOUFANG SETSBy onstrution U�[1℄ indues the root group U[1℄ ating on �((0)). Asusual one alulates other root groups after onjugating U�[1℄ with appropri-ate elements of the little projetive group.An easy alulation shows that :u([1℄; [0; (0; 0)℄; [0; (x0 ; x1)℄)u([1℄; [0; (0; 0)℄; [0; (y0 ; y1)℄)= u([1℄; [0; (0; 0)℄; [0; (x0 ; x1)� (y0; y1)℄):One easily dedues from this equation that U[1℄ and hene all root groups ofM�((0))(Q(E; q; k; �)) are isomorphi to (R0;1;�).3.8.3 Moufang struture of Q(k; k0; l; l0)Root groups are indued by the root groups ofW (k). As an example we lookat the ation of u([1℄; [0; 0℄; [0; t℄) on �((0)), with t 2 l0.Elements of Q(k; k0; l; l0) Image under u([1℄; [0; 0℄; [0; t℄)(1) (1)(x) (x)(v; y) (v; y)(x;w; x0) (x;w + t; x0)[1℄ [1℄[v℄ [v℄[x;w℄ [x;w + t℄[v; y; v0℄ [v; y; v0 + t℄Remark that similar alulations as for W (k) yield that Mp(Q(k; k0; l; l0) �=P(l; k) andMl(Q(k; k0; l; l0) �= P(l0; k0). In the next two setions we will givealternative desriptions for the indued Moufang sets so far onsidered. Thiswill simplify and larify in a lot of ases notations and alulations. In thesequel we will work in almost all ases with these alternative desriptions.3.9 Di�erent types of Moufang quadranglesIn this setion we make divide the quadrangles we so far onsidered in dif-ferent lasses. In the list whih we present there will of ourse be someoverlaps.Sympleti quandrangles These are quadrangles of the form W (k).



3.10. M GAMMA(X)(W (K)) AND M�(P )(Q(E;Q;K; �)) 93Orthogonal quadrangles By this we mean quadrangles of the formQ(E; q; k; �) for whih � = 1. In the sequel we will denote them alsoby QO(E; q; k).Hermitian quadrangles By this we mean quadrangles of the formQ(E; q; k; �) for whih Z(k) = k and � 6= 1. In the sequel we willdenote them also by QH(E; q; k; �).Unitary quadrangles These are quadrangles of the form Q(E; q; k; �)for whih Z(k) 6= k. In the sequel we will also denote them byQU(E; q; k; �).Indi�erent quadrangles Quadrangles of the form Q(k; k0; l; l0) as de-sribed in setion 131.3.10 An alternative desription ofindued Moufang sets of W (k) andMp(Q(E; q; k; �))In setions 3.8.1 and 3.8.2 we saw thatMp(W (k)) �=Ml(W (k)) �= P(k) andalso M(Q(E; q; k; �)) �= P(k). Hene the alternative desription of theseMoufang sets is provided by the desription of P(k) given in setion 3.2.3.11 An alternative desription ofindued Moufang sets of Q(k; k0; l; l0)In setion 3.8.3 we already mentioned that Mp(Q(k; k0; l; l0)) �= P(l; k) andMl(Q(k; k0; l; l0)) �= P(l0; k0). Hene the alternative desription we will usefor these Moufang sets is the one indued by the desriptions of P(l; k) andP(l0; k0) as used in setion 3.2.



94 CHAPTER 3. MOUFANG SETS3.12 An alternative desription ofMl(Q(E; q; k; �))We start by giving a general onstrution of a family of Moufang sets f(X ,(Ux)x2Xg. Subsequently we show that everyMl(Q(E; q; k; �)) orresponds tosuh a Moufang set and onversely that every element of this family belongsto the lass Ml(Q(E; q; k; �)) for some generalized quadrangle Q(E; q; k; �).3.12.1 General setup and oordinatization.Let k be a division ring with involution � and V a right k-vetor spae.Suppose q is a non-degenerate (�; �)-quadrati form of Witt index 1. Denotethe set of all totally singular vetor lines in V by X . Inspired by the oordi-natization of generalized quadrangles we introdue the following oordinatesystem.Using tehniques similar as those for proving Proposition 93 it is not hard tohek that V an be deomposed as :V = e�1k � V0 � e1k;suh that q(ei) = 0, i = 1;�1, e?�1 \ e?1 = V0, f(e1; e�1) = 1 and qjV0is anisotropi. Fix suh a deomposition and denote R0;1 = f(v0; v1) 2V0 � kjq(v0) + v1 = 0g, R0 = V0, R1 = ft 2 kj 9v0 2 R0j (v0; t) 2 R0;1g.One heks that X = fhe�1ig [ fhe�1v1 + v0 + e1i j(v0; v1) 2 R0;1 g. In thesequel we label he�1v1+ v0+ e1i as (v0; v1) and he�1i as (1). In this way weobtain a oordinatization. Remark that this oordinatization depends as inthe quadrangle ase on the initial deomposition of V . Therefore a label ofthe form (v0; v1) will only have meaning if this deomposition is known.3.12.2 Desription of root groups and swithing of o-ordinates.Consider the set X as in the foregoing setion. We de�ne a root group stru-ture on X . We start by giving a general proedure to alulate root groupelements and give onrete desriptions of U(1) and U(0;0).Let x; y and z 2 X . In order to alulate u(x; y; z) we onsider a deompo-sition V = �e�1k � �V0 � �e1k suh that h�e�1i = x and h�e1i = y. Suppose thatwith respet to the oordinate system assoiated with this deomposition



3.12. ML(Q(E;Q;K; �)) 95z = (t0; t1). Choose an ordered base �B0 of �V0. Then we de�ne u(x; y; z) asthe linear transformation on V with matrix representation :(with respet to the ordered base �B = f�e�1; �B0; �e1g)0� 1 f(t0; �B0) t10 Ij �B0j t00 0 1 1A : (3.1)Choose a �xed deomposition of V = e�1k � V0 � e1k. Denote the oordi-nate system assoiated to this deomposition by supersript 1 i.e. (v0; v1)1 =he�1v1 + v0 + e1i and (1)1 = he�1i. Let B0 be an ordered base of V0.Using the reipe desribed above we alulate the ations of U(1) and U(0;0).By formula (3.1) a typial element u((1); (0; 0), (t0; t1)) has matrix repre-sentation with respet to the ordered base fe�1; B0; e1g:0� 1 f(t0; B0) t10 IjB0j t00 0 1 1A :In order to alulate a matrix representation of an typial element u((0; 0);(1),(v0; v1)), (v0 6= 0), of U(0;0) we deompose V as V = (e1��1)k � V0 � e�1k.Coordinates assoiated with this deomposition will be denoted with a su-persript 2 i.e. (v0; v1)2 = h(e1��1)v1 + v0 + e�1i and (1)2 = he1i. Remarkthat the following equalities hold(v0; v1)1 = (v0v�11 ; �v�11 )2; v0 6= 0(1)1 = (0; 0)2(0; 0)2 = (1)1:In partiular (t0; t1)1 = (t0t�11 ; �t�11 )2. Formula (3.1)implies that u((0; 0);(1),(t0; t1)) has matrix representation :0� 1 f(t0t�11 ; B0) �t�110 IjB0j t0t�110 0 1 1Awith respet to the ordered base f�e1; B0; e�1g. Thus with respet to theordered base fe�1; B0; e1g has matrix representation :0� 1 0 0t0t�11 IjB0j 0��t�11 �f(t0t�11 ; B0) 1 1A :



96 CHAPTER 3. MOUFANG SETSIf in the sequel we use two oordinate systems to desribe X suh that the�rst is assoiated to the deomposition V = e�1k � V0 � e1k and the seondto V = (e1��1)k � V0 � e�1k we say that we use a swith of oordinates.We hek that (X; (Ux)x2X) is a Moufang set. Choose a oordinate systemassoiated to the deomposition V e�1k � V0 � e1k. Let B0 be an orderedbase of V0.1. Condition MoS1 :By the matrix desription of U(1) it is lear that it ats regularly on X nf(1)g. As all root groups have the same matrix representation with respetto di�erent oordinate systems ondition MoS1 is satis�ed.2. Condition MoS2 :Let u((1); (0; 0); (t0; t1)) 2 U(1) and v 2 Ur, r 2 X .The element vu((1); (0; 0); (t0 ; t1))v�1 is a linear transformation of V whihsends v((0; 0)) to v((t0; t1)) and has matrix representation of the form (1)with respet to the ordered base fv(e�1); v(B0); v(e1)g. Hene v u((1);(0; 0),(t0; t1)) v�1 belongs to Uv(1) by the desription of the root groups and on-dition MoS2 is satis�ed.Thus (X; (Ux)x2X) is a Moufang set. In the sequel we will denote it byM(V; q; k; �).Remark that by similar arguments to prove ondition MoS2 we see thatany linear transformation g that satis�es q(x) = q(g(x)); 8x 2 V , de�nes apermutation of the points ofM(V; q; k; �) suh that g u((1); (0; 0); (x0; x1))g�1 2 Ug(1). This implies that the transvetion group of M(V; q; k; �) isnormalized by the group of linear transformations of V preserving the formq.To end this setion we mention a speial lass of Moufang sets of the formM(V; q; �; k).De�nition 95 A polar line is a Moufang setM(V; q; �; k) suh that dim(V ) =2 and Z(k) 6= k. If q is a (�; �)-quadrati form we denote it by Pol(k; �; �).If in partiular � = �1 a polar line Pol(k; �; �) will be shortly denoted asPol(k; �).De�nition 96 An extended polar line is a Moufang set M(V; q; k; �) withabelian root groups suh that Z(k) 6= k.Conerning polar lines we have the following lemma.



3.12. ML(Q(E;Q;K; �)) 97Lemma 97 A polar line of the form Pol(k; �) de�ned by a (�;�1)-quadratiform, where k is a generalized quaternion algebra and � its standard involu-tion, is isomorphi to the projetive Moufang set P(Z(k)).proof :As the polar line is de�ned by a (�;�1)-quadrati form it follows that thepoints set of Pol(k; �) equals f(0; �)j� 2 Tr(�)g [(1). The assumptionson k and � imply that Tr(�) = Z(k). Consider the projetive Moufangset P(Z(k)) with ertain oordinatization. Then one easily shows that thebijetion from Pol(k; �) to P(Z(k))given by :�((0; �)) = (�)�((1)) = (1)de�nes a Moufang set isomorphism. 23.12.3 Proportional Moufang setsConsider a Moufang set of the form M(V; q; k; �) and  2 k,  6= 0. Asmentioned in setion 3.5.3, the form q is a (�0; �0)-quadrati form wheret�0 = t��1 and �0 = (��1)�. Moreover q is non-degenerate on V andhas Witt index 2. By this we an onsider the Moufang set M(V; q; k; �0)whih is isomorphi to the original M(V; q; k; �). In order to onstrut anisomorphism we onsider a deomposition V = e�1k�V0�e1k with assoiatedoordinatization using the labelling set R0;1 = f(v0; v1) 2 V0 � kjq(v0) +v1 = 0g. As the (�0; �0)-sesquilinear form assoiated to q is given by f , aoordinatization of M(V; q; k; �0) an be obtained using the deompositionV = �e�1k � V0 � �e1k with �e�1 = e�1�1 and �e1 = e1. The labelling set isgiven by �R0;1 = f(�v0; �v1) 2 V0 � kj q(�v0) + �v1 = 0g. We will denote thisoordinate system with supersript .We �nd : (�v0; �v1) = h�e�1�v1 + �v0 + �e1i; 8(�v0; �v1) 2 �R0;1= he�1�1�v1 + �v0 + e1i= (�v0; �1�v1)(1) = (1):



98 CHAPTER 3. MOUFANG SETSUsing these equations one easily hek that the bijetion � fromM(V; q; k; �)to M(V; q; k; �0) given by :�(v0; v1) = (v0; v1); 8(v0; v1) 2 R0;1�(1) = (1)de�nes a Moufang set isomorphism.De�nition 98 Given a Moufang set of the formM(V; q; k; �) and  2 k, weall the Moufang set M(V; q; k; �) with t� = t��1; 8t 2 k proportionalto M(V; q; k; �) with fator . The isomorphism � onstruted above will bedenoted in the sequel as  . Moreover suppose we onsider a oordinatizationof M(V; q; k; �) assoiated to the deomposition V = e�1k � V0 + e1k. Asexplained above we an onsider the oordinate system ofM(V; q; k; �) asso-iated to the deomposition V = �e�1k�V0� �e1k with �e�1 = e�1�1, �e1 = e1.Under these onditions both oordinate systems will be alled proportional .Using Lemma 92 we see that given a Moufang set of the form M(V; q; k; �),with � 6= 1 there always exists a onstant  2 k suh that q is a (�;�1)-quadrati form with t� = t��1. Therefore we will assume in most asesthat for every Moufang set of the form M(V; q; k; �) with � 6= 1, q is a(�;�1)-quadrati form. This assumption will simplify in a lot of ases thenotation and alulations.3.12.4 M(V; q; k; �) and indued Moufang sets.We prove the following lemma.Lemma 99 Every Moufang setM(V; q; k; �) is isomorphi to a Moufang setM�(x)(Q(E; q; k; �)), where x is an arbitrary point in the generalized quad-rangle of the form Q(E; q; k; �), and onversely every M�(x)(Q(E; q; k; �))where Q(E; q; k; �) is a generalized quadrangle de�ned by a (�; �)-quadratiform and x an arbitrary point in Q(E; q; k; �), is isomorphi to a Moufangset M(V; q; k; �).proof :Consider a Moufang set M(V; q; k; �). Choose a deomposition V = e�2k �V0� e2k with assoiated oordinate system using the label set R0;1. Let q bea (�; �)-quadrati form and suppose the (�; �)-hermitian form assoiated to



3.12. ML(Q(E;Q;K; �)) 99q is given by f . Let �E = e�1k � V � e1k, where e�1 and e1 are free vetorsindependant of V . De�ne �f and �q by :�f jV = f�f(e�1; V0) = 0�f(e1; V0) = 0�f(ei; ej) = Æi;�j; i; j 2 f�2;�1; 1; 2g�qjV = q�q(e�1) = 0�q(e1) = 0:Extend �f and �q suh that they de�ne a (�; �)-quadrati and (�; �)-hermitianform on �E. Using a oordinatization indued by the deomposition �E =e�2k� e�1k�V0� e1� e2 as desribed in setion 3.5.4 one easily heks thatM�((0))(Q( �E, �q; k; �)) is isomorphi to M(V; q; k; �) under the bijetion �given by : �([0; (x0; x1)℄) = (x0; x1); 8(x0; x1) 2 R0;1�((1)) = (1):As to the onverse we onsider a generalized quadrangle of the form Q(E, q,k, �). Choose a oordinatization with assoiated deomposition E = e�2k�e�1k�E0�e1k�e2k and labelling set R0;1 = f(v0; v1) 2 E0�kj q(v0)+v1 =0g. Set V = e�2k � E0 � e2k. Then q is a non-degenerate (�; �)-quadratiform of Witt index 1 on V and we an onsider M(V; q; k; �). Considerthe oordinatization of M(V; q; k; �) assoiated to the deomposition V =e�2k � E0 � e2k, i.e. :(v0; v1) = e�2v1 + v0 + e2; 8(v0; v1) 2 R0;1(1) = (e�2):Then one heks that the map � de�ned by :�([0; (v0; v1)℄) = (v0; v1); 8(v0; v1) 2 R0;1�([1℄) = (1)de�nes a Moufang set isomorphism fromM�((0))(Q(E; q; k; �)) toM(V; q; k; �).2



100 CHAPTER 3. MOUFANG SETS3.13 The automorphisms sx and rx.In the alulations that follow an important role is played by the speialautomorphisms sx and rx of the Moufang sets under onsideration. We startby giving a short motivation and alulate in some speial ases the exatation of these automorphisms.The automorphisms sx and rx are a speial ase of the following lemma.Lemma 100 Given a Moufang set (X; (Ux)x2X). If ua 2 Ua, ua 6= 1 anda 6= b, there exist unique elements ub; u0b 2 Ub suh that ubuau0b interhangesa and b.proof :Consider the equations ubuau0b(a) = bubuau0b(b) = a:Using the onditions of Moufang sets one easily heks that this has uniquesolutions ub and u0b. 2Using Lemma 100 we give de�nitions of sx and rx.Let P(k) be projetive Moufang set. Choose a �xed oordinatization. ByLemma 100 every u((1); (0); (v)), v 6= 0, determines unique w;w0 2 U(0)suh that wu((1); (0); (v))w0 interhanges (0) and (1). In the sequel wewill denote this element by s(v).One easily heks that w = w0 = u((0); (1); (�v)) and hene :s(v) = u((0); (1); (�v))u((1); (0); (v))u((0); (1); (�v)):Let M(V; q; k; �) be a Moufang set as in setion 3.12. Choose a �xed oor-dinatization of the set, assoiated to a deomposition V = e�1k � V0 � e1k.Then Lemma 100 implies that every u((1);(0; 0), (v0; v1)), v0 6= 0, deter-mines unique w;w0 2 U(1) suh that wu((1); (0; 0); (v0; v1))w0 interhanges(0; 0) and (1). In the sequel we will denote this element by s(v0;v1).One easily heks that w = w0 = u((0; 0);(1), (�v0;�v1 + f(v0; v0)).Hene :s(v0;v1) = u((0; 0); (1); (�v0;�v1 + f(v0; v0))u((1); (0; 0); (v0; v1))u((0; 0); (1); (�v0;�v1 + f(v0; v0)):



3.13. THE AUTOMORPHISMS SX AND RX . 101LetQ(E; q; k; �) be a quadrangle as in setion 3.5.3. Choos a �xed oordinati-zation and letM�((0))(Q(E; q; k; �)) be an indued Moufang set in this quad-rangle. Given u([1℄; [0; (0; 0)℄; [0; (v0 ; v1)℄) there exist by Lemma 100 uniqueelements z, z0 2 U[0;(0;0)℄ suh that z u([1℄; [0; (0; 0)℄; [0; (v0 ; v1)℄) z0 inter-hanges [1℄ and [0; (0; 0)℄. In the sequel we denote this element by s[0;(v0;v1)℄.As for M(V; q; k; �) one heks that z = z0 = u([0; (0; 0)℄;[1℄,[0,(�v0 ;�v1 +f(v0; v0)℄). Hene :s[0;(v0;v1)℄= u([0; (0; 0)℄; [1℄; [0; (�v0 ;�v1 + f(v0; v0)℄)u([1℄; [0; (0; 0)℄; [0; (v0 ; v1)℄)u([0; (0; 0)℄;[1℄,[0,(�v0;�v1 + f(v0; v0)℄)As to the de�nition of rx we make the following onventions.Let P(k) be a projetive Moufang set. Choose a �xed oordinate system asabove. Using Lemma 100 every u((0); (1); (v)) determines unique elementsy; y0 2 U(1) suh that yu((0); (1); (v))y0 interhanges (0) and (1). In thesequel we will denote this element by r(v). One easily heks that in this asey = y0 = u((1); (0); (�v)) and hene :r(v)= u((1); (0); (�v))u((0); (1); (v))u((1); (0); (�v)):If M(V; q; k; �) is a Moufang set as in setion 3.12 we hoose a �xed oor-dinate system of this set. By Lemma 100 every u((0; 0); (1); (v0; v1)) de-termines a unique elements y and y0 suh that yu((0; 0); (1); (0; 0))y0 in-terhanges (0; 0) and (1). For the sequel we will denote this element byr(v0;v1). One easily heks that y = y0 = u((1); (0; 0); (�v0;�v1 + f(v0; v0))and hene :r(v0;v1) = u((1); (0; 0); (�v0;�v1 + f(v0; v0))u((0; 0); (1); (v0 ; v1))u((1); (0; 0); (�v0;�v1 + f(v0; v0)):Let M�((0))(Q(E; q; k; �)) be an indued Moufang set in Q(E; q; k; �) asabove. Lemma 100 shows that every u([0; (0; 0)℄; [1℄; [0; (v0 ; v1)℄) determinesunique elements t, t0 2 U[1℄ suh that t u([0; (0; 0)℄; [1℄; [0; (v0 ; v1)℄) t0 in-terhanges [1℄ and [0; (0; 0)℄. For the sequel we will denote this element byr[0;(v0;v1)℄. One easily heks that t = t0 = u([1℄; [0; (0; 0)℄; [0; (�v0 ;�v1 +f(v0; v0))℄).



102 CHAPTER 3. MOUFANG SETSHene :r[0;(v0;v1℄= u([1℄; [0; (0; 0)℄; [0; (�v0 ;�v1 + f(v0; v0))℄)u([0; (0; 0)℄; [1℄; (v0 ; v1)℄)u([1℄; [0; (0; 0)℄; [0; (�v0 ;�v1 + f(v0; v0))℄):We alulate in some speial ases the exat ation of sx and rx.First ase : the projetive Moufang set P(k).Choose a oordinatization of the set suh that he1i = (1) and he2i = (0; 0).Given u((1); (0); (v)) we saw that w = w0 = u((0); (1); (�v)) and the ma-trix representation of s(v) with respet to the ordered base fe1, e2g beomes :s(v) = � 1 00 �v�1 �� 1 v0 0 �� 1 00 �v�1 �= � 0 v�v�1 0 � :In a omplete similar way one �nds :r(v) = � 0 v�v�1 0 � :Seond ase : s(v0;v1) with (v0; v1) 2 M(V; q; k; �) with q a (�;�1)-quadratiform and v0 2 Rad(f), where f is the form assoiated to q.Choose a �xed oordinate system assoiated to a deomposition V = e�1k�V0�e1k. Let B0 be an ordered base of V0. Given u((1); (0; 0); (v0; v1) we sawthe elements w and w0 are given by w = w0 = u((0; 0); (1); (�v0;�v1)). Thuswe �nd in matrix notation with respet to the ordered base fe�1; B0; e1g :s(v0;v1) = 0� 1 0 0v0v�11 IjB0j 0�v�11 0 1 1A0� 1 0 v10 IjB0j v00 0 1 1A0� 1 0 0v0v�11 IjB0j 0�v�11 0 1 1A= 0� 0 0 v10 IjB0j 0�v�11 0 1 1AIn a similar way one alulates with respet to the ordered base fe�1; B0; e1g :r(v0;v1) = s(v0;v1) = 0� 0 0 v10 IjB0j 0�v�11 0 0 1A :



3.14. DIFFERENT TYPES OF MOUFANG SETS 103Third ase : s[0;(v0;v1)℄ where [0; (v0; v1)℄ is a line a generalized quadrangleQ(E; q; k; �) de�ned by a (�;�1)-quadrati form q with assoiated form fand v0 2 Rad(f). Suppose Q(E; q; k; �) is oordinatized using the deom-position E = e�1k �e�1k �E0 �e1k �e2k. Let B0 be an ordered base ofE0. Similar alulations as for M(V; q; k; �) one shows that s[0;(v0;v1)℄ has asmatrix representation with respet to the ordered base B = fe�2, e�1, B0,e1, e2g : 0BBBB� 0 0 0 0 v10 1 0 0 00 0 IjB0j 0 00 0 0 1 0�v�11 0 0 0 0 1CCCCAIn a omplete similar way one �nds that r[0;(v0;v1)℄ has as matrix representationwith respet to the ordered base B :0BBBB� 0 0 0 0 v10 1 0 0 00 0 IjB0j 0 00 0 0 1 0�v�11 0 0 0 0 1CCCCA :3.14 Di�erent types of Moufang setsIn this setion we make a division of the Moufang sets under onsideration.Amongst the lassial Moufang sets we distinguish 4 lasses. Motivation willbeome lear when alulating the isomorphism lasses. (In this list k standsfor a division ring with involution �, V is a right k-vetor spae and q is a(�; �)-quadrati form.)Moufang sets of type 1 :Projetive Moufang sets P(k).Moufang sets of type 2 :These are Moufang sets of the form Q(V; q; k; �) with � = 1. We denotethem by MO(V; q; k) and all them orthogonal Moufang sets.



104 CHAPTER 3. MOUFANG SETSMoufang sets of type 3 :By this we mean Moufang sets of the formM(V; q; k; �) with Z(k) = kand � 6= 1. We denote them byMH(V; q; k; �) and all them hermitianMoufang sets.Moufang sets of type 4 :These are Moufang sets of the form M(V; q; k; �) with Z(k) 6= k.We all these Moufang sets unitary Moufang sets and denote themby MU(V; q; k; �)).Moufang sets of type 5 :These are the indi�erent Moufang sets of the form P(k0; l; k0) as de-sribed in setion 3.2.Important to notie as onerns this division is that there is overlap in thislist. As will be seen in the rest of this hapter several Moufang sets belongto di�erent lasses. Furthermore we introdue the following notation. Fora Moufang set of the form M(V; q; k; �) we denote its transvetion groupby TM(V; q; k; �). For an orthogonal Moufang set MO(V; q; k), TO(V; q; k)stands for its transvetion group. In a similar way we will denote for Mo-ufang setsMH(V; q; k; �),MU(V; q; k; �), P(k) and P(l; k) the transvetiongroups by TH(V; q; k; �), TU(V; q; k; �), TP(k) and TP(l; k). Finally we re-mark that for any orthogonal Moufang setMO(V; q; k) with har(k) = 2 theequation q(v + v) = 0 = q(v) +q(v) leads to f(v; v) = 0, 8v 2 V .3.15 Isomorphism problems3.15.1 General theoryLemma 101 Let (X;Ux)x2X) and (X 0; Ux0)x02X0) be two isomorphi lassialor mixed Moufang sets de�ned over division rings k and k0. Then har(k) =har(k0).proof :One easily heks that every root elation ux satis�es :ord(ux) = har(k):



3.15. ISOMORPHISM PROBLEMS 105As every Moufang set isomorphism indues an isomorphism between rootgroups the lemma follows. 2Lemma 102 Consider two Moufang set of the form M(V ,q,k,�) and M(V 0, q0, k0, �0) where q is a (�; �)-quadrati form and q0 a (�0; �0)-quadratiform. Suppose ' is a bijetive semi-linear transformation from V to V 0 withassoiated �eld isomorphism � suh that : for some onstant 0 2 k0 :0(q(x))� = q0('(x)); 8x 2 V0(f(x; y))� = f 0('(x); '(y)); 8x; y 2 Vwhere 0 satis�es : 0���0�1 = ���0 ; 8� 2 k0�� = 0�0�0Then ' indues a Moufang set isomorphism � from M(V; q; k; �) toM(V 0; q0; k0; �0) de�ned by :�(hxi) = h'(x)i; 8hxi 2 M(V; q; k; �):proof :Remark �rstly that the onditions on 0 imply that (0k�;�)� = k�0;�0 . Thisfollows from the equation :0(t� t��)� = 0t� � 0t����= 0t� � t��00��= 0t� � t��00�0�0= (0t�)� (0t�)�0�0:This implies that the map � is a well de�ned bijetion from points of M(V ,q, k, �) to M(V 0; q0; k0; �0). We prove that for any hxi, 2 M(V; q; k; �) themap �hxi de�ned by :�hxiu(hxi; hyi; hzi) = � Æ u(hxi; hyi; hzi) Æ ��1



106 CHAPTER 3. MOUFANG SETSde�nes a bijetion from Uhxi to Uh'(x)i. Lemma 41 then implies that � de�nesa Moufang set isomorphism.We use the desription of the root groups in M(V; q; k; �) as desribed insetion 3.12.2. Let he�1i 2 M(V; q; k; �). Choose a oordinatization ofM(V; q; k; �) assoiated to the deomposition V = e�1k �V0 �e1k withlabelling set R0;1 = f(v0; v1) jq(v0) + v1 = 0g. Choose a oordinatizationof M(V 0; q0; k0; �0) assoiated to the deomposition V 0 = e0�1k0 �V 00 � e01k0suh that '(e�1) = e0�1 and '(e1) = e01. Remark that (1) = he�1i forM(V; q; k; �) and (1) = he0�1i = �((1)) for M(V 0; q0; k0; �0). Moreover for(v0; v1) 2 M(V; q; k; �) we �nd :�((v0; v1)) = h'(e�1v1 + v0 + e1)i= h'(e�1)v�1 + '(v0) + '(e1)i= he0�1(0v�1 ) + '(v0) + e01i= ('(v0); 0v�1 )Let (v0; v1) 2 R0;1 and (w00; w01) 2 R00;1.Then we have :�u((1); (0; 0); (v0; v1))��1((w00; w01))= �u((1); (0; 0); (v0; v1))(('�1(w00); (0�1)��1w01��1))= �(('�1(w00) + v0; v1 + (0�1)��1w01��1 � f(v0; '�1(w00)))= (w00 + '(v0); 0v�1 + w01 � 0(f(v0; '�1(w00)))�)= (w00 + '(v0); 0v�1 + w01 � f 0('(v0); w00))= u((1); (0; 0); ('(v0); 0v�1 ))((w00; w01))= u(�((1));�((0; 0)); �((v0; v1)))((w00; w01))showing that �hxi de�nes a bijetion from Uhxi to Uh'(x)i. This ompletes theproof. 2Lemma 103 Let (X; (Ux)x2X) be a Moufang set of the form M(V; q; k; �)whih is oordinatized using the deomposition V = e�1k�V0� e1k with asso-iated labelling set R0;1 = f(v0; v1) 2 V0�kjq(v0)+v1 = 0g. Then Z((R0;1;�))= f(v0; v1) 2 R0;1 j f(v0; w0) = f(w0; v0), 8w0 2 V0g. In partiular if � 6= 1,Z((R0;1;�) = f(v0; v1) 2 R0;1 j v0 2 Rad(f)g.proof :



3.15. ISOMORPHISM PROBLEMS 107Let M(V; q; k; �) and R0;1 be as in the theorem.Suppose (v0; v1) 2 Z((R0;1)). Then this means :(v0; v1)� (w0; w1) = (w0; w1)� (v0; v1); 8(w0; w1) 2 R0;1:Equivalently : f(v0; w0) = f(w0; v0); 8w0 2 V0:Let � 6= 1, and suppose f(v0; w0) 6= 0 for a w0 2 V0.We �nd that : f(v0; w0�) = f(w0�; v0); 8� 2 kyielding : �� = �; 8� 2 k;a ontradition.Hene in this ase we �nd Z(R0;1;�) = f(v0; v1) 2 R0;1 j v0 2 Rad(f)g. 2Lemma 104 A lassial Moufang set (X; (Ux)x2X) has ommutative rootgroups if and only if:(i) it is of type 1,(ii) it is of type 2,(iii) it is of type 3 and dim(V ) = 2,(iv) it is of type 4 and odim(Rad(f)) = 2.An indi�erent Moufang set always has ommutative root groups.proof :Let (X; (Ux)x2X) be a projetive Moufang set P(k). As in this ase theroot groups are isomorphi to the additive group on k the lemma holds.Suppose (X; (Ux)x2X) is a Moufang set of the form M(V; q; k; �). Choose aoordinatization of M(V; q; k; �) with assoiated deomposition V = e�1k�V0 � e1k and labelling set R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g. Aswe already saw the root groups are isomorphi to (R0;1;�). By Lemma 103we know that the root groups are ommutative if and only if the form f is



108 CHAPTER 3. MOUFANG SETSsymmetri on V0.If M(V; q; k; �) is of type 2, this ondition is learly satis�ed.If M(V; q; k; �) is of type 3 or 4, Lemma 103 yields odim(Rad(f)) = 2.If M(V; q; k; �) is of type 3, Theorem 8.2.4 of [29℄ implies that f is non-degenerate. Hene in this ase the root groups are ommutative if and onlyif V0 = 0.The statement about the indi�erent Moufang sets is lear as these are Mo-ufang subsets of projetive ones. 2Corollary 105 Let MU(V; q; k; �) be a unitary Moufang set de�ned over ageneralized quaternion algebra with standard involution � in harateristinon 2. Suppose q is a (�;�1) quadrati form and hoose a oordinatizationassoiated to a deomposition V = e�1k �V0 �e1k with labelling set R0;1= f(v0; v1) 2 V0 � k jq(v0) + v1 = 0g. Then Z(R0;1;�) = f(0; �)j� 2 Tr(�)g.ThereforeMU(V; q; k; �) has ommutative root groups if and only if dim(V ) =2 and MU(V; q; k; �) �= P(Z(k)).Moreover if MU(V; q; k; �) is a unitary Moufang set de�ned over a general-ized quaterion algebra k with standard involution �, and dim(V ) = 2 we �ndin any ase that MU(V; q; k; �) �= P(Z(k)).proof :Let R0;1 be as in the theorem. By Lemma 103 we have thatZ((R0;1;�)) = f(v0; v1) 2 R0;1jv0 2 Rad(f)g:But if har(k) 6= 2 we have q = f=2 showing Rad(f) = fv0 2 V0 jq(v0) = 0g.As q is anisotropi on V0 we thus �nd :Z((R0;1;�)) = f(0; �)j� 2 Tr(�)g:This means that if har(k) 6= 2, Z((R0;1;�)) = R0;1 if and only if dim(V ) = 2.But then the point set of MU(V; q; k; �) onsists of f(0; �) j� 2 Fix(�) =Z(k)g [f(1)g.LetMU(V; q; k; �) a unitary Moufang set de�ned by a (�;�1)-quadrati formsuh that dim(V ) = 2 de�ned over generalized quaternion algebra k withstandard involution �. Lemma 97 implies that MU(V; q; k; �) �= P(Z(k)).



3.15. ISOMORPHISM PROBLEMS 109This implies in partiular that if har(k) 6= 2 MU(V; q; k; �) has ommuta-tive root groups if and only if it is isomorphi to P(Z(k)). 2Lemma 106 Let M(O(V; q; k)) be an orthogonal Moufang set oordinatizedwith respet to a deomposition V = e�1k � V0 � e1k using the labelling setR0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g and suppose B0 is an ordered baseof V0.Then for (t0; t1), (v0; v1) :s(t0;t1)(v0; v1) = (t0f(t0; v0)v�11 + v0v�11 t1; t1v�11 t1):Thus s(t0;t1) has matrix representation with respet to theordered base fe�1; B0; e1g :0� 0 0 t10 IjB0j t0t�11 f(B0; t0)t�11 0 0 1A :proof :Consider a deomposition of V as V = e�1k � V0 � e1k with assoiatedoordinatization with labelling set R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g.Denote this oordinate system with supersript 1 i.e.(v0; v1)1 = he�1v1 + v0 + e1i; 8(v0; v1) 2 R0;1(1)1 = he�1i:Remember thats(t0;t1)1 = u((0; 0)1; (1)1; (�t0; t1)1)u((1)1; (0; 0)1; (t0; t1)1)u((0; 0)1; (1)1; (�t0; t1)1):In order to alulate the ation of u((0; 0)1; (1)1; (�t0; t1)1) on the Moufangset we will make use of a swith of oordinates as explained in setion 3.12.2.This means that besides the �rst oordinate system we onsider a seondsystem assoiated to the deomposition V = e1k � V0 � e�1k. Coordinateswith respet to this seond system will be denoted by supersript 2 i.e.(v0; v1)2 = he1v1 + v0 + e�1i; 8(v0; v1) 2 R0;1)(1)2 = he1i:



110 CHAPTER 3. MOUFANG SETSRemark that the following equalities hold :(v0; v1)1 = (v0v�11 ; v�11 )2; 8(v0; v1) 2 R0;1 n f(0; 0)g(0; 0)1 = (1)2(1)2 = (0; 0)1and if MO(V; q; k) is orthogonal then f(v0; v0) = �2q(v0); 8v0 2 V0.Let (v0; v1)1 be any element of MO(V; q; k; �) with v0 6= 0.We alulate :u((0; 0)1;11; (�t0; t1))(v0; v1)1 = (�t0 + v0; t1 + v1 + f(t0; v0))1Set A = t1 + v1 + f(t0; v0).We have :u((0; 0)1; (1)1; (t0; t1)1)(�t0 + v0; A)1= u((1)2; (0; 0)2; (t0t�11 ; t�11 )2)((�t0 + v0)A�1; A�1)2= (t0t�11 + (�t0 + v0)A�1; A�1 + t�11 � f(t0t�11 ; (�t0 + v0)A�1)2= (t0t�11 + (�t0 + v0)A�1; A�1 + t�11 � 2A�1 � A�1t�11 f(t0; v0))2= (t0t�11 + (�t0 + v0)A�1;�A�1 + t�11 �A�1t�11 f(t0; v0))2= (t0v�11 (A� t1) + v0t1v�11 ; At1v�11 )1Moreover:u((1)1; (0; 0)1; (�t0; t1)1)(t0v�11 (A� t1) + v0t1v�11 ; At1v�11 )1= u((1)1; (0; 0)1; (�t0; t1)1)(t0(1 + v�11 f(t0; v0) + v0t1v�11 ; t1v�11 t1+t1 + t1v�11 f(t0; v0))1= (t0v�11 f(t0; v0) + v0t1v�11 ; t1v�11 t1 + t1 + t1v�11 f(t0; v0) + f(t0; t0)+v�11 f(t0; t0)f(t0; v0) + t1v�11 f(t0; v0) + t1)1= (t0v�11 f(t0; v0) + v0t1v�11 ; t1v�11 t1+2t1(1 + v�11 f(t0; v0)) + f(t0; t0)(1 + v�11 f(t0; v0)))1= (t0v�11 f(t0; v0) + v0t1v�11 ; t1v�11 t1)1 2Lemma 107 Let MO(V; q; k) be an orthogonal Moufang set oordinatizedover a labelling set R0;1. Then :s(v0�;v1�2)s(v0;v1)((w0; w1)) = (w0�2; w1�4); 8(v0; v1); (w0; w1) 2 R0;1; � 2 k:



3.15. ISOMORPHISM PROBLEMS 111Henes(v0;v1)s(v0�;v1�2) 2 Z(FixTMO(V;q;k)(f(1); (0; 0)g); 8(v0; v1) 2 R0;1; � 2 k:proof :Suppose R0;1 is the labelling set of a oordinatization of MO(V; q; k) as-soiated to the deomposition V = e�1k �V0 �e1k. Let (v0; v1), (w0; w1)2 R0;1, � 2 k. Then we have using Lemma 106 :s(v0�;v1)�2s(v0;v1)((w0; w1))= s(v0�;v1�2)((v0f(v0; w0)w1�1 + w0w1�1v1; v12w1�1))= (v0�(f(v0�; v0f(v0; w0)w1�1 + w0w1�1v1))w1v1�2+(v0f(v0; w0)w1�1 + w0w1�1v1)v1�2w1v1�2; w1v1�2v12�4)= (v0�2f(v0; v0)f(v0; w0)v1�2 + v0�2f(v0; w0)v�11+v0f(v0; w0)�2v�11 + w0�2; w1�4= (v0�2f(v0; w0)v�11 (f(v0; v0)v�11 + 2) + w0�2; w1�4)= (w0�2; w1�4)As an arbitrary element of FixTMO(V;q;k) f(1), (0; 0)g) has a matrix repre-sentation with respet to the ordered base fe�1, B0, e1g of the form :0� � 0 00 A0 00 0 ��1 1Awe see that s(v0�;v1�2) s(v0;v1) 2 Z(FixTMO(V;q;k) f(1), (0; 0)g). 2Lemma 108 LetMU(V; q; k; �) be a unitary Moufang set de�ned by a (�; 1)-quadrati form q where har(k) = 2. Assume that the form assoiated to qis given by f . Let (t0; t1), (v0; v1) 2 R0;1. If f(t0; t0) = 0 we have for (v0; v1)2 R0;1 : s(t0;t1)((v0; v1)) = (t0t�11 f(t0; v0)v�11 t1 + v0v�11 t1; t1v�11 t1):proof :Remark that f(t0; t0) is equivalent to the ondition t�1 = t1. The Lemma



112 CHAPTER 3. MOUFANG SETSthen follows by the alulations made in Lemma 106 taking into aountthat har(k) = 2 and f(t0; t0) = 0. 2Lemma 109 Let MU(V; q; k; �) be a type 4 Moufang set with q a (�;�1)quadrati form. Suppose that g is the �-sesquilinear form suh that q(v)= g(v) + k�;�. Then the set fg(w)j w 2 Rad(f)g is ontained in Fix(�).Moreover any oordinatization of MU(V; q; k; �) with assoiated labelling setR0;1 satis�es : f(v0; v1)1j(v0; v1) 2 Z(R0;1;�)g � Fix(�):and for (t0; t1); (v0; v1) 2 R0;1 nf(0; 0g with (t0; t1) 2 Z(R0;1;�) we have :s(t0;t1)(v0; v1) = (v0v�11 t1; t1v�11 t1); 8(t0; t1); (v0; v1) 2 R0;1 n f(0; 0)g;and r(t0;t1)(v0; v1) = (v0v�11 t1; t1v�11 t1); 8(t0; t1); (v0; v1) 2 R0;1 n f(0; 0)g:proof :Let v 2 Rad(f) with v 6= 0. (Remark that this is only possible if har(k) =2).The equation :q(v(� + �)) = (�+ �)�g(v)(�+ �)= g(v�) + ��g(v)�+ ��g(v)� + g(v�) + k�;�1= g(v�) + g(v�) + f(v�; v�) + k�;�1= q(v�) + q(v�); 8�; � 2 kimplies : ��g(v)�+ ��g(v)� 2 k�; 8�; � 2 k:Equivalently : ��(g(v) + g(v)�)� 2 k�; 8�; � 2 k:If g(v) 6= g(v)� this means k = k� a ontradition as k� � Fix(�) and� 6= 1. Hene g(v)� = g(v). Choose a oordinatization of MU(V; q; k; �)



3.15. ISOMORPHISM PROBLEMS 113assoiated to the deomposition with labelling set R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g. Let B0 be an ordered base of V0. If (v0; v1) 2 Z((R0;1;�))Lemma 103 shows that v0 2 Rad(f), but then v1 = g(v0)+r for a r 2 Tr(�).Hene v1 belongs to Fix(�) as g(v0) 2 Fix(�).Let (t0; t1) 2 Z((R0;1;�)), then t0 2 Rad(f). Using matrix representation ofroot elations with respet to the ordered base fe�1; B0; e1g as explained insetion 3.12.2 we have :s(t0;t1) = u((0; 0); (1); (t0 ; t1))u((1); (0; 0); (t0 ; t1))u((0; 0); (1); (t0; t1))= 0� 1 0 0t0t�11 IjB0j 0t�11 0 0 1A0� 1 0 t10 IjB0j t00 0 1 1A0� 1 0 0t0t�11 IjB0j 0t�11 0 0 1A= 0� 0 0 t10 IjB0j 0t�11 0 0 1A :Hene s(t0;t1)(v0; v1) = (v0v�11 t1; t1v�11 t1); 8(v0; v1) 2 R0;1:The statement for r(t0;t1) follows by similar arguments. 2The following Lemmas are translations of well known isomorphism theo-rems to the language of Moufang set.Lemma 110 Let k be a generalized quaternion algebra. Then P(k) is iso-morphi to a non-ommutative orthogonal Moufang set MO(V 0; q0; Z(k))suh that dim(V 0) = 6.proof :We use the theory on generalized quaternion algebras as briey exposed onp73 and 74 in [6℄. This means that we an hoose in k elements i and j suhthat k = Z(k) � iZ(k) �jZ(k) � jiZ(k).Moreover if har(k) 6= 2 we an assumei2 = �0j2 = �0ij = �ji



114 CHAPTER 3. MOUFANG SETSwhere �0 and �0 are non squares in 2 Z(k).If har(k) = 2 these elements an be assumed to satisfy :i2 = i+ �0j2 = �0ij = ji + iwhere �0 and �0 are non squares in Z(k). Let � be the standard involutionin k. Then we denote the norm with respet to � as N , i.e. N(x) = x�x.De�ne the orthogonal Moufang set MO(V 0; q0; Z(k))) in the following way.Let V 0 = e0�1Z(k) �V 00 �e01Z(k) with V 00 = e001Z(k) �e002Z(k) � e003Z(k)�e004Z(k) and de�ne the forms q0 and f 0 as follows. Let x0 = e0�1x0�1 +e001z1+e002z2 +e003z3 +e004z4 +e01x01 and y0 = e0�1y0�1 +e001u1 +e002u2 +e003u3 +e004u4+e01y01. Set � = z1 + iz2 +jz3 +jiz4 and � = u1 +iu2 +ju3 +jiu4, with x0�1,x01, y0�1, y01, zi, ui 2 Z(k), 1 � i � 4.q0(x0; x0) = (x0�1)x01 +N(�)f 0(x0; y0) = x0�1y01 + x01y0�1 + ���+ ���One easily heks that f 0 is a trae valued quadrati form and q0 is a quadratiform suh that q0(x0 + y0) = q0(x0) +q0(y0) +f(x0; y0), 8x0; y0 2 V 0. As q0(e01)= q0(e0�1) = 0 and q0jV 00 is anisotropi sine it is the norm funtion N , q0 is aquadrati form on V 0 of Witt index 1. This means that we an onsider theMoufang setMO(V 0; q0; Z(k)). In the sequel we will use the oordinatizationof this set assoiated to the deomposition V 0 = e0�1Z(k) �V 00 �e01Z(k) withlabelling set R00;1. Consider the projetive Moufang set P(k) with anonialoordinatization as explained in setion 3.2. De�ne the bijetion � from toMO(V 0; q0; Z(k)) to P (k) in the following way :�((1)) = (1)�((e001z1 + e002z2 + e003z3 + e004z4;�N(�)) = (�):with � = z1 +iz2 +jz3 +jiz4. Using Lemma 41 we hek that � de�nes aMoufang set isomorphism. It will thus enough to show that the map �(1)de�nes as : �(1)(u1) = � Æ u1 Æ ��1



3.15. ISOMORPHISM PROBLEMS 115de�nes a map from U(1) to U(1) and similarly show that the map �(0;0)de�ned by : �(0;0)(u0) = � Æ u0 Æ ��1de�nes a map from U(0;0) to U(0).Let (t00; t01), (v00; v01) 2 R00;1 with v00 = e001z1 +e002z2 +e003z3 +e004z4, v01 = �N(�)where � = z1+iz2 +jz3 +jiz4, t00 = e001u1 +e002u2 +e003u3 +e004u4, t01 = �N(�)if � = u1 + iu2 +ju3 +jiu4.We �nd : �(1)(u((1); (0; 0); (t00 ; t01)))((�))= �(u((1); (0; 0); (t00; t01))(v00; v01))= �((t00 + v00;�N(�) �N(�) � ���� ���))= �((t00 + v00;�N(�+ �))= (�+ �)= u((1); (0); (�))(�)showing that �(1) (u((1); (0; 0),(t00 ; t01)) = u((1); (0),�((t00; t01))).As to the map �(0;0) we reason as follows. In MO(V 0; q0; k0) we �nd thats(e0;�1)U(1) s�1(e0;�1) = U(0;0) and in P(k) we have s(1) U(1) s�1(1) = U(0). Byonstrution of � we have �((e0;�1)) = (1). Therefore it will be enough ifwe show that � Æ s(e001;�1) Æ��1 = s(1) in order to show that �(0;0) de�nes amap from U(0;0) to U(0). Let (v00; v01) 2 R00;1 with v00 = e001z1 +e002z2 +e003z3+e004z4, v01 and v01 = �N(�) where we put � = z1 + iz2 +jz3 +jiz4.If har(k) 6= 2 we have :�(s(e0;�1)((v00; v01)))= �(�e001f 0(e001; v00)(N(�))�1 + v00(N(�))�1;�(N(�))�1)= �(�(e001z1 � e002z2 � e003z3 � e004z4)(N(�))�1;�(N(�))�1)= (���(N(�))�1;�(N(�))�1)= (���1)= s(1)((�))



116 CHAPTER 3. MOUFANG SETSand in this ase we �nd thus that � Æ s(e001;�1) Æ��1 = s(1).If har(k) = 2 we have :�(s(e001;1)((v00; v01)))= �((f 0(e001; v00)(N(�))�1 + v00(N(�))�1; (N(�))�1))= �(e001(z1 + z2) + e002z2 + e003z3 + e004z4)(N(�))�1; (N(�))�1))= (��(N(�))�1)= (��1)= s(1)((�))and thus we �nd that also in this ase � Æ s(e001;1) Æ��1 = s(1). The nonommutativity of MO(V 0; q0; Z(k)) follows from the non ommutativity ofP(k). This ompletes the proof. 2Lemma 111 Let MO(V; q; k; �) be an orthogonal Moufang set suh thatdim(V ) = 3. Then MO(V; q; k) �= P(k).proof :Choose a oordinatization of MO(V; q; k) assoiated to the deompositionV = e�1k �V0 �e1k with labelling set R0;1 = f(v0; v1) jq(v0) + v1 = 0g. Us-ing the results of 3.12.3 we an assume without loss of generality that thereexists a vetor e0 2 V0, with (e0;�1) 2 R0;1. Indeed if this is not the asewe hoose a (v0; v1) 2 R0;1 nf(0; 0)g. Consider the proportional Moufang setMO(V;�v�11 q) oordinatized using the deomposition V = �e�1k �V0 ��e1kwith �e�1 = �e�1v1 and �e1 = e1 and labelling set �R0;1. By onstrution we�nd then that (v0;�1) 2 �R0;1.Consider the projetive Moufang set P(k) oordinatized in the anonial wayas explained in setion 3.2. De�ne the bijetion � from P(k) toMO(V; q; k)by : �((v)) = (e0v;�v2)�((1)) = (1):We show that � de�nes Moufang set isomorphism. By Lemma 41 it suÆesto show that the two maps �(0) and �(1) with :�(1)(u((1); (0); (t)) = � Æ u((1); (0); (t)) Æ ��1



3.15. ISOMORPHISM PROBLEMS 117�(0)(u((0); (1); (t)) = � Æ u((0); (1); (t)) Æ ��1de�ne bijetions from U(1) to U(1) and from U(0) to U(0;0).Let (s), (t) 2 P(k), with �(s) = (s0; s1), �(t) = (t0; t1).Then we �nd for (v0; v1) with ��1((v0; v1)) = (v) :�(u((1); (0); (s))��1(v0; v1) = �((s+ v))= �(s)� �(v)= (s0; s1)� (v0; v1)= u((1); (0; 0); (s0 ; s1))((v0; v1))Thus : �(1)(u((1); (0); (s))) = u((1); (0; 0); �(s)):Remains to show that � de�nes a bijetion from U(0) to U(0;0). As U(0) =s(1)U(1)s(1), U(0;0) = s(e0;�1)U(1)s(e0;�1) and �(1) = (e0;�1) it will be enoughto show that : � Æ s(1) Æ ��1 = s(e0;�1):Let v 2 k, with v 6= 0.We have : �s(1)��1((e0v; v2)) = �((v�1))= (e0v�1; v�2)= (e0(f(e0; e0)� 1)v�1; v�2)= (e0f(e0; e0v)v�2 � e0v�1; v�2)= s(e0;�1)((e0v; v2))�s(1)��1(1) = (0; 0)= s(e0;�1)(1)�s(1)��1(0; 0) = (1)= s(e0;�1)(0; 0)showing that � Æ s(1) Æ ��1 = s(e0;�1). This ompletes the proof. 2



118 CHAPTER 3. MOUFANG SETSLemma 112 LetMO(V; q; k) be a orthogonal Moufang set with dim(V ) = 4and odim(Rad(f)) 6= 2. Then MO(V; q; k) �= P(�k) where �k is a quadratiGalois extension of k.proof :Choose a oordinatization of MO(V; q; k) assoiated to the deompositionV = e�1k �V0 �e1k with labelling set R0;1. Similar arguments as in the proofof Lemma 111 show we an assume without loss of generality that there existsa e0 2 V0 suh that (e0;�1) 2 R0;1. In partiular q(e0) = 1 and f(e0; e0) = 2.Let a0 be a seond vetor suh that he0; a0i = V0. Consider the quadratipolynomial p(X) = X2+ f(e0; a0)X+ q(a0) in k[X ℄. Let  be a root of p(X)in an algebrai losure of k. Remark that the other root of p(X) is givenby f(e0; a0) �. As f jV0 6= 0, p(X) is a quadrati and separable polynomialand k() is thus a quadrati Galois extension of k. Let � be the non trivialautomorphism of k() �xing k whih sends  to  + f(e0; a0). Denote forx 2 k, N(x) = xx�, Tr(x) = x + x�. Every x 2 k() an thus be writtenas � + �, �, � 2 k. Consider P(k()) with anonial oordinatization asexplained in setion 3.2. De�ne the bijetion � from P(k()) toMO(V; q; k)by : �(�+ �) = (e0�+ a0�; �2 + 2��f(e0; a0) + q(a0)�2)= (e0�+ a0�;N(� + �))�(1) = (1):We show that � de�nes Moufang set isomorphism. By Lemma 41 it suÆesto show that the two maps �(0) and �(1) de�ned by :�(1)(u((1); (0); (t)) = � Æ u((1); (0); (t)) Æ ��1�(0)(u((0); (1); (t)) = � Æ u((0); (1); (t)) Æ ��1determine bijetions from U(1) to U(1) and from U(0) to U(0;0).Let (s), (t) 2 P(k()), with �(s) = (s0; s1), �(t) = (t0; t1).Then we �nd for (v0; v1) with ��1((v0; v1)) = (v) :�(u((1); (0); (s))��1(v0; v1) = �((s+ v))= �(s)� �(v)



3.15. ISOMORPHISM PROBLEMS 119= (s0; s1)� (v0; v1)= u((1); (0; 0); (s0 ; s1))((v0; v1))Thus : �(1)(u((1); (0); (s))) = u((1); (0; 0); �(s)):Remains to show that the map �(0) de�nes a bijetion from U(0) to U(0;0). AsU(0) = s(1)U(1)s(1) and U(0;0) = s(e0;�1)U(1)s(e0;�1) it will be enough to showthat : � Æ s(1) Æ ��1 = s(e0;�1):Let �, � 2 k suh that � + � 6= 0.We �nd :�s(1)��1((e0�+ a0�;�N(�+ �)))= �s(1)((� + �))= �(�(�+ �)�1)= �(�(�+ ��)(N(� + �))�1))= �(((�(f(e0; a0�+ �)) + �)(N(� + �))�1))= (�e0(� + f(e0; a0)�)(N(� + �))�1 + a0�(N(� + �))�1;�(N(� + �))�1):Using Lemma 109 we �nd :s(e0;�1)(e0�+ a0�;�N(�+ �))= (�e0f(e0; e0�+ a0�)(N(� + �))�1+(e0�+ a0�)(N(� + �))�1; (N(� + �))�1)= (�e0(f(e0; e0)� 1)�(N(� + �))�1 � e0f(e0; a0)�(N(� + �))�1+a0�(N(� + �))�1; (�N(� + �))�1)= (�e0(� + f(e0; a0)�)(N(� + �))�1 + a0�(N(� + �))�1;�(N(� + �))�1))= �s(1)��1((e0�+ a0�;N(�+ �)):As also : �s(1)��1(1) = (0; 0)= s(e0;�1)(1)�s(1)��1(0; 0) = (1)= s(e0;�1)(0; 0)we �nd that �s(1)��1 = s(e0;�1). This loses the proof. 2



120 CHAPTER 3. MOUFANG SETSLemma 113 Let MO(V; q; k) be an orthogonal Moufang set suh thatodim(Rad(f)) = 2. Then MO(V; q; k) is isomorphi to an indi�erent Mo-ufang set of the form P(l; k0).proof :Suppose MO(V; q; k) is as in the lemma. Choose a oordinatization of theset assoiated to a deomposition V = e�1k �V0 �e1k with labelling setR0;1. Remark that the assumption on f implies Rad(f) = V0 and henefq(w) jw 2 Rad(f)g = fq(w0) jw0 2 V0g. Let (e0; �1) 2 R0;1. Then the setl = fq(w)jw 2 Rad(f)g learly satis�es :(i) l is an additive subgroup of k,(ii) l�1 = l as �1q(w)�1 = q(w(q(w))�1), 8 w 2 Rad(f),(iii) 1 2 l.(iv) l is a vetorspae over k2.Therefore we an onsider the indi�erent Moufang set P(l; k0) where k0 isthe sub�eld of k generated as a ring by l. We prove that MO(V; q; k) isisomorphi to P(l; k0). De�ne the bijetion � fromMO(V; q; k) to P(l; k0) asfollows : �((1)) = (1)�((v0; v1)) = (v1):We use Lemma 41 to show that � de�nes a Moufang set isomorphism. Let(t0; t1), (v0; v1) 2 R0;1. Then we �nd :�(u((1); (0; 0); (t0; t1))((v0; v1))) = �((t0 + v0; t1 + v1))= ((t1 + v1))= u((1); (0); (t1))((v1))= u((1); (0); �((t0; t1))((v1))hene � Æ u((1); (0; 0); (t0; t1)) Æ ��1 = u((1); (0); �((t0; t1))). As (t0; t1)was hosen arbitrarily this shows that � U(1) ��1 = U(1).Remains to show that the map �(0;0) de�ned by :�(0;0)(u0) = � Æ u0 Æ ��1determines a bijetion from U(0;0) to U(0). As before we use the fat thatU(0;0) = s(e0;�1) U(1) s�1(e0;�1), U(0) = s(1) U(1) s(1) and �((e0; �1)) = (1).



3.15. ISOMORPHISM PROBLEMS 121This means that if we show � Æ s(e0;�1) Æ ��1 = s(1) then the statementabout �(0;0) holds.Let (v0; v1) 2 R0;1 the we �nd :�(s(e0;�1)((v0; v1))) = �((v0v�11 �1; �1v�11 �1))= s(1)(v1)= s(1)�((v0; v1)):Hene � Æ s(e0;�1) Æ ��1 = s(1) and � de�nes a Moufang set isomorphism.2Lemma 114 Every unitary Moufang set MU(V; q; k; �) with non-ommutative root groups where k is a generalized quaternion algebra withstandard involution � and dim(V ) = 3 is isomorphi to a hermitian MoufangsetMH(V 0; q0; k0; �0) with dim(V 0) = 4 and k0 isomorphi to a quadrati Ga-lois extension of Z(k). Conversely every hermitian Moufang setMH(V; q; k; �)with dim(V ) = 4 is isomorphi to a unitary Moufang set MU(V 0; q0; k0; �0)with non-ommutative root groups, where dim(V 0) = 3, k0 a generalizedquaternion algebra with standard involution �0, and k isomorphi to a quadratiGalois extension of Z(k0).proof :Let MU(V; q; �) be unitary Moufang set de�ned over a generalized quater-nion algebra with standard involution � suh that dim(V ) = 3. Without lossof generality we an assume that q is a (�;�1)-quadrati form. Assume q(v)= g(v; v) + Tr(�) and q(v + w) = q(v) + q(w) +f(v; w) with f a (�;�1)-hermitian form and g a �-sesquilinear form. Choose a oordinatization ofMU(V; q; k; �) assoiated to a deomposition V = e�1k �V0 �e1k with la-belling set R0;1. As k is a generalized quaternion algebra there exist (fr [6℄p73) a !, � 2 k, with k = Z(k)� wZ(k) � �Z(k) �!�Z(k) suh that :har(k) = 2 and :!2 = ! + �0, �2 = �0, �0, �0 2 Z(k) n Z(k)2 and �! = !� + �, �� = �and !� = ! + 1



122 CHAPTER 3. MOUFANG SETShar(k) 6= 2 and :!2 = �0, �2 = �0, �0, �0 2 Z(k) n Z(k)2, !� = ��!, !� = �! and ��= ��.Denote the norm funtion for k with N i.e. for � = z1 + wz2 +�z3 +�wz4we have N(�) = ���. Without loss of generality we an assume that V0 =hv0 i with g(v0; v0) = �v1 = �w (use Lemma 3.12.3 and setion 3.12.3). LetLv1 = Z(k(v1) = Z(k)w. Then Lv1 is a separable quadrati Galois extensionof Z(k) on whih � ats non trivially with FixjLv1 (�) = Z(k). Remark thatV0 = v0Lv1 � (v0�) Lv1 . Therefore we an de�ne a hermitian Moufang setMH(V 0; q0; k0; �) in the following way. Set V 0 = e0�1Lv1 �V0 �e01Lv1 . Letx0 = e0�1x0�1 +x00 +e01x01 and y0 = e0�1y0�1 +y00 +e01y01 with x00 = v0(z1 + !z2)+(v0�)(z3 + !z4) and y00 = v0(l1 + l2!) +(v0�) (l3 + !l4), zi, li 2 Z(k). Call� = z1 + !z2 +�z3 +�!z4. and � = l1 + !l2 +�l3 +�!l4.De�ne the forms q0 and f 0 on V 0 in the following way :g0(x0; x0) = �(x0�1)�x01 +N(�)v1 + Tr(�0)f 0(x0; y0) = ���v1 � v�1���:One easily heks that f 0 de�nes a trae valued (�; 1)-hermitian form on V 0and q0 a (�; 1)-quadrati form on V 0 suh that q0(x0 + y0) = q0(x0) +q0(y0)+f(x0; y0), 8x0, y0 2 V 0. Moreover by onstrution one heks that q0 isanisotropi on V0. As q0(e0�1) = q0(e01) = 0, q0 de�nes a (�0;�1)-quadratiform on V 0 of Witt index 1. Put k0 = Lv1 . We an thus onsider the hermi-tian Moufang set MH(V 0; q0; k0; �0). When working with MH(V 0; q0; k0; �0)we will use in the sequel its oordinatization assoiated to the deompositionV 0 = e0�1Lv1 �V0 �e01 Lv1 . The labelling set is denoted as R00;1. We show thatMH(V 0; q0; k0; �0) is isomorphi to MU(V;�q; k; �), whih is a Moufang setproportional and hene isomorhphi to MU(V; q; k; �). When working withMU(V;�q; k; �) we will use the oordinatization assoiated to the deom-position V = (�e�1)k � V0 � e1k. De�ne the map � fromMH(V 0; q0; k0; �0)to MU(V;�q; k; �) in the following way :�((v0(z1 + !z2) + v0�(z3 + !z4); N(�)v1 + u))= (v0��; �v�1�� + u)�((1))= (1):



3.15. ISOMORPHISM PROBLEMS 123where u 2 Z(k) and � = z1+z2!+z3� +z4�!. The onstrution of MH(V 0,q0, k0, �0) implies that � de�nes a bijetion from MH(V 0; q0; k0; �0) toMU(V; q; k; �). We hek that � de�nes a Moufang set isomorphism us-ing Lemma 41. Therefore it will be enough if we show that the map �(1)determined by : �(1)(u1) = � Æ u1 Æ ��1; 8u1 2 U(1)de�nes a map from U(1) to U(1) and similarly that the map �(0;0) determinedby : �(0;0)(u0) = � Æ u0 Æ ��1; 8u0 2 U(0;0)de�nes a map from U(0;0) to U(0;0). Firstly we show the laim for �(1).Let u, zi, li 2 Z(k), 1 � i � 4.We alulate :�((v0(z1 + !z2); N(z1 + !z2)v1) � (v0(l1 + !l2); N(l1 + !l2)v1))= �((v0((z1 + l1) + !(z2 + l2); N(z1 + !z2) +N(l1 + !l2)�f 0(v0(z1 + !z2); v0(l1 + !l2)))= �((v0((z1 + l1) + !(z2 + l2)); N((z1 + l1) + !(z2 + l2))�(l1 + !l2)�(z1 + !z2)v1 � (z1 + !z2)�(l1 + !l2)v�1 )= (v0((z1 + l1) + !(z2 + l2)�; N((z1 + l1) + !(z2 + l2))v�1�(l1 + !l2)�(z1 + !z2)v1 � (z1 + !z2)�(l1 + !l2)v�1 ))= (v0((z1 + l1) + !(z2 + l2))�; N(z1 + !z2)v�1+N(l1 + !l2)v�1 + f(v0(z1 + !z2)�; v0(l1 + !l2)�))= (v0(z1 + !z2)�; N(z1 + !z2)v�1 )� (v0(l1 + !l2)�; N(l1 + !l2)v1)= �((v0(z1 + !z2); N(z1 + !z2)v1)) � �((v0(l1 + !l2); N(l1 + !l2)v1))where we used the fat that v1 = w and thus �(v0(z1 + !z2),N(z1 + !z2)v1)(v0(z1 + !z2)�,N(z1 + !z2)v1) and similarly �(v0(l1 + !l2); N(l1 + !l2)v1)= (v0(l1 + !l2)�,N(l1 + !l2)v1).By similar alulations one heks that :�((v0�(z3 + !z4); N(z3 + !z4)v1)� (v0�(l3 + !l4); N(l3 + !l4)v1))= �((v0�(z3 + !z4); N(z3 + !z4)v1))� �((v0�(l3 + !l4); N(l3 + !l4)v1)):Call � = z1 + !z2 + �z3 + �!z4.We �nd :�((v0(z1 + !z2); N(z1 + !z2)v1)� (v0�(z3 + !z4); N(�(z3 + !z4)v1))= �((v0(z1 + !z2) + v0�(z3 + !z4); N(z1 + !z2) +N(�(z3 + !z4))))= �((v0(z1 + !z2) + v0�(z3 + !z4)); N(z1 + !z2 + �z3 + !�z4))= (v0(z1 + !z2 + �z3 + �!z4); �v�1��)



124 CHAPTER 3. MOUFANG SETSand :�((v0(z1 + !z2); N(z1 + !z2)v1))� �((v0�(z3 + !z4); N(�(z3 + !z4))v1))= (v0(z1 + !z2)�; (z1 + !z2)v�1 (z1 + !z2)�)� (v0(�(z3 + !z4)� ;N(�(z3 + !z4)v�1 )= (v0(z1 + !z2 + �z3 + �!z4)�; (z1 + !z2)v�1 (z1 + !z2)�+(�(z3 + !z4))v�1 (�(z3 + !z4))� + f(v0(z1 + !z2)�; v0(�(z3 + !z4))�):Let har(k) = 2 then we �nd :�v�1�� + (z1 + !z2)v�1 (z1 + !z2)� + (�(z3 + !z4))v�1 (�(z3 + !z4))�+f(v0(z1 + !z2)�; v0(�(z3 + !z4)�)= (z1 + !z2)v�1 (�(z3 + !z4))� + (�(z3 + !z4))v�1 (z1 + !z2)�+f(v0(z1 + !z2)�; v0(�(z3 + !z4))�)= (z1 + !z2)(w + 1)(�(z3 + !z4))� + (�(z3 + !z4))(w + 1)(z1 + !z2)�+(z1 + !z2)(�(z3 + z4!))�= (z1 + !z2)!(z3 + z4 + !z4)� + �(z3 + !z4)(w + 1)(z1 + z2 + !z2)= (z1 + !z2)(z3! + z4�0) + �(z3 + z3! + z4�0)(z1 + z2 + !z2)= (z1 + !z2)�(z3! + z3 + z4�0) + �(z3 + !z3 + z4�0)(z1 + z2 + !z2)= 0This means that � v�1 �� = (z1 + !z2)v�1 (z1 + !z2)� +(�(z3 + !z4))v�1(�(z3 + !z4))� +f(v0(z1 + !z2)�; v0(�(z3 + !z4))�).If har(k) 6= 2 we have for � = z1 + !z2 + �(z3 + !z4) that the equation :�v�1��= (z1 + !z2)v�1 (z1 + !z2)�+(�(z3 + !z4))v�1 (�(z3 + !z4))�+f(v0(z1 + !z2)�; v0(z3 + !z4)�)is equivalent to the equation :�(z1 + !z2)f(v0; v0)(�(z3 + !z4))= (z1 + !z2)�v�1 (�(z3 + !z4))+(�(z3 + !z4))�v�1 (z1 + !z2):We �nd : (z1 + !z2)�v�1 (�(z3 + !z4)) + (�(z3 + !z4))�v1(z1 + !z2)= (�z1 + !z2)v1(�(z3 + !z4) + �(z1 + !z2)v1(z3 + !z4)



3.15. ISOMORPHISM PROBLEMS 125and : �(z1 + !z2)f(v0; v0)(�(z3 + !z4))= (z1 + !z2)v1(�(z3 + !z4)) + �(�z1 + !z2)(z3 + !z4);showing that also in this ase �v�1�� = (z1 + !z2)v�1 (z1 + !z2) +(�(z3 +!z4)v�1 (�(z3 +!z4))� +f(v0(z1 + !z2)�; v0(�(z3 + !z4))�). We thus �nd thatin any ase :�((v0(z1 + !z2); N(z1 + !z2)v1)� (v0�(z3 + !z4); N(�(z3 + !z4))v1))= �((v0(z1 + !z2); N(z1 + !z2)v1))� ((v0�(z3 + !z4); N(�(z3 + !z4))v1)):Moreover one easily heks that :�((v0(z1 + !z2) + v0�(z3 + !z4); N(�)v1)� (0; u))= �((v0(z1 + !z2) + v0�(z3 + !z4); N(�)v1)) � �((0; u)):As every element (w00; w01) 2 R00;1 an be written in a form (v0(z1+!z2),N(z1+!z2)v1) � (v0�(z3+!z4),N(z3+!z4)v1) � (0; u), with u, zi 2 Z(k) the aboveequations show that for (w00; w01), (u00; u01) 2 R00;1, �((w00; w01) � (u00; u01) =�((w00; w01))� �((u00; u01)). For (w00; w01), (u00; u01) 2 R00;1 the element u((1);(0; 0),(u00; u01))ats in the following way :u((1); (0; 0); (u00; u01))((w00; w01)) = (u00; u01) � (w00; w01):It therefore follows that �(1) de�nes a mapping from U(1) to U(1).We �nally prove that �(0;0) de�nes a map from U(0;0) to U(0;0). Suppose thatwe show that � Æ s(0;1) ��1 = s(0;1). As s(0;1)U(1) s(0;1) = U(0;0) we �nd foru0 2 U(0;0) a u1 with s(0;1) u1 s(0;1) = u0 and we have :� Æ u0 Æ ��1 = � Æ s(0;1)u1s(0;1) Æ ��1= s(0;1)� Æ u1 Æ ��1s(0;1)= s(0;1)�(1)(u1)s(0;1)2 U(0;0)and hene the proof that � de�nes an isomorphism is omplete.Remains to show that � s(0;1) ��1 = s(0;1). Let u, zi 2 Z(k), 1 � i � 4. Call� = z1 + !z2 +�z3 +�!z4.



126 CHAPTER 3. MOUFANG SETSWe �nd :�(s(0;1)((v0(z1 + !z2) + v0�(z3 + !z4); N(�)v1 + u))= �((v0(z1 + !z2)(�(N(�)v1 + u))�1 + v0�(z3 + !z4)(�(N(�)v1 + u))�1;(�(N(�)v1 + u))�1))= �((v0(z1 + !z2)(�(N(�)v1 + u))�1 + v0�(z3 + !z4)(�(N(�)v1 + u))�1;N(�(N(�)v1 + u))�1 �N(�)(v1 + v�1 )N(N(�)v1 + u))�1 � u(N(�)v1 + u))�1))= (�v0(�(N(�)v1 + u)�1)�; �(N(�)v1 + u))�1v�1 (�(N(�)v1 + u))�1)��N(�)(v1 + v�1 )N(N(�)v1 + u))�1 � u(N(�)v1 + u))�1))We have : (�(N(�)v1 + u)�1)� = (N(�)v�1 + u)�1��= ((��)�1N(�)v�1 + u(��)�1)�1= (�v�1 + u(��)�1)�1= ��(�v�1�� + u)�1implying that : �(�(N(�)v1 + u))�1 = ���(�v�1�� + u)�1N(N(�)v1 + u)) = N(�v�1�� + u):Moreover :�(N(�)v1 + u))�1v�1 (�(N(�)v1 + u)�1)��N(�)(v1 + v�1 )(N(N(�)v1 + u))�1 � u(N(N(�)v1 + u))�1= �(N(�)v�1 + u)v�1 (N(�)v1 + u)(N(N(�)v1 + u))�2�N(�)(v1 + v�1 )(N(N(�)v1 + u))�1 � u(N(N(�)v1 + u))�1= �v�1 (N(N(�)v1 + u))�1 �N(�)(v1 + v�1 )(N(N(�)v1 + u))�1�u(N(N(�)v1 + u))�1= �(�v1�� + u)(N(N(�)v1 + u))�1= �(�v1�� + u)(N(�v1�� + u))�1= �(�v�1�� + u)�1where we used the identity �v1 + v�1�� = N(�)(v1 + v�1 ) and the fat thatN(N(�)v1 + u)) = N(�v1�� + u).



3.15. ISOMORPHISM PROBLEMS 127Thus we �nd that :�(s(0;1)((v0(z1 + !z2) + v0�(�z3 + �!z4); N(�)v1 + u)))= (�v0(��(�v�1�� + u)�1; (��v�1�� + u)�1)= s(0;1)(v0�� ; �v�1�� + u)= s(0;1)�((v0(z1 + !z2) + v0�(�z3 + �!z4); N(�)v1 + u))):This proves that � s(0;1) ��1 = s(0;1). By Lemma 41 we �nd that � de�nesa Moufang set isomorphism from MH(V 0; q0; Z(k); �0) to MU(V;�q; k; �).As MU(V;�q; k; �) is isomorphi to MU(V; q; k; �) (fr. see setion 3.12.3)under  �1 with :  �1((1)) = (1) �1((v0; v1)) = (v0;�v1)we �nd that �� =  �1� de�nes an isomorphism from MH(V 0; q0; k0; �0) toMU(V; q; k; �).Conversely let MH(V; q; k; �) be hermitian Moufang set with dim(V ) = 4.As usual we assume that q is a (�;�1)-quadrati form. Choose a oor-dinatization of MH(V; q; k; �) assoiated to the deomposition V = e�1k�V0 �e1k. Assume that g is a � sesquilinear form suh that q(v) = g(v; v)+Fix(�) and f the (�;�1)-hermitian form satisfying q(v+w) = q(v)+q(w)+f(v; w), 8v, w 2 V . Let v0 be a vetor of V0 n f0g and put g(v0; v0) = v1.As q is anisotropi on V0 we �nd that v1 62 Fix(�). Hene Fix(�)(v1) = k.Without loss of generality we an assume that v21 = v1 + �0, if har(k) = 2and v21 = �0 if har(k) 6= 2 with �0 2 Fix(�) n(Fix(�))2. Let w0 be a vetorin V0 suh that f(v0; w0) = 0. Then we have V0 = v0k � w0k. Put g(w0; w0)= w1. As w1 = v1z1 + z2 for some zi 2 Fix(�) and Fix(�) = Tr(�) we anassume without loss of generality that w1v�11 = �0 2 Fix(�). As v0 62 hw0iand f(v0; w0) = 0 we �nd that �0 62 (Fix(�))2. (Otherwise we would haveq(v0�+w0) = 0 for a � 2 k and v0� = w0). Let k0 be the generalized quater-nion algebras with enter Fix(�) onstruted in the following way. Put k0= Fix(�) �v1Fix(�) ��0Fix(�) � �0v1Fix(�) with :har(k0) = 2 and :(�0)2= �0, and �0v1 = v1�0 + �0.har(k) 6= 2 and :�02 = �0, v1�0 = ��0v1.



128 CHAPTER 3. MOUFANG SETSDenote the standard involution of k0 by �0 and let N 0 be the norm funtionon k0. Remark that every element of MH(V; q; k; �) an then be written as((v0(z1+ v1z2) +w0(z3+ v1z4), N 0(z1+ v1z2+�0z3+ �0v1z4) + u), u 2 Fix(�).By the onstrution of k0 we see that k is embedded in k0 and �0jk = �.De�ne the unitary Moufang set MU(V 0; q0; k0; �0) in the following way. Weset V 0 = e0�1k0 �v0k0 �e01k0. Let x0 = e0�1x0�1 +v0�0 +e01x01 and y0 = e0�1y0�1+v0�0 +e01y01, with x0�1, x01, y0�1, y01, �0, �0 2 k0.Then we set :q0(x0; x0) = �(x0�1)�0x01 � �0�v�1�0 + Tr(�0)f 0(x0; y0) = �(x0�1)�y01 + (y0�1)�x01 + �0�0(�v1 + v�1 )�0Then one easily heks that q0 de�nes a (�0;�1)-quadrati form on V 0 of Wittindex 1 with assoiated trae valued (�0;�1)-hermitian form f 0. Thereforewe an onsider the Moufang set MU(V 0; q0; k0; �0). Coordinatize this setusing the deomposition V 0 = e0�1k0 +V 00 +e01k0 where V 00 = v00k.De�ne the map � from MH(V; q; k; �) to MU(V 0; q0; k0; �0) by :�((1))= (1)�((v0(z1 + v1z2) + w0(z2 + v1z4); N 0(z1 + v1z2 + �0z3 + �0v1z4))= (v0(�0)�0 ; �0v�01 (�0)�0):The alulations used to prove the �rst part of the Lemma show that � de-�nes a Moufang set isomorphism from MH(V; q; k; �) to MU(V 0; q0; k0; �0).This ompletes the proof. 2Lemma 115 Let k be a generalized quaternion algebra in harateristi non2 and � a non standard involution Then every polar line Pol(k; �) is isomor-phi to an non ommutative orthogonal Moufang set MO(V 0; q0; Z(k)) withdim(V 0) = 5.Without loss of generality we an hoose i, j and 2 k with i2 = �0, j2 = �0,ij = �ji, k = Z(k) �iZ(k) �jZ(k) �jiZ(k) suh that � is given by :(z1 + iz2 + jz3 + jiz4)� = z1 � iz2 + jz3 + jiz4; 8zi 2 Z(k); 1 � i � 4:



3.15. ISOMORPHISM PROBLEMS 129Denote the standard involution in k by  and the norm funtion in k by N .Let Pol(k; �) be a polar line de�ned by a (�;�1) quadrati form. Choose aoordinatization of Pol(k; �) assoiated to a deomposition V 0 = e0�1k �e01k.Then we �nd that the point set of Pol(k; �) is given by f(0; t)jt 2 Fix(�)g= f(0; z1+jz3+jiz4) jzi 2 Z(k). In order to onstrut an orthogonal Moufangset MO(V 0; q0; Z(k)) we proeed as follows. Let V 0 be the 5-dimensionalvetorspae e0�1Z(k) �V 00 �e01Z(k) with V 00 = e001Z(k) � e002 Z(k) �e003Z(k).De�ne the forms g0, f 0 and q0 on V 0 as follows. Let x0 = e0�1x0�1 +x00 +e01x01with x00 = e001z01 +e002z02 +e003z03 and put �0 = z01+ jz02 +jiz03. Let y0 = e0�1y0�1+y00 +e01y01 with y00 = e001u01 +e002u02 +e003u03 and put �0 = u01 + ju02 +jiu03.g0(x0; x0) = x0�1x01 + N(�0)f 0(x0; y0) = y0�1x01 + x0�1y01 + �0�0 + �0�0q0(x0) = g0(x0; x0)One easily heks that q0 de�nes a quadrati form on V 0 of Witt index1. Therefore we an onsider the Moufang set MO(V 0; q0; Z(k)). Coor-dinatize MO(V 0; q0; Z(k)) using the deomposition V 0 = e0�1Z(k) �V 00 �e01Z(k) with labelling set R00;1. De�ne the bijetion � from the point set ofMO(V 0; q0; Z(k)) to Pol(k; �) in the following way :�((1)) = (1)�((e001z1 + e002z2 + e003z3;�N(�0)) = (0; �)where we put �0 = z01+jz02 +jiz03. We hek that � de�nes a Moufang setisomorphism using Lemma 41. It will thus be enough to prove that the map�(1) given by : �(1)(u1) = � Æ u1 Æ ��1; 8u1 2 U(1)de�nes a map from U(1) to U(1) and similarly that the map �(0;0) given by :�(0;0)(u0) = � Æ u0 Æ ��1de�nes a map from U(0;0) to U(0;0).Let (v00; v01), (t00; t01) 2 R00;1 with v00 = e001z1 +e002z2 +e003z3 and v01 = �N(�0)



130 CHAPTER 3. MOUFANG SETSwhere we put �0 = z1+jz2+jiz3, t00 = e001u1 +e002u2 +e003u3 and t01 = �N(�0)where we put �0 = u1 +ju2 +jiu3.We alulate : �(u((1); (0; 0); (t00; t01))((v00; v01)))= �((t00 + v00;�N(�0)�N(�0)� �0�0 � �0�0))= �((t00 + v00;�N(�0 + �0))= (�0 + �0)= u((1); (0; 0); (0; �0))((0; �0))showing that � Æ u((1); (0; 0); (t00; t01)) Æ��1 = u((1); (0; 0); �((t00; t01))). Asfor u(0;0) we reason as follows. For MO(V 0; q0; Z(k)) we have that s(e001;�1)U(1) s(e001;�1) = U(0;0) and similarly for MU(V 0; q0; k0; �0) we �nd s(0;1) U(1)s(0;1) = U(0;0). Moreover by onstrution of � we �nd �((e001;�1))) = (0; 1).In order to show that �(0;0) de�nes a map from U(0;0) to U(0;0) it will thereforebe enough if we show that � Æ s(e001;�1) Æ��1 = s(0;1). Let (v00; v01) be as abovei.e. v00 = e001z1 + e002z2 +e003z3 and v01 = �N(�0) where we put �0 = z1 + jz2+jiz3.We have :�(s(e001;�1)((v00; v01))= �((�e001f 0(e001; v00)(N(�))�1 + v00(N(�))�1; (�N(�))�1)= �((�(e001z1 � e002z02 � e003z3)(N(�0))�1;�(N(�0))�1= (��0(N(�0))�1;�(N(�0))�1)= (�0)�1= s(0;1)(�0)= s(0;1)�((v00; v01)proving that � Æ s(e001;�1) Æ ��1 = s(0;1). That MO(V 0; q0; Z(k)) is non om-mutative follows from the fat that it is isomorphi to M(V; q; k; �) whih isnon ommutative. 2As to orthogonal Moufang sets over small �elds we have the following lemma.Lemma 116 Let MO(V; q; k) be an orthogonal Moufang set suh that k= F2 or F3 , then one of the following possibilities ours :(i) k = F2 , dim(V ) = 3 and MO(V; q; k) �= P(F2 ),



3.15. ISOMORPHISM PROBLEMS 131(ii) k = F2 , dim(V ) = 4 and MO(V; q; k) �= P(F4),(iii) k = F3 , dim(V ) = 3 and MO(V; q; k) �= P(F3),(iv) k = F3 , dim(V ) = 4 and MO(V; q; k) �= P(F9).proof :LetMO(V; q; k) be a in the lemma and hoose a oordinatization ofMO(V; q; k)assoiated to the deomposition V = e�1k �V0 �e1k with labelling set R0;1.Suppose �rstly that k = F2 .We �rst show that if dim(V ) � 4, odim(Rad(f)) 6= 2. If this where thease we would �nd at least two vetors v0 and w0 2 V0 with v0 6= w0 suhthat f(v0; w0) = 0 and q(v0) = q(w0) = 1. But then the equation q(v0 + w0)= q(v0) +q(w0) = 0 implies v0 = w0 a ontradition. Suppose dim(V ) 6= 5.Let v0. As dim(V0) � 3, dim(v?0 \V0) � 2. This means that there exists aw0 6= v0 suh that f(v0; w0) = 0. But then the equation q(v0 + w0) = q(v0)+q(w0) = 0 leads to v0 = w0, a ontradition. Therefore the only possi-blities left are dim(V ) = 3 and by Lemma 111, MO(V; q; k) �= P(F2 ) orodim(Rad(f)) 6= 2, dim(V ) = 4 and MO(V; q; k) �= P(F4 ) by Lemma 112.Subsequently we assume that k = F3 .Suppose dim(V ) � 5. Let v0, w0 2 V0 suh that f(v0; w0) = 0. Without lossof generality we an assume that q(v0) = 1 and q(w0) = �1. As dim(V0)� 3, we �nd that dim(v?0 \w?0 \ V0) = 1. Let t0 2 v?0 \w?0 \V0. Then thereare two possible hoies for q(t0). If q(t0) = 1 the equation q(t0 + w0) = 0leads to t0 = w0, a ontradition. And if q(t0) = �1, we have q(v0 + t0) = 0and hene a v0 = t0, a ontradition. This shows that dim(V ) � 4. Thuswe have two possibilities. Or dim(V ) = 3, andMO(V; q; k) �= F3 by Lemma111, or dim(V ) = 4 and MO(V; q; k) �= F9 . 2Lemma 117 Consider a orthogonal Moufang set M(O(V; q; k)). Supposef is the form assoiated to q. Assume 5 � dim(V ) < 1 if Rad(f) =0, odim(Rad(f)) � 4 if Rad(f) 6= 0 and k 6= F2 . Then TO(V; q; k) =[PGO(V; q; k); PGO(V; q; k)℄.proof :



132 CHAPTER 3. MOUFANG SETSChoose a deomposition of V suh that V = e�1k � V0 �e1k, with as-soiated oordinatization over the labelling set R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g. In partiular this means that the point set of MO(V; q; k)an be written as f(v0; v1)j(v0; v1) 2 R0;1g [ f(1)g with :(v0; v1) = he�1v1 + v0 + e1i; 8(v0; v1) 2 R0;1(1) = he�1i:Suppose �rstly that har(k) 6= 2.As every u((1);(0; 0) ,(v0, v1)) with v0 6= 0 equals u((1);(0; 0), (v01=2,v11=4))2, Proposition 10 in [7℄ implies U(1) � [PGO(V; q; k); PGO(V; q; k)℄.Similar alulations yield U(0;0) � [PGO(V; q; k); PGO(V; q; k)℄. Theorem 2of lo. it. states [PGO(V; q; k); PGO(V; q; k)℄ is simple. As TO(V; q; k) isgenerated by U(1) and U(0;0) and is normalized by PGO(V; q; k) (fr setion3.12.2) it follows that [PGO(V; q; k), PGO(V; q; k)℄ = TO(V; q; k).Suppose har(k) = 2.Choose (v0; v1) 2 R0;1 n f(0; 0)g arbitrarily.By Lemma 107 we �nd that s(v0;v1)s(v0v�11 ;v�11 ) has as matrix representationwith respet to the ordered base fe�1, B0, e1g :0� v21 0 00 1jB0j 00 0 v�21 1A :As in the non harateristi 2 ase [O(V; q; k); O(V; q; k)℄ ontains all squaresof linear transformations preserving the form q (see Proposition 15 in [6℄,for the degenerate ase a similar proof holds). In partiular s(v0;v1)s(v0v�11 ;v�11 )2 [PGO(V; q; k); PGO(V; q; k)℄.By the de�nition of sx we �nd :u((1); (0; 0); (v0; v1))s(v0;v1)s(v0v�11 ;v�11 )u((1); (0; 0); (v0v�11 ; v�11 ))= [u(((1); (0; 0); (v0; v1); u((0; 0); (1); (v0 ; v1))℄[u((0; 0); (1); (v0v�11 ; v�11 )); u((1); (0; 0); (v0v�11 ; v�11 ))℄2 [PGO(V; q; k); PGO(V; q; k)℄:Multipliation of u((1); (0; 0); (v0 ; v1)) s(v0;v1) s(v0v�11 ;v�11 )u((1); (0; 0); (v0v�11 , v�11 )) on the right with (s(v0;v1) s(v0v�11 ;v�11 ))�1 implies :u((1); (0; 0); (v0; v1))u((1); (0; 0); (v0v1; v31))= u((1); (0; 0); (v0(1 + v1); v1(1 + v21))) (3.2)2 [PGO(V; q; k); PGO(V; q; k)℄ (3.3)



3.15. ISOMORPHISM PROBLEMS 133Two ases our.1. v1 6= 1.Applying formula (3.3) for u((1); (0; 0); (a0a1; a31)) gives u((1);(0; 0); (v0v1(1+v31); v31(1 + v61))) 2 [PGO(V; q; k); PGO(V; q; k)℄.This yields :u((1); (0; 0); (v0(1 + v1); v1(1 + v21))u((1); (0; 0); (v0v1(1 + v31); v31(1 + v61)))= u((1); (0; 0); (v0(1 + v1)4; v1(1 + v1)8) 2 [PGO(V; q; k); PGO(V; q; k)℄:Conjugating u((1); (0; 0); (v0(1 + v1)4; v1(1 + v1)8) with the transformationwith matrix representation :0� (1 + v1)�4 0 00 1jB0j 00 0 (1 + v1)4 1Abelonging to [PGO(V; q; k); PGO(V; q; k)℄ gives u(1; (0; 0); (v0; v1)) 2 [PGO(V; q; k),PGO(V; q; k)℄.2. v1 = 1.Granted the onditions on k there is at least one � 2 k suh that �4 6= 1.Consider (a0�2; a1�4) 2 R0;1. By what is already proved we �nd u(1,(0; 0), (a0�2; a1�4)) 2 [PGO(V; q; k); PGO(V; q; k)℄. Conjugating u(1; (0; 0),(a0�2; a1�4)) with the matrix :0� �2 0 00 1jB0j 00 0 ��2 1Aof [PGO(V; q; k),PGO(V; q; k)℄ yields u(1; (0; 0); (a0; a1)) 2[PGO(V; q; k),PGO(V; q; k)℄. It follows that U(1) � [PGO(V; q; k),PGO(V; q; k)℄.Complete analogously one dedues U(0;0) � [PGO(V; q; k),PGO(V; q; k)℄, heneTO(V; q; k) �[PGO(V; q; k); PGO(V; q; k)℄. Finally the simpliity of [PGO(V; q; k); PGO(V; q; k)℄(fr Theorem 3 and Theorem 4 in [6℄) shows TO(V; q; k) = [PGO(V; q; k),PGO(V; q; k)℄. 2



134 CHAPTER 3. MOUFANG SETSLemma 118 A hermitian Moufang setMH(V; q; k; �) has ommutative rootgroups if and only if dim(V ) = 2 and MH(V; q; k; �) �= P(Fix(�)).proof :LetMH(V; q; k; �) be a hermitian Moufang set with ommutative root groups.Choose a oordinatization ofMH(V; q; k; �) assoiated to the deompositionV = e�1k � V0 �e1k with labelling set R0;1 f(v0; v1) 2 V0 � k jq(v0) + v1= 0g. Lemma 104 shows that in this ase dim(V ) = 2. But this meansthat the point set ofMH(V; q; k; �) is given by f(0; t) jt 2 Fix(�)g [f(1)g.Consider the Moufang set P(Fix(�)) labelled in a anonial way. De�ne thebijetion � from P(Fix(�)) to MH(V; q; k; �) by :�(t) = (0; t); 8t 2 Fix(�)�(1) = (1):Using Lemma 41 one easily heks that � de�nes a Moufang set isomorphism.That the onverse holds i.e. if MH(V; q; k; �) is isomorphi to P(Fix(�))then it has ommutative root groups is lear. 2Lemma 119 Let P(k) be a projetive Moufang set. Then Z(k) = k if andonly if P(k) is ommutative.proof :Coordinatize P(k) in a anonial way. Without loss of generality we anassume x = (1) and y = (0). Every element of FixTP(k)fx; yg has matrixrepresentation : � t1 00 t2 �with t1, t2 2 Z(k) and t1t2 2 [k; k℄.If Z(k) = k then learly Z(FixTP(K)fx; yg) = FixTP(K)fx; yg.As to the onverse, the onditions of the lemma yield that Z(FixTP(k)fx; yg)= FixTP(k)fx; yg. This means that for every r; t; z 2 k, with r 6= 0 andt 6= 0 : (rtztr) = (s(r)s(1))(s(t)s(1))((z))= (s(t)s(1))(s(r)s(1))((z))= (trzrt):



3.15. ISOMORPHISM PROBLEMS 135Or equivalently : r�1t�1rtztrt�1r�1 = z; 8z 2 k:If z = 1 this implies trt�1r�1 = (r�1t�1rt)�1 and hene r�1t�1rt = [r�1; t�1℄2 Z(k), 8 r, t 2 k. Lemma 50 implies that Z(k) = k. 2Lemma 120 An orthogonal Moufang set M(O(V; q; k)) with assoiated bi-linear form f is ommutative if and only if dim(V ) = 3, dim(V ) = 4 orodim(Rad(f)) = 2.proof :Choose a oordinatization of the Moufang set assoiated to the deompositionV = e�1k�V0�e1k with labelling set R0;1 = f(v0; v1) 2 V0�kjq(v0)+v1 = 0g.Suppose dim(V ) � 5 and odim(Rad(f)) 6= 2.Remark that then Lemma 116 implies that k 6= F2 or F3 . This impliesthat there exists at least one subspae �V � V suh that dim( �V ) = 5 andodim �V (Rad(f)) 6= 2. Consider the Moufang subsetM( �V ; q; k). As this is aMoufang subset of a ommutative Moufang set it should itself be a ommu-tative Moufang set. This means that we an redue the situation to the asewhere dim(V ) = 5, and odim(Rad(f)) 6= 2. We prove that the ommuta-tivity of the Moufang set leads to a ontradition.Two ases our.First ase : Rad(f) 6= 0This means dim(Rad(f)) = 1 and there exist at two points (a0; a1) and(b0; b1) 2 R0;1 suh that a0k �Rad(f) �b0k = V0. Let Rad(f) = hr0i. Sete10 = a0, e20 = b0 and e30 = r0 and denote the ordered base fe10, e20, e30g ofV0 as B0. Using Lemma 106 the automorphism s(a0;a1)s(b0;b1) has a matrixrepresentation with respet to the ordered base fe�1; B0; e1g of the form :0BBBB� a1b�11 0 0 0 00 z1 z2 0 00 z3 z4 0 00 0 0 1 00 0 0 0 a�11 b1 1CCCCAwith zi 2 k; 1 � i � 4. Choose (0; 1); (d0; d1) 2 R0;1 with 0 62 Rad(f) andd0 2 Rad(f).



136 CHAPTER 3. MOUFANG SETSThen s(0;1)s(d0;d1) has a matrix representation of the form with respet tothe base B = fe�1; B0; e1g :0BBBB� 1d�11 0 0 0 00 x1 y1 0 00 x2 y2 0 00 x3 y3 1 00 0 0 0 �11 d1 1CCCCAwith �; xi; yi 2 k, 1 � i � 3. Expressing that s(a0;a1)s(b0;b1) and s(0;1)s(d0;d1)ommute in their ation on the Moufang set translates in the following setof equations : x3z1 + y3z3 = x3 (3.4)x3z2 + y3z4 = y3 (3.5)Let 0 =P3j=1 ej0j0. We alulate x3 and y3 :Using Lemma 106 we �nd :s(0;1)s(d0;d1)(e10) = 0f(e10; 0)�11 + e10= 3Xj=1 ej0f(e10; e20)j020�11 + e10Thus x3 = 2030�11 f(e10; e20).In a similar way one alulates :s(0;1)s(d0;d1)(e20) = n�2Xj=1 ej0f(e10; e20)j010�11 + e20:and y3 = 1030�11 f(e10; e20).Filling in these two expressions in the formula onerning ommutativitygives : 2030�11 f(e10; e20)z1 + 1030�11 f(e10; e20)z3 = f(e10; e20)2030�11 :Hene : 20z1 + 10z3 = 20



3.15. ISOMORPHISM PROBLEMS 137where we used the fat that by the hoie of e10 and e20, f(e10; e20) 6= 0. Asfej0 j 1 � j � mg forms a base, we an hoose 10 and 20 to be arbitraryelements of k. This means in partiular that :xz1 + yz3 = x; 8x; y 2 kThus z1 = 1 and z3 = 0.In a ompletely analogous way one dedues from equation (3.5) that z2 = 0and z4 = 1.Thus s(a0;a1)s(b0;b1) has matrix representation of the form :0� � 0 00 I3 00 0 ��1 1AThis means: s(a0;a1)s(b0;b1)(v0; v1) = (v0�; v1�2); 8(v0; v1) 2 R0;1:In onrete terms :a0f(a0; v0)a�21 b1 + b0(f(a0; b0)f(v0; a0)a�21 + f(v0; b0)a�11 ) + v0a�11 b1= v0�; 8v0 2 V0: (3.6)Let v0 2 V0 n ha0; b0i.Then equation (3.6) yields :a0f(v0; a0)a�21 b1 + b0(f(a0; b0)f(a0; v0)a�21 + f(b0; v0)a�11 ) = 0:And as a0 and b0 are linearly independent :f(a0; v0) = 0f(a0; b0)f(a0; v0)a�21 + f(b0; v0)a�11 = 0:But then we �nd that for every v0 2 V0 n ha0; b0i, f(a0; v0) = 0, whih is onlypossible if a0 2 Rad(f), ontraditing the initial assumption on a0.Seond ase : Rad(f) = f0g.Remark that in this ase if har(k) = 2, dim(V ) = 2n, n 2 N as fis a sympleti form on V . As dim(V ) = 5 this ase an only our if



138 CHAPTER 3. MOUFANG SETShar(k) 6= 2. Choose a oordinatization of the set assoiated to the deom-position V = e�1k �V0 �e1k with labelling set R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g and let B0 be an ordered base of V0. As dim(V0) = 3 andk 6= F3 Lemma 1.29 in [24℄ implies that every element of Z(FixTMO(V;q;k)(f(1), (0; 0)g)) has a matrix representation with respet to the ordered basefe�1, B0, e1g of the form : 0� � 0 00 I3 00 0 ��1 1Awith � 2 k. But then we �nd for (a0; a1), (b0; b1), (v0; v1) 2 R0;1 :s(a0;a1)s(b0;b1)(v0; v1) = (v0�; v1�2)for some � 2 k. By similar arguments as in the ase where Rad(f) 6= f0gthe implies f(a0; v0) = 0; 8v0 2 V0, a ontradition.This means that if MO(V; q; k; �) is ommutative, dim(V ) = 3 or 4 orodim(Rad(f)) = 2.That the onverse holds if dim(V ) = 3 or 4 follows from Lemmas 111 and112.Suppose odim(Rad(f)) = 2. Choose as usual a oordinatization assoi-ated to the deomposition V = e�1k �V0 �e1k and with labelling set R0;1= f(v0; v1) 2 V0� k jq(v0) + v1 = 0g. Let B0 be an ordered base of V0. Thenwe �nd in this ase that f jV0 = 0. Let g 2 FixTMO(V;q;k) (f(1) (0; 0)g). As gpreserves the forms q and f this implies that g de�nes a linear transformationof V preserving V0.Moreover : q(g(v0)) = q(v0); 8v0 2 V0yields : q(g(v0) + v0) = 0; 8v0 2 V0:As g(v0) 2 V0 and q is anisotropi on V0 this shows :g(v0) = v0; 8v0 2 V0:This means that g has a matrix representation of the form :0� � 0 00 IjB0j 00 0 ��1 1A



3.15. ISOMORPHISM PROBLEMS 139with respet to the ordered base fe�1, B0, e1g. Hene we �nd Z(FixTMO(V;q;k)(f(1) (0; 0)g)) = FixTMO(V;q;k) (f(1) (0; 0)g). 2Lemma 121 A polar line Pol(k; �) with 1 2 Tr(�) is ommutative if andonly if k is a generalized quaternion algebra and � its standard involutionand Pol(k; �) �= P(Z(k)).proof :Fix a oordinatization for Pol(k; �). By Lemma 92 and setion 3.12.2 wean assume that the point set is given by f(0; �)j� 2 Tr(�)g with 1 2Tr(�). As Pol(k; �) is assumed to be ommutative Z(FixTPol(k;�) f(x),(y)g) = FixTPol(k;�) for any two points (x), (y) 2 Pol(k;�). In partiu-lar Z(FixTPol(k;�) = FixTPol(k;�) and the following equation should hold forany �, �0 2 Tr(�) :(s�s1)(s�0s1)(v) = (s�0s1)(s�s1)(v); 8v 2 Tr(�):Suppose that if k is a generalized quaternion algebra � is not its standardinvolution. Lemma 47 implies then that Tr(�) generates k as a ring. Butthen the above equation yields that [�; �0℄ 2 Z(k), 8�; �0 2 Tr(�). By Lemma49 we �nd that k is a generalized quaternion algebra and � is its standardinvolution a ontradition. Hene the only possibility left is that k is a gen-eralized quaternion algebra with standard involution �. That the onverseof the Lemma holds is a straightforward hek. 2Corollary 122 Let MU(V; q; k; �) be a unitary Moufang set de�ned by a(�;�1) quadrati form q suh that 1 2 Tr(�). If MU(V; q; k; �) is ommu-tative, k is a generalized quaternion algebra with standard involution �.proof :Choose a oordinatization ofMU(V; q; k; �) assoiated to the deompositionV = e�1k � V0 �e1k with labelling set R0;1. Then the set Y = f(0; �)j � 2Tr(�)g de�nes a Moufang subset of MU(V; q; k; �) isomorphi to Pol(k; �).But as MU(V; q; k; �) is ommutative, Pol(k; �) should be ommutative.



140 CHAPTER 3. MOUFANG SETSUsing Lemma 121 we �nd that k is a generalized quaternion algebra withstandard involution �. 2For an extended polar line (fr. p96) de�ned over a generalized quaternionalgebra we an be more preise.Lemma 123 LetMU(V; q; k; �) be an extended polar line de�ned by a (�;�1)-quadrati form q with 1 2 Tr(�). Suppose that k is a generalized quaternionalgebra k with standard involution �. Then MU(V; q; k; �) is ommutative ifand only if dim(V ) = 2, and M(V; q; k; �) �= P(Z(k)).proof :Choose a oordinatization of the Moufang set assoiated to the deompositionV = e�1k �V0 �e1k with labelling set R0;1 = (v0; v1) 2 V0�k jq(v0)+v1 = 0g.Suppose V0 6= 0. The assumption on MU(V; q; k; �) implies that f jV0 = 0and by Lemma 109 R1 � Fix(�).Let (v0; v1), (w0; w1) 2 R1. Due to the ommutativity of FixTMU(V;q;k;�)f(1), (0; 0) g we �nd :(s(v0;v1)s(0;1))(s(w0;w1)s(0;1))((u0; u1))= (s(w0;w1)s(0;1))(s(v0;v1)s(0;1))((u0; u1)); 8(u0; u1) 2 R0;1Using the matrix representations of sx as explained in setion 3.12.2 oneeasily heks that this yields :v1w1 = w1v1; 8v1; w1 2 R1 (3.7)Choose (a0; a1) 2 R0;1 suh that a0 6= 0. Remark that as Tr(�) = Z(k),a1 62 Z(k).We �nd by (3.7) : a1��a1� = ��a1�a1; 8� 2 k:Put f��a1� j� 2 kg = �a1. Clearly �a1 � Ckfa1g. Suppose �a1 � Z(k)(a1).This means that for all � 2 k :��a1� = a1z1 + z2; for z1; z2 2 Z(k):But then Lemma 53 implies that a1 2 Z(k) = Tr(�) a ontradition as q isanisotropi on V0.



3.15. ISOMORPHISM PROBLEMS 141The only possibility left is that V0 = 0. This means that the point set ofMU(V; q; k; �) is given by f(0; �) j� 2 Tr(�) = Z(k)g [f(1)g. Consider theprojetive Moufang set P(Z(k)) Coordinatize in a anonial way. Then oneeasily heks that the map � give by :�((�)) = (0; �); 8� 2 Z(k)�((1)) = (1)de�nes a Moufang set isomorphism.Conversely if dim(V ) = 2 we �nd that MU(V; q; k; �) is isomorphi toP(Z(k)) by Lemma 97. Therefore it de�nes in this ase a ommutativeMoufang set. 23.15.2 The isomorphism problem for projetive Mo-ufang sets.In this setion we investigate all possible Moufang sets under onsiderationisomorphi to a projetive one.The proof given below an be found on pp147-150 of [29℄. One of the �rstto prove it with other notations was L. K. Hua in [12℄. We restate it herefor the sake of ompleteness and as the tehniques used in it illustrate somebasi strategies whih will be used later on.Proposition 124 Consider two projetive Moufang sets P(k) and P(k0) de-�ned over division rings k and k0 then :P(k) �= P(k0), k �= k0 or k op�= k0:proof :Let P(k) and P(k0) be isomorphi under �. Without loss of generality we anoordinatize P(k) and P(k0) in suh a way that �((0)) = (0),�((1)) = (1)and �((1)) = (1). The map � indues a bijetion between k and k0 alsodenoted by � and de�ned by :�((x)) = (�(x)); x 2 k:



142 CHAPTER 3. MOUFANG SETSTranslating the fat that � is a Moufang set isomorphism yields :for v, w 2 k :�u((1); (0); (v))(w) = �((v + w))= (�(v + w))= �u(1; 0; v)��1�(w)= u((1); (0); (�(v))(�(w))= (�(v) + �(w))Hene � de�nes an isomorphism between the additive groups on k and k0.To derive further properties of � we use the automorphisms s(v), for v 6= 0.From setion 3.12.2 we know that s(v) has matrix representation with respetto the base used for oordinatization :� 0 v�v�1 0 �Hene sv(w) = (�vw�1v), 8w 6= 0 2 k.Applying � we obtain :�(�vw�1v) = (��(v)�(w�1)�(v)):In partiular if v = 1�(w�1) = (�(w))�1; 8w 6=2 k; 8w 6= 0and if w = 1 �(v2) = (�(v))2; 8v 2 k:For v,w 2 k one dedues :�(v2) + �(vw) + �(wv) + �(w2) = �((v + w)2)= (�(v) + �(w)2= �(v2) + �(v)�(w) + �(w)�(v) + �(w2)



3.15. ISOMORPHISM PROBLEMS 143Or �(vw + wv) = �(v)�(w) + �(w)�(v).The properties of � dedued so far yield for v, w 2 k n f0g :(�(vw) � �(v)�(w))(�(vw))�1(�(vw) � �(w)�(v)= (1 � �(v)�(w)(�(vw))�1)(�(vw) � �(w)�(v))= �(vw) � �(v)�(w) � �(w)�(v) + �(v)�(w)�((vw)�1)�(w)�(v)= �(vw) + �(v)�(v�1w)�(v) � (�(v)�(w) + �(w)�(v))= �(vw) + �(wv)� (�(v)�(w) + �(w)�(v))= 0For any �xed v0 2 k n f0g, the additive group on k is thus union of twosubgroups L1 = fw 2 kj�(v0w) = �(v0)�(w)g and L2 = fw 2 kj�(v0w) =�(w)�(v0)g. This is only possible if L1 = k or L2 = k. Analogously k is unionof the two additive subgroups R1 = fv 2 kj�(vw) = �(v)�(w); 8w 2 kg andR2 = fv 2 kj�(vw) = �(w)�(v); 8w 2 kg. This implies that R1 = k and�(vw) = �(v)�(w), 8v; w 2 k or k = R2 and �(vw) = �(w)�(v), 8v; w 2 k.Hene � de�nes a �eld isomorphism or anti-isomorphism between k and k0.Conversely suppose k �= k0 or k �= k0op under �. Choose oordinate systemsfor both P(k) and P(k0) and de�ne the bijetion (also denoted by �) betweenboth point sets by : �(v) = (�(v))�(1) = (1)It is an easy exerise to hek � de�nes a Moufang set isomorphism betweenP(k) and P(k0). 2Proposition 125 A non-ommutative projetive Moufang set P(k) is iso-morphi to a Moufang set M(V 0; q0; �0; k0) if and only if k is a general-ized quaternion algebra and M(V 0; q0; �0; k0) is an orthogonal Moufang setMO(V 0; q0; k0) with dim(V 0) = 6 and k0 �= Z(k).proof :Suppose the form assoiated to q0 is given by f 0. Remark that by Lemma119 Z(k) 6= k.Lemma 104 shows thatM(V 0; q0; k0; �0) is of type 2, of type 3 with dim(V 0) =2 or of type 4 with odim(Rad(f 0)) = 2



144 CHAPTER 3. MOUFANG SETSLet P(k) be de�ned in the 2 dimensional right k-vetor spae E. Choose abase fe1, e2g of E induing a oordinatization of P(k) suh that he1i = (1)and he2i = (0).First ase : M(V 0; q0; k0; �0) is an orthogonal Moufang set MO(V 0; q0; k0).As usual we suppose that the Moufang set isomorphism betweenMO(V 0; q0; k0)and P(k) is given by �. Suppose P(k) is de�ned in the 2-dimensional rightk-vetor spae E. Let e1, e2 be a base of E induing a oordinatization ofP(k) suh that (1) = he1i, and (0) = he2i. Choose a oordinatization ofMO(V 0; q0; k0) assoiated to the deomposition V 0 = e0�1k0 �V 00 � e1k0 withlabelling set R00;1 = f(v00; v01) 2 V 00 �k0 jq(v00)+ v01 = 0g. Let B00 be an orderedbase of V 00 . Without loss of generality we an assume �((1)) = (1) and�((0)) = (0; 0).Consider the Moufang subset Y(v00;v01) = f(v00z0; v01z02) jz0 2 k0g [ f(1)g.Clearly this determines a Moufang subset of MO(V 0; q0; k0). Let P(k0) bethe projetive Moufang set with k0 as ground �eld oordinatized in a anon-ial way. De�ne the bijetion �(v00;v01) from P(k0) to Y(v00;v01) as follows :�(v00;v01)(z0) = (v00z0; v01z02); z0 2 k0�(v00;v01)(1) = (1):Using Lemma 41 one heks that �(v00;v01) de�nes a Moufang set isomorphism.Let (v) 2 P(k). Denote the set f(vz) jz 2 Z(k)g [ f(1)g as Y(v). One easilyshows that this set determines a Moufang subset of P(k). Let P(Z(k)) bethe projetive Moufang set de�ned over Z(k) oordinatized in a anonialway. Then one heks that the bijetion �(v) from P(Z(k)) to Y(v) given by :�(v)(z) = (vz); z 2 k�(v)(1) = (1)indues a Moufang set isomorphism.Let (v) 2 P(k) suh that �(v) = (v00; v01) with v00 62 Rad(f 0). We show that�(Y(v)) = Y(v00;v01).If (vz) 2 Y(v), we �nd that s(vz)s(v) has matrix representation with respetto the base fe1, e2g : � �z 00 �z�1 � :Hene s(vz)s(v) 2 Z(FixTP(k) (f(1), (0)g)). Let �(vz) = (w00; w01). We thus�nd s(w00;w01) s(v00;v01) 2 Z(FixMO(V 0;q0;k0) f(1), (0; 0)g).



3.15. ISOMORPHISM PROBLEMS 145Remark that as P(k) is not ommutative, dim(V 0) � 5 and odim(Rad(f 0)) >2 and by Lemma 116, k 6= F2 or F3 . The tehniques used in the proof ofLemma 120 show that s(w00;w01) s(v00;v01) has a matrix representation with respetto the ordered base fe�1, B00, e01g :0� �0 0 00 IjB00j 00 0 �0�1 1Awhere �0 2 k0.Thus we �nd in any ase for a �0 2 k0 :s(w00;w01)s(v00;v01)(u00; u01) = (u00�0; �02u01); 8(u00; u01) 2 R00;1: (3.8)By Lemma 106 we �nd for (u00; u01) 2 R00;1 :(s(w00;w01)s(v00;v01)((u00; u01)))0= w00f 0(w00; u00)w01�2v01 + v00(f 0(w00; v00)f 0(u00; w00)w01�2 + f 0(u00; v00)w01�1)+u00w01�1v01= u00�0Hene by (3.8) we �nd for u00 2 V 00n hv00, w00i (remark that suh u00 exist asdim(V 0) � 5) :w00f 0(w00; u00)w01�2v01 + v00(f 0(w00; v00)f 0(u00; w00)w01�2 + f 0(u00; v00)w01�1) = 0:(3.9)Suppose that v00 and w00 are linearly independent. Then the above equationimplies that : f(w00; u00) = 0; 8u00 2 V 00hene w00 2 Rad(f 0). Equation (3.9) therefore beomes :v00f 0(u00; v00)w01�1 = 0; 8u00 2 V 00 n hv00; w00iand thus : f 0(v00; u00) = 0; 8u00 2 V 00ontraditing the assumption on v00.Therefore the only possibility left is that w00 2 hv00i and hene �(vz) = (w00; w01)2 Y(v00;v01).Conversely let (v00z0; v01z02) 2 Y(v00;v01). By (1) we �nd s(v00z0;v01z02) s(v00;v01) 2



146 CHAPTER 3. MOUFANG SETSZ(FixTMO(V 0;q0;k0) f(1), (0; 0)g). Hene if ��1 (v00z0; v01z02) = (w), also s(w)s(v) 2 Z(FixTP(k) f(1),(0)g). In the proof of Lemma 119 we saw that everyelement of Z(FixTP(k) f(1), (0)g) has as matrix representation with respetto the ordered base fe1, e2g : � t1 00 t2 �with t1, t2 2 Z(k) and t1t2 2 [k; k℄. As s(w) s(v) has matrix representationwith respet to the base fe1, e2g of the form :� 0 w�w�1 0 �� 0 v�v�1 0 � = � �wv�1 00 �w�1v �this means that there exists a z 2 Z(k) suh that w = vz and thus w��1(v00z0; v01z02) 2 Y(v).Thus we proved so far that �(Y(v)) = Y�((v)) if (�((v)))0 62 Rad(f 0).Remark that this property is equivalent to the statement that if (�((v)))062 Rad(f 0) then for z 2 Z(k) :(�(vz))0 = (�(v))0z0; for a z0 2 k0:As a next step we show that there exists a �eld isomorphism � from Z(k) tok0 suh that : (�(vz))0 = (�(v)0z�); 8z 2 k: (3.10)Choose a �xed �v 2 k suh that (�(�v))0 62 Rad(f). Then we prove that � in-dues a Moufang set isomorphism from Y(�v) to Y�((�v)). Hene �(�v)Æ � Æ��((�v)))indues a Moufang set isomorphism from P(Z(k)) to P(k0). By Proposition124 we know that this isomorphism is indued by a �eld isomorphism � fromZ(k) to k0. By the onstrution of �(�v) and ��((�v)) it follows that :(�((�vz)))0 = (�((�v)))0z�:Let u 2 k suh that (�((u)))0 is linearly independent from (�((�v)))0. Twoases our :1. (�((u))))0 2 Rad(f 0).Consider the equations :(�(((u + �v)z)))0 = (�((u+ �v)))0z0= (�((u)))0z0 + (�((�v)))0z0= (�((uz)))0 + (�((�v)z)))0= (�((uz)))0 + (�((�v)))0z�: (3.11)



3.15. ISOMORPHISM PROBLEMS 147for appropriate z0 2 k0. If (�((u)z)))0 would be not ontained in Rad(f 0),we �nd by what is already proved (�((uzz�1)))0 = (�((u)))0 62 Rad(f 0) aontradition. Hene (�((uz)))0 2 Rad(f 0) and equation (3.11) shows that :z0 = z�and : (�((u)z)))0 = �((u))0z�:2. (�((u))))0 62 Rad(f 0).The equations :(�(((u + �v)z)))0 = (�((uz)))0 + (�((�vz)))0= (�((u))))0z0 + (�((�v)))0z�= (�((u+ �v)))0z00= (�((u)))0z00 + (�((�v)))0z00for appropriate z0, z00 2 k0 show that z0 = z00 = z� and (�((uz)))0 =(�((u)))0z�.If (�((u)))0 is linearly dependent on (�((�v)))0 we hoose a w 2 k suh that(�((w)))0 is linearly independent on (�((�v)))0.The equations :(�(((u+ w)z)))0 = (�((u))))0z� + (�((w)))0z�= (�((uz)))0 + (�((wz)))0= (�((uz)))0 + (�((w)))0z�show (�((uz))))0 = (�((u)))0z�.Therefore we proved property (3.10).But this means that dim(V 0) = dim(kjZ(k)).Let �((1)) = (e00; e01). If (v00; v01) 2 R00;1 nf(0; 0)g we onsider the Moufangsubset of MO(V 0; q0; k0) determined by the set Yhe00;v00i = f(e00z01 + v00z02; e01z012+v01z022�f 0(e00; v00z01z02) jz01; z02 2 k0g [f(1)g. Using property (??) we see that��1 (Yhe00;v00i) = f(z1 + vz2) jz1, z2 2 kg [f(1)g. Call this set Y1;v. Beause� is a Moufang set isomorphism Y1;v is a Moufang subset of P(k). As (1),(1), (0) 2 Y1;v, s(1) should stabilize Y1;v and (�v�1) = s(1)((v)) 2 Y1;v.This means that there exist zv1 and zv2 2 Z(k) with :v�1 = zv1 + vzv2



148 CHAPTER 3. MOUFANG SETSequivalently : v2zv2 + vzv1 + 1 = 0:As v was hosen arbitrarily this shows that every element of k is solution ofa quadrati equation over Z(k). Lemma 51 implies that k is a generalizedquaternion algebra. That onversely every Moufang set of the form P(k)where k is a generalized quaternion algebra is isomorphi to some orthogo-nal Moufang set of the form MO(V 0; q0; k0) with dim(V 0) = 6 follows fromLemma 110.Seond ase : M(V 0; q0; k0; �0) is a hermitian Moufang set.In this ase Lemma 104 implies dim(V 0) = 2 andM(V 0; q0; k0; �0)�= P(Fix(�0)).Using Proposition 124 we have k �= Fix(�0), ontraditing the fat that k isnon-ommutative.Third ase: M(V 0; q0; k0; �0) is a unitary Moufang set.By Lemma 104 odim(Rad(f 0)) = 2. Choose a deomposition of V 0 asV 0 = e0�1k0�V 00 � e01k0 with assoiated oordinatization over the labelling setR00;1 = f(v00; v01) 2 V 00 � kjq0(v00) + v01 = 0g. Let B00 be an ordered base of V 00 .By Lemma 92 and setion 3.12.2 we an assume that q0 is a (�;�1)-quadratiform, R00;1 \ f0g �k0 = f(0; x0)jx0 2 Tr(�0)g, 1 2 Tr(�0) and �((1)) = (0; 1).Consider the Moufang subset ofM(V 0; q0; k0; �0) determined by the subspaee0�1k0 � e01k0 of V 0. Call this subset Y0. Clearly Y0 �= Pol(k0; �0). Let �01 and�02 be two elements of Tr(�0). Denote by v1 and v2 the elements of k suhthat �(vi) = (0; �0i), 1 � i � 2. By assumption on �, �svis1��1 = s(0;�0i)s(0;1).Moreover as sv1s1sv2s1 = sv1v2s1 we �nd:s�01s1s�02s1 = s�(v1v2)s1= s ~�0s1with �(v1v2) = ~�0.This implies : s�01s1s�02s1(�0) = s ~�0s1(�0); 8�0 2 Tr(�0)or equivalently : �01�02�0�02�01 = ~�0�0 ~�0; 8�0 2 Tr(�):This means that there exists a �0 2 Ck0(Tr(�)) with:�1�2 = ~��0:



3.15. ISOMORPHISM PROBLEMS 149From �01�022�01 = ~�0 ~�0 it follows �0�0� = 1 and :�01�02�0�02�01 = �02�01�0�01�02; 8�0 2 Tr(�):Lemma 49 shows that k0 is a generalized quaternion algebra with standardinvolution �0.If har(k) 6= 2, Corollary 105 shows that MU(V 0; q0; k0; �0) �= P(Z(k0)). AsP(k) was assumed to be non-ommutative this leads to a ontradition.Let har(k) = 2. Suppose dim(V 00) � 1. Remember that as P(k) hasommutative root groups the same should hold for MU(V 0; q0; k0). Remarkthat by Lemmas 103 and 109 R1 � Fix(�0). Let (u), (v) 2 P(k) suh that�(u) = (u00; u01) and �(v) = (v00; v01).As : �s(u)s(1)s(v)s(1)��1 = �s(uv)s(1)��1we �nd : s(u00;u01)s(0;1)s(v00;v01)s(0;1) = s(w00;w01)s(0;1)with (w00; w01) = �(uv).Using the results of setion 3.13 we know that with respet to the orderedbase the element fe0�1, B00, e01g s(u00;u01) s(0;1) s(v00;v01) s(0;1) has as matrix repre-sentation : 0� u01v01 0 00 IjB00j 00 0 u01�1v01�1 1Aand s(w00;w01) s(0;1) has matrix representation :0� w01 0 00 IjB00j 00 0 w01�1 1A :Beause these two matries should at in a same way on MU(V 0; q0; k0; �0)we �nd u01v01 = w01. We already remarked that R01 2 Fix(�0), in partiularu01, v01, w01 2 Fix(�0). But then(u01v01)�0 = u01v01= v01u01= (w01)�0= w01



150 CHAPTER 3. MOUFANG SETSshows v01u01 = u01v01. The automorphism s(v00;v01) s(0;1) s(u00;u01) s(0;1) has a matrixrepresentation with respet to the ordered base fe0�1, B00, e01g of the form :0� v01u01 0 00 IjB00j 00 0 v01u01 1A :Thus we see s(v00;v01) s(0;1) s(u00;u01) s(0;1) = s(u00;u01) s(0;1) s(v00;v01) s(0;1). Sendingthis equation over to P(k) via ��1 yields :s(u)s(1)s(v)s(1) = s(v)s(1)s(u)s(1)equivalently : s(uv)s(1) = s(vu)s(1):This is only possible if uv = vuz, for an element z 2 Z(k). As u and v wherehosen arbitrarily we �nd [u; v℄ 2 Z(k); 8u; v 2 k:Lemma 50 shows that this is only possible if Z(k) = k. But then Lemma119 implies that P(k) is ommutative, a ontradition. 2Proposition 126 A ommutative projetive Moufang set P(k) is isomor-phi to a Moufang set (X 0; (Ux0)x02X0) isomorphi to M(Q(V 0; q0; �0; k0)) orto P(�k0; l0; k0) if and only if :(i) (X 0; (Ux0)x02X0) is an orthogonal Moufang set MO(V 0; q0; k0) and oneof the following possibilities ours :(i:a) dim(V 0) = 3 and k �= k0,(i:b) dim(V 0) = 4, odim(Rad(f)) 6= 2 and k �= k00, where k00 is aquadrati Galois extension of k0,(i:) har(k) = 2, odim(Rad(f 0)) = 2 and there exists a onstant0 2 k0 suh that the subset f0q0(w0)jw0 2 Rad(f)g of k0 is a sub�eld ofk0 isomorphi to k,(ii) (X 0; (Ux0)x02X0) is a hermitian Moufang setMH(V 0; q0; k0; �0), dim(V 0) =2 and k �= Fix(�),



3.15. ISOMORPHISM PROBLEMS 151(iii) (X 0; (Ux0)x02X0) is a unitary Moufang setMU(V 0; q0; k0; �0) de�ned overa generalized quaternion algebra k0 with standard involution �0, dim(V 0)= 2 and k �= Z(k0),(iv) (X 0; (Ux0)x02X0) is an indi�erent Moufang set of the form P(�k0; l0; k0),and k �= l0 = k0.Choose a oordinatization of M(V 0; q0; k0; �) with assoiated deompositionV 0 = e0�1k0�V 00�e01k0 and labelling setR00;1 = f(v00; v01) 2 V 00�kjq(v00)+v01 = 0g.If � denotes the isomorphism from P(k) to M(V 0; q0; �0; k0) we an assumewithout loss of generality that �(0) = (0; 0) and �(1) = (1).First ase : (X 0; (Ux0)x02X0) is an orthogonal Moufang set of the formMO(V 0; q0; k0)).As P(k) is ommutative Lemma 120 implies that dim(V 00) = 1, dim(V 00) = 2or f jV 00 = 0. We investigate these ases separately.1. dim(V 00) = 1Lemma 111 shows that MO(V 0; q0; k0) �= P(k0). Hene by Proposition 124we see that MO(V 0; q0; k0) is isomorphi to P(k) if and only if k �= k0.2. dim(V 00) = 2.Lemma 112 shows that MO(V 0; q0; k0) �= k00, where k00 is a quadrati Galoisextension of k0. Hene Proposition 124 implies that in this aseMO(V 0; q0; k0)is isomorphi to P(k) if and only if k �= k00.3. f 0jV 00 = 0Without loss of generality we an assume that after an possible multiplia-tion of q0 with a onstant 0, we an work in the proportional Moufang setMO(V 0; q0; k0), with proportional oordinate system assoiated to the de-omposition e0�10�1k0 �V 00 � e01k0 (fr. setion 3.12.2) with labelling set �R0;1.Denote q0 = �q and 0f 0 = �f . AsMO(V 0; q0; k0) is isomorphi toMO(V; �q; k0)in a anonial way under  , � indued an isomorphism �� =   Æ � betweenP(k) and MO(V 0; �q; k0) satisfying :��(0) = (0; 0)��(1) = (1)��(1) = (�e0; 1):We show �R1 is a sub�eld of k0.As Rad( �f) = 0, �R1 is an additive subgroup of k.



152 CHAPTER 3. MOUFANG SETSLet �u1, �v1 2 �R1. This means that there exists �u0; �v0 2 V 00 suh that (�u0; �u1)and (�v0; �v1) 2 �R0;1. Suppose u; v 2 k with �(u)(�u0; �u1), �(v) = (�v0; �v1) and�(uv) = ( �w0; �w1) then :s(�v0;�v1)s(�e0;1)s(�u0;�u1)s(�e0;1)(�e0; 1) = (�e0�u1�v1; (�u1�v1)2)= �(s(v)s(1)s(u)s(1)(1))= �(s(uv)s(1)(1)= s( �w0; �w1)(�e0; 1)= (�e0 �w1; �w21):Thus we have : �u1�v1 = �w1 2 �R0;1:If �u1 2 �R1, also �u�11 2 �R1 This shows that �R1 is a sub�eld of k0.Hene we an onsider the projetive Moufang set P( �R1) with a oordinati-zation.Consider the bijetion  from MO(V 0; �q; k0) to P( �R1) determined by :((�v0; �v1)) = (�v1)((1)) = (1):Then one easily heks that  de�nes a Moufang set isomorphism. As P(k)is isomorphi toMO(V 0; �q; k0) we dedue using Proposition 124 that k �= �R1.Seond ase: (X 0; (Ux0)x02X0) is a hermitian Moufang set M H(V 0,q0,k0,�0).Using Lemma 104 we �nd dim(V 0) = 2 andM(V 0; q0; k0; �0) is isomorphi toP(Fix(�)). Hene P(k) �= P(Fix(�0)) and k �= Fix(�0) by Proposition 124.Third ase: (X 0; (Ux0)x02X0) is a unitary Moufang set MU(V 0; q0; k0; �0).As P(k) is ommutative and has ommutative root groups. Lemma 104 im-plies that MU(V 0; q0; k0; �0) is a polar line or extended polar line. Moreoverby Lemma 123 we see that dim(V 0) = 2 and MU(V 0; q0; k0; �0) �= P(Z(k0)).Proposition 124 implies that in this ase thus P(k) �= MU(V 0; q0; k0; �0) ifand only if k �= Z(k0).Fourth ase : (X 0; (Ux0)x02X0) is of the form P(�k0; l0; k0)Suppose P(k) �= P( �k0; l0; k0) under �. After oordinatization of both Mo-ufang sets, � indues a map from k to l0, also denoted by �, and de�ned by



3.15. ISOMORPHISM PROBLEMS 153�(v) = (�(v)), 8v 2 k. Without loss of generality we an assume �(0) = (0),�(1) = (1) and �(1) = (1).Let v1; v1 2 k and w01; w02 2 l0 with �(v1) = w01 and �(v2) = w02. Then :�(s(v1v2)s(1)(1) = s(�(v1v2))s(1)(1)= (�(v1v2)2)= ((�(v1)�(v2))2)= ((w01w02)2)= s(w01)s(1)s(w02)s(1)(1)= �(s(v1)s(1)s(v2)s(1)(1):This implies that w01w02 2 l0. As w01 and w02 where hosen arbitrarily andk0 is generated by l0 as a ring it follows that l0 = k0. But in this aseP( �k0; l0; k0) �= P(k0), and hene k �= l0 by Proposition 124.That the onverse of the proposition holds in the ases (i):a, (i):b, (ii) and(iii) is an easy onsequene of Proposition 124.Remains to hek that whenever (X 0; (Ux0)x02X0) is an orthogonal Moufangset of the form MO(V 0; q0; k0) with odim(Rad(f 0)) = 2 suh that for someonstant 0 2 k0 the setf0q0(w0) jw0 2 Rad(f 0)g is a �eld isomorphi to kthen P(k) �= (X 0; (Ux0)x02X0).Under the onditions we oordinatizeMO(V 0; q0; k0) assoiated to the deom-position V 0 = e0�1k �V 00 �e01k with labelling set R00;1 = f(v00; v01) jq(v00)+ v01 =0g. We have f0q0(v00) jv00 2 V 00g = f0q0(w0)j w0 2 Rad(f 0)g. Denote thisset as k00. By the assumptions we have that k00 is a �eld suh that k �= k00,hene P(k) �= P(k00). LetMO(V 0; 0q0; k0) be the Moufang set proportional toMO(V; q; k) with fator 0 oordinatized using the deomposition V 0 = �e0�1k0�V 00 ��e01k0 with �e0�1 = e0�10�1 and �e01 = e01.Consider a anonial oordinatization of P(k00). Remark that for any 0q0(v00),v00 is the unique vetor w00 of V 00 suh that 0q0(w00) = 0q0(v00). Therefore wean de�ne the bijetion � from P(k00) to MO(V 0; 0q0; k0) by :�(v0) = (v00; v0)�(1) = (1)where for v0 2 k00, v00 is the unique vetor of V 00 suh that 0q0(v00) = v0. Us-ing Lemma 41 one easily heks that � de�nes a Moufang set isomorphism.Hene MO(V 0; q0; k0) �= MO(V 0; 0q0; k0) �= P(k00). This shows that P(k) �=



154 CHAPTER 3. MOUFANG SETSP(k00) �= MO(V 0; q0; k0). 23.15.3 The isomorphism problem for orthogonal Mo-ufang sets.In this setion we investigate possible isomorphisms between orthogonal Mo-ufang sets and other Moufang sets mentioned in the list of setion 3.14Proposition 127 An orthogonal Moufang set MO(V; q; k) is isomorphi toa lassial or indi�erent Moufang set (X 0; (Ux0)x02X0) if and only if one ofthe following holds :(i) (X 0; (Ux0)x02X0) is a projetive Moufang set P(k0) and one of the fol-lowing subases ours :(i:a) Z(k0) 6= k0, k0 is a generalized quaternion algebra, dim(V ) = 6and k �= Z(k0),(i:b) dim(V ) = 3, Z(k0) = k0 and k �= k0,(i:) dim(V ) = 4, odim(Rad(f)) 6= 2, Z(k0) = k0 and �k �= k0, where �kis the quadrati Galois extension of k determined by MO(V; q; k),(i:d) odim(Rad(f)) = 2, there exists a onstant  suh that the setfq(w)jw 2 Rad(f)g is a �eld isomorphi to k0,(ii) (X 0; (Ux0)x02X0) is an orthogonal Moufang setMO(V 0; q0; k0; �0) and oneof the following subases ours :(ii:a) dim(V ) = dim(V 0) = 3, and k �= k0,(ii:b) dim(V ) = 3, dim(V 0) = 4, odim(Rad(f 0) 6= 2 and k �= �k0, where�k0 is the quadrati Galois extension of k0 determined by MO(V 0; q0; k0),(ii:) dim(V 0) = 3, dim(V ) = 4, odim(Rad(f) 6= 2 and k0 �= �k, where�k is the quadrati Galois extension of k determined by MO(V; q; k),(ii:d) dim(V ) = dim(V 0) = 4, odim(Rad(f)) 6= 2, odim(Rad(f 0)) 6=2 and �k �= �k0, where �k is the quadrati Galois extension of k deter-mined by MO(V; q; k) and �k0 is the quadrati Galois extension of k0determined by MO(V 0; q0; k0),(ii:d) odim(Rad(f)) = 2, dim(V 0) = 3, there exists a onstant  2 k



3.15. ISOMORPHISM PROBLEMS 155suh that the set fq(w) jw 2 Rad(f)g is a sub�eld of k isomorphi tok0,(ii:e) odim(Rad(f)) = 2, dim(V 0) = 4, odim(Rad(f 0)) 6= 2 andthere exists a onstant  2 k suh that the set fq(w) jw 2 Rad(f)gis a �eld isomorphi to a quadrati Galois extension �k0 determined byMO(V 0; q0; k0),(ii:f) odim(Rad(f 0)) = 2, dim(V ) = 3, there exists a onstant 0 2 ksuh that the set f0q0(w0) jw0 2 Rad(f 0)g is a sub�eld of k0 isomorphito k,(ii:g) odim(Rad(f 0)) = 2, dim(V ) = 4, odim(Rad(f)) 6= 2 and thereexists a onstant 0 2 k0 suh that the set f0q0(w0) jw0 2 Rad(f 0)g isa �eld isomorphi to the quadrati Galois extension �k determined byMO(V; q; k),(ii:h) odim(Rad(f)) = odim(Rad(f 0) = 2, � indues a bijetion from' from fq(w) jw 2 Rad(f)g to fq0(w0)j w0 2 Rad(f 0)g, there existonstants  2 k, 0, d0 2 k0 suh that 1 2 fq(w) jw 2 Rad(f)g,1 2 f 0q0(w0) jw0 2 Rad(f 0)g and an isomorphism � from the �eldgenerated by fq(w) jw 2 Rad(f)g to the �eld generated by f0q0(w0)jw0 2 Rad(f 0)g suh that :d0'(q(w)) = ((q(w)))�; 8w 2 Rad(f):(ii:i) MO(V; q; k) is not ommutative and there exists a bijetive semi-linear transformation ' from V to V 0 and a onstant 0 2 k0 suh that :�(hxi) = h'(x)i; 8x 2 V with hxi 2 MO(V; q; k);0(f(x; y)� = f 0( ~�(x); ~�(y)); 8x; y 2 V;0(q(x))� = q0( ~�(x)); 8x 2 V;where f and f 0 are the forms assoiated to q and q0,(iii) (X 0; (Ux0)x02X0 is a hermitian Moufang set of the formMH(V 0; q0; k0; �0)with dim(V 0) = 2 and MO(V; q; k)) �= P(Fix(�)), �=M(V 0; q0; k0; �0),(iv) (X 0(Ux0)x02X0) is an extended polar lineMU(V 0; q0; k0; �0) de�ned over ageneralized quaternion algebra k0 isomorphi toMO(V; q; k). If har(k) 6=2, dim(V 0) = 2 and one of the following subases ours :



156 CHAPTER 3. MOUFANG SETS(iv:a) dim(V ) = 3, �0 is the standard involution and k �= Z(k0),(iv:b) dim(V ) = 4, �0 is the standard involution and �k �= Z(k0), where�k is the quadrati Galois extension determined by MO(V; q; k),(iv:) dim(V ) = 3, �0 is not the standard involution andMO(V; q; k) isisomorphi to the orthogonal Moufang set determined byM(V 0; q0; k0; �0).(v) X 0; (Ux0)x02X0) is an indi�erent Moufang set P(�k0; l0; k0) and one of thefollowing subases ours :(v:a) dim(V ) = 3 and k �= l0 = k0,(v:b) dim(V ) = 4, odim(Rad(f 0)) 6= 2 and �k �= l0 = k0, where �k is thequadrati Galois extension of k determined by MO(V; q; k),(v:) odim(Rad(f)) = 2, � indues a bijetion ' from fq(w) jw 2Rad(f)g to �l0, there exist onstants  2 k, 0 2 k0 suh that 1 2 fq(w)jw 2 Rad(f)g and an isomorphism � from the �eld generated by fq(w)jw 2 Rad(f)g to k0 suh that :0('(q(w)) = ((q(w)))�:proof :First ase : (X 0; (Ux0)x02X0) is a projetive Moufang set of the form P(k0).If Z(k0) 6= k0 we refer to Proposition 125. If Z(k0) = k0 we refer to Proposi-tion 126.Seond ase: (X 0; (Ux0)x02X0) is a non ommutative orthogonal Moufang setof the form MO(V 0; q0; k0).Remark that this implies that dim(V ) � 5 and dim(V 0) � 5 and k 6= F2or F3 by Lemma 116. Choose oordinatizations of both Moufang sets withassoiated deompositions V = e�1k�V0e1k and V 0 = e0�1k0�V 00e01k0. and la-belling sets R0;1 = f(v0; v1) 2 V0�kjq(v0)+v1 = 0g and R00;1 = f(v00; v01) 2 V 00�kjq0(v00) + v01 = 0g. Let B0 and B00 be ordered bases of V0 and V 00 . Withoutloss of generality we an assume �((0; 0)) = (0; 0) and �((1)) = (1). Usingthe results of setion 3.12.3 we an assume (0; 1) 2 R0;1, (0; 1) 2 R00;1 and�((0; 1)) = (0; 1). As for any oordinate (v0; v1) 2 R0;1, v1 is ompletelydetermined by v0, � indues a bijetion from V0 to V 00 also denoted by � andde�ned by : �(v0; v1) = (�(v0); v01)The element v01 will be denoted in the sequel by �v0(v1).Expressing that � is a Moufang set isomorphism implies that



3.15. ISOMORPHISM PROBLEMS 157for (v0; v1), (w0; w1) 2 R0;1 :�((v0; v1)� (w0; w1)= (�(v0 + w0); �v0+w0(v1 + w1 � f(v0; w0))= (�(v0) + �(w0); �v0(v1) + �w0(w1)� f 0(�(v0); �(w0))= �((v0; v1))� �((w0; w1)):This means that � de�nes an additive bijetion from V0 to V 00 .Our next laim is that � indues a semi-linear transformation from V0 to V 00 .We give di�erent proofs depending on har(k).1. First ase : har(k) 6= 2.Let (v0; v1) 2 R0;1 and � 2 k.Using Lemma 107 we �nd that s(v0;v1) s(v0�;v1�2) 2 Z(FixTMO(V;q;k) f(1),(0; 0)g). Namely for (w0; w1) 2 R0;1 we have :s(v0;v1)s(v0�;v1�2)(w0; w1) = (w0��2; w1��4):Thus it follows that s(�(v0);�v0 (v1)) s(�(v0�);�v0�(v1�2)) 2 Z(FixTMO(V 0;q0;k0) f(1),(0; 0)g. Suppose �(v0) and �(v0�) are linearly independent. As dim(V 0) �we an hoose an a00 2 V 00 , suh that a00 62 h�(v0), �(v0�) i. Denote W 00 = ha00, �(v0), �(v0�) i and W 0 = e0�1k0 �W 00 �e01k0. As q0 is a non degeneratequadrati form of Witt index 1 on W 0 we an onsider the Moufang subsetMO(W 0; q0; k0) ofMO(V 0; q0; k0). We �nd that s(�(v0);�v0 (v1)) s(�(v0�);�v0�(v1�2))2 Z(FixTMO(W 0;q0;k0) f(1), (0; 0)g). But as dim(W 00) � 3 and k 6= F3 , Theo-rem 1.29 in [24℄ implies that the restrition of s(�(v0);�v0 (v1)) s(�(v0�);�v0�(v1�2))on W 0 has a matrix representation with respet to the ordered base fe0�1,�(v0), �(v0�), a00, e01 g of the form :0� �0 0 00 I3 00 0 �0�1 1A :This yields for w00 2 W 00 that :(s(�(v0);�v0 (v1))s(�(v0�);�v0�(v1�2)))((w00; q0(w00)))0= �(v0)f 0(w00; �(v0))(�v0(v1))�2�v0�(v1�2)+�(v0�)(f 0(�(v0); �(v0�))f 0(�(v0); w00)(�v0(v1))�2+f 0(�(v0�); w00)(�v0(v1))�1) + w00(�v0(v1))�1�v0�(v1�2)= w00�0



158 CHAPTER 3. MOUFANG SETSThis means that for every w00 2 W 00 n h�(v0), �(v0�)i :�(v0)f 0(w00; �(v0))(�v0(v1))�2�v0�(v1�2)+�(v0�)(f 0(�(v0); �(v0�))f 0(�(v0); w00)(�v0(v1))�2+f 0(�(v0�); w00)(�v0(v1))�1)= 0:And as �(v0), �(v0�) are linearly independent this shows :f 0(w00; �(v0)) = 0; 8w00 2 W 00 n h�(v0); �(v0�)iyielding that �(v0) 2 Rad(f 0jW 0), a ontradition as f 0 is not degenerate onW 0.This shows that �(v0) and �(v0�) are linearly dependent.And in this way we �nd :�(v0�) = �(v0)�0; �0 2 k0;8� 2 k; v0 2 V0:As dim(V0) � 3 we an use Lemma 54 to see that � de�nes a bijetive semi-linear transformation with an assoiated �eld isomorphism � suh that :�(v0�) = �(v0)��; 8� 2 k; v0 2 V0:2. Seond ase har(k) = 2.Let (v0; v1) 2 R0;1 with �(v0) 62 Rad(f 0) and � 2 k. Then we show that�(v0�) = �(v0)�0, �0 2 k0.By Lemma 107 we have :s(v0;v1)s(v0�;v1�2)(w0; w1) = (w0�2; w1�4); 8(w0; w1) 2 R0;1;and s(v0;v1)s(v0�;v1�2) 2 Z(FixTMO(V;q;k) f(0; 0); (1)g) and also s(�(v0);�v0 (v1))s(�(v0�);�v0(�(v1�2)) 2 Z(FixTMO(V 0;q0;k0)f(0; 0); (1)g.To simplify notations and alulations we redue the situation to the asewhere dim(V 0) = 5 to prove that if �(v0) 62 Rad(f 0), �(v0) and �(v0�) are lin-early dependent. Indeed, due to the onditions onMO(V; q; k) and �(v0) wean hoose a subspaeW 00 � V 00 ontaining �(v0) and �(v0�) suht that �(v0)62 Rad(f 0jW 00) and suh that the Moufang subset MO(W 0; q0; k0) is not om-mutative withW 0 = e0�1k0 �W 00 �e01k0 and dim(W 0) = 5. As s(�(v0�);�v0(�(v1�2))2 Z(FixTMO(V 0;q0;k0)f(0; 0); (1)g we also �nd that s(�(v0�);�v0(�(v1�2)) 2 Z(FixTMO(W 0;q0;k0)f(0; 0); (1)g.Hene we are redued to the ase where dim(V 0) = 5.



3.15. ISOMORPHISM PROBLEMS 159Suppose �(v0) and �(v0�) are linearly independent.We give matrix representations of s(�(v0);�v0 (v1))s(�(v0�);�v0�(v1�2)) with respetto ertain bases.Suppose �rstly that �(v0�) 2 Rad(f 0).Then we hoose an ordered base B00 = fe001, e002, e003g suh that e001 = �(v0)and e003 = �(v0�). Using Lemma 106 one we �nd that with respet to theordered base fe0�1; B00; e01g, s(�(v0�);�v0�(v1�2)) has a matrix representation ofthe form : 0BBBB� �0 0 0 0 00 1 x0 0 00 0 1 0 00 0 0 1 00 0 0 0 �0�1 1CCCCA :Consider an arbitrary element t of FixTMO(V 0;q0;k0)f(0; 0); (1)g. Then thishas a general matrix representation with respet to the ordered base fe0�1; B00,e01g of the form : 0BBBB� �0 0 0 0 00 g01 h01 0 00 g02 h02 0 00 g03 h03 1 00 0 0 0 �0�1: 1CCCCA :Expressing that t and s(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) ommute translates inthe following set of equations :g0ix0 = 0; 2 � i � 3:Using Lemma 106 one an hoose a t suh that for some i, 2 � i � n � 2,g0i 6= 0. Then the above equations show x0 = 0.Hene s(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) has matrix representation of the form :0� �0 0 00 I3 00 0 �0�1 1A :Suppose �(v0�) 62 Rad(f).If f 0(�(v0); �(v0�) 6= 0 we let B00 = fe001, e002, e003g be an ordered base of V 00with e001 = �(v0), e002 = �(v0�) and e003 the vetor whih spans Rad(f 0).



160 CHAPTER 3. MOUFANG SETSBy Lemma 106 one heks that s(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) has a matrixrepresentation with respet to the ordered base fe0�1, B00, e01g of the form :0BBBB� �0 0 0 0 00 x01 x02 0 00 x03 x04 0 00 0 0 1 00 0 0 0 (�0)�1 1CCCCAIf f 0(�(v0); �(v0�) = 0 we hoose the base B00 = f e001, e002, e003g of V 00 suhthat e002 = �(v0) and he003 = Rad(f 0). Remark that by hoie of e003, e0032 �(v0)? \ = (�(v0�))? = h �(v0); �(v0�)i. Using Lemma 106 we �nd asmatrix representation of s(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) with respet to theordered base fe0�1, B00, e01g :0BBBB� �0 0 0 0 00 1 0 0 00 x01 1 0 00 x03 0 1 00 0 0 0 (�0)�1 1CCCCAWe set as general matrix representation of an element t of FixTMO(V 0;q0;k0)f(0; 0); (1)g with respet to the ordered bases fe0�1; B00; e01g the followingform : 0BBBB� �0 0 0 : : : 00 g01 h01 0 00 g02 h02 0 00 g03 h03 1 00 0 0 0 �0�1: 1CCCCALet f 0(�(v0); �(v0�)) = 0.Translating the fat that t and s(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) ommute yieldsthe following set of equations : g01x01 = x01h01x01 = 0g01x03 = x03h01x03 = 0:



3.15. ISOMORPHISM PROBLEMS 161As a next step we alulate g0i and h0i for a speial ase. Let b00 and 002 V 00 with f(e001; 00) = 0, and f(e001; b00) 6= 0 (remark that this is possible ase001 62 Rad(f 0)). Write b00 =P3j=1 e0j0 b0j0 . Using Lemma 106 we alulate :s(b00;b01)s(00;01)(e010 ) = b00f(e010 ; b00)b0�11 + e010= 3Xj=1 e0j0 b0j0 f(e010 ; b00)b0�11 + e010 :Thus in partiular for r(b00;b01)r(00;01), g01 = (1 + b010 f(e010 ; b00)b0�11 ) and g02 =b020 f(e010 ; b00)b0�11 and the equation from above beomes :x01 + x01(b010 f(e010 ; b00)b0�11 ) = x01:Equivalently : x01b010 = 0:As f 0(e001; b00) = f 0(e001;P3j=2 e00jb00j) we an hoose b001 arbitrarily in the aboveformula. Hene x01 = 0. In a ompletely similar way one shows x03 = 0. Thusin this ase s(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) has a matrix representation of theform (with respet to the base B = f e0�1, B00, e01g) :0� �0 0 00 I3 00 0 �0�1 1A :Suppose �nally that f 0(�(v0); �(v0�)) 6= 0. Expressing in this ase thats(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) ommutes with an arbitrary element t of FixMO(V;q;k)f(0; 0), (1)g with matrix representation with respet to the ordered basefe0�1; B00; e01g : 0BBBB� �0 0 0 0 00 g01 h01 0 00 g02 h02 0 00 g03 h03 1 00 0 0 0 �0�1: 1CCCCAyields the following set of equations :g03x01 + h03x03 = g03 (3.12)g03x02 + h03x04 = h03: (3.13)



162 CHAPTER 3. MOUFANG SETSWe alulate in some speial ases g03 and h03. Let 00 2 V 00 with f 0(e001; 00) = 0and f 0(e002; 00) = 0 and b00 = P3j=1 e00jb00j . Choose 01, b01 2 k with (b00; b01),(00; 01) 2 R00;1.Then we �nd :s(b00;b01)s(00;01)(e001) = 3Xj=1 e00jb00jf(e001; e002)b002b01�1 + e001s(b00;b01)s(00;01)(e002) = 3Xj=1 e00jb00jf(e001; e002)b001b01�1 + e002:Consequently we have in this ase :f 03 = b002b003f 0(e001; e002)b01�1g03 = b001b002f 0(e001; e002)b01�1:But then equations (3.12) and (3.13) beome :b002b003f 0(e001; e002)b01�1x01 + b001b002f 0(e001; e002)b01�1x03 = b001b002f 0(e001; e002)b01�1b002b003f 0(e001; e002)b01�1x02 + b001b002f 0(e001; e002)b01�1x04 = b001b002f 0(e001; e002)b01�1:After simpli�ation : b002x01 + b001x03 = b002b002x02 + b001x04 = b001:As b00 was hosen arbitrarily, these equations should hold for all b001 and b002in k. This is only possible if x02 = x03 = 0 and x01 = x04 = 1.This means that also in this ase s(�(v0);�v0 (v1)) s(�(v0�);�v0(�(v1�2)) has a matrixrepresentation of the form : 0� �0 0 00 I3 00 0 �0�1 1A :In any ase we thus �nd that for every (v00; v01) 2 R00;1 :s(�(v0);�v0 (v1))s(�(v0�);�v0�(v1�2))(v00; v01) = (v00�0; v01�02):



3.15. ISOMORPHISM PROBLEMS 163Using Lemma 106 and projeting on the �rst oordinate gives that this isequivalent to :�(v0)f 0(v00; �(v0))(�v0(v1))�2�v0�(v1�2)+�(v0�)f 0(�(v0); �(v0�))f 0(�(v0); v00)(�v0(v1))�2+f 0(�(v0�); v00)(�v0(v1))�1) + v00(�v0(v1))�1�v0�(v1�2)= v00�0As dim(V 00) � 3, h�(v0); �(v0�)i 6= V 00 and this implies that for every v00 62h�(v0) �(v0�i : f 0(�(v0); v00) = 0:or equivalently �(v0) 2 Rad(f 0), ontraditing the assumption on �(v0). Thisproves �(v0) and �(v0�) are linearly dependent.So far we thus showed the following property : if for w0 2 V0, �(w0) 62 Rad(f 0)then : �(w0�) = �(w00)�0; � 2 k0;8�0 2 k0:Suppose w0 2 V0 with �(w0) 2 Rad(f 0) and � 2 k. Then we hoose a u0 2 V0suh that �(u0) 62 Rad(f 0).Let �(u0�) = �(u0)�0. We have �(w0 + u0) 62 Rad(f 0).Hene : �((w0 + u0)�) = �(w0 + u0)�00; �00 2 k0= �(w0�) + �(u0�)= �(w0�) + �(u0)�0:If �(w0�) 62 Rad(f 0), �(w0) = �((w0�)��1) implies �(w0) 62 Rad(f 0) a on-tradition. Hene �(w0�) 2 Rad(f 0).Then the equation from above implies :�(w0�) = �(w0)�0:We �nd in all ases for � 2 k and v0 2 V0 :�(v0�) = �(v0)�0; �0 2 k0:Thus � de�nes in all ases an additive map from V0 to V 00 preserving vetorlines. As dim(V0) � 3 Lemma 54 implies that � is a semi-linear transforma-tion from V0 to V 00 with an assoiated isomorphism �.



164 CHAPTER 3. MOUFANG SETSThis shows that in all ases � de�nes a semi-linear transformation from V0to V 00 with an assoiated �eld isomorphism �.Let (v0; v1) 2 R0;1. Then the equation :�s(0;1)(v0; v1) = �(v0v�11 ; v�11 )= (�(v0)(v�11 )�; �v0(v1))= (�(v0)(�v0(v1))�1; (�v0(v1))�1)shows that : �v0(v1) = v�1 :This implies that �v0(v1) is independent of v0.De�ne the semi-linear transformation ' from V to V 0 in the following way.If x = e�1x�1 + x0 + e1k 2 V we set'(x) = e0�1x��1 + �(x0) + e01x�1 :By the de�nition of ' we have :�(hxi) = h'(x)i; 8hxi 2 MO(V; q; k):We hek that ' preserves the forms f and q.Let (v0; v1), (w0; w1) 2 R0;1.Then �(v0; v1) = (�(v0); v�1 ) implies :q0(�(v0)) = (q(v0))�; 8v0 2 V0:From :�((v0; v1)� (w0; w1)) = (�(v0 + w0); (v1 + w1 � f(v0; w0))�)= (�(v0) + �(w0); v�1 + w�1 � f 0(�(v0); �(w0))= �((v0; v1))� �((w0; w1))we dedue : (f(v0; w0))� = f 0(�(v0); �(w0)); 8v0; w0 2 V0:Let x = e�1x�1 + x0 + e1x1, y = e�1y�1 + y0 + e1y1 2 V .We have : q(x) = x�1x1 + q(x0)f(x; y) = x�1y1 + x1y�1 + f(x0; y0):



3.15. ISOMORPHISM PROBLEMS 165Applying � to this formulas yields :(q(x))� = x��1x�1 + (q(x0))�= x��1x�1 + q0(�(x0))= q0('(x))and : (f(x; y))� = x��1y�1 + x�1y��1 + (f(x0; y0))�= x��1y�1 + x�1y��1 + f 0(�(x0); �(y0))= f 0('(x); '(y)):This proves ' meets the onditions of the theorem.Throughout the proof we assumed (0; 1) 2 R0;1, (0; 1) 2 R00;1 and �((0; 1))= (0; 1). In general this is not always the ase and we have to use a pos-sible multipliation of the forms. Namely suppose �(v0; v1) = (v00; v01) for(v0; v1) 2 R0;1 and (v00; v01) 2 R00;1. Then we an onsider the forms v�11 q andv01�1q0. Using proportional oordinate systems for the sets MO(V; v�11 q; k)andMO(V 0; v01�1q0; k0) as explained in setion 3.12.3 we see that the isomor-phism '�1v�11 Æ � Æ'v01�1 satis�es �((0; 0)) = (0; 0), �((1)) = (1) and �((0; 1))= (0; 1).Therefore we �nd a bijetive semi-linear transformation ' suh that :'v�11 Æ � Æ 'v01�1(hxi) = h'(x)i; 8hxi 2 MO(V; q; k)(q(x))� = v�1 v01�1q0('(x)); 8x 2 V(f(x; y))� = v�1 v01�1f 0('(x); '(y)); 8x; y 2 V:As one easily heks that 'v�11 Æ � Æ 'v01�1(hxi) = �(hxi) and ' meets theonditions of the theorem.Conversely let ' be a bijetive semi-linear transformation meeting the re-quirements of the Proposition. Then Lemma 102 shows that � de�ned by :�(hxi)h'(x)i; hxi 2 MO(V; q; k)determines a Moufang set isomorphism form MO(V; q; k) to MO(V 0; q0; k0).Third ase : dim(V ) � 4, odim(Rad(f)) 6= 2 and (X 0; (Ux0)x02X0) is an



166 CHAPTER 3. MOUFANG SETSorthogonal Moufang set.If dim(V 0) � 5 the proof of the seond ase implies that ��1 indues a semi-linear transformation from V 0 to V . It follows that then dim(V ) = dim(V 0),a ontradition as dim(V ) � 4 by assumption. Hene we have dim(V 0) � 4.Four ases our :1. dim(V ) = dim(V 0) = 3.Lemma 111 impliesMO(V; q; k) �= P(k) andMO(V 0; q0; k0) �= P(k0). Heneby Proposition 124 we see that MO(V; q; k) �= MO(V 0; q0; k0) if and only ifk �= k0.2. dim(V ) = 3, dim(V 0) = 4 and odim(Rad(f 0)) 6= 2.Using Lemmas 111 and 112 we see thatMO(V; q; k)�= P(k) andMO(V 0; q0; k0)�= P(k00), where k00 is the quadrati Galois extension of k0 determined by k0.Hene by Proposition 124 we have thatMO(V; q; k) �=MO(V 0; q0; k0) if andonly if k �= k00.3. dim(V ) = 3, dim(V 0) = 4 and odim(Rad(f 0)) = 2.We refer to the proof of the sixth ase.4. dim(V ) = 4 and dim(V 0) = 3.The situation is similar as when dim(V ) = 3 and dim(V 0) = 4.5. dim(V ) = dim(V 0) = 4 and odim(Rad(f)) = 2.By Lemma 120 we then know that MO(V; q; k) is ommutative. HeneMO(V 0; q0; k0) is ommutative and odim(Rad(f 0)) = 2 by the same Lemma.We refer to the proof of the sixth ase.6. dim(V ) = dim(V 0) = 4 and odim(Rad(f)) 6= 2. By Lemma 120 we haveodim(Rad(f 0)) 6= 2. Lemma 112 implies thatMO(V; q; k) �= P(�k), where �kis the quadrati Galois extension of k determined by MO(V; q; k) and sim-ilarly MO(V 0; q0; k0) �= P (�k0) where �k0 is the quadrati Galois extension ofk0 determined by MO(V 0; q0; k0). Proposition 124 shows that in this aseMO(V; q; k) �= MO(V 0; q0; k0) if and only if �k �= �k0.Fourth ase: M(V 0; q0; k0; �0) is of type 4.Denote the isomorphism from MO(V; q; k) to M(V 0; q0; k0; �0) by �. With-out loss of generality we an assume that q0 is a (�;�1)-quadrati form and1 2 Tr(�0) (fr. see Lemma 92 and setion 3.12.2). Choose deompositionsV = e�1k � V0 � e1k and V 0 = e0�1k0 � V 00 � e01k0 with assoiated oordinati-zations over the labelling sets R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g andR00;1 = f(v00; v01) 2 V 00 � k0 jq0(v00) + v01 = 0g. Remark that the assumptions onq0 yield R00;1\ f0g �k = f(0; x0)jx0 2 Tr(�0)g and (0; 1) 2 R00;1.As MO(V; q; k) has ommutative root groups the same should hold for



3.15. ISOMORPHISM PROBLEMS 167M(V 0; q0; k0; �0). Lemma 109 shows that f 0jV 00 = 0 and R01 � Fix(�0).Suppose that if k0 is a generalized quaternion algebra, �0 is not the stan-dard involution. Then Lemma 47 implies that k0 is generated as a ring byTr(�0). Let v0 2 Tr(�0). By assumption there exists a (v0; v1) 2 R0;1 with�((v0; v1)) = (0; v0). Let � 2 k. Set �(v0�; v1�2) = (w00; w01). By Lemma107 we have s(v0;v1) s(v0�;v1�2) 2 Z(FixTMO(V;q;k)f(0; 0); (1)g). Hene afterapplying � we get :s(0;v0)s(w00;w01) 2 Z(FixTM(V 0;q0;k0;�0)f(0; 0); (1)g):Using the matrix representations of setion 3.13 this means :0� 0 0 v00 IjB0j 0v0�1 0 0 1A0� 0 0 w010 IjB0j 0w01�1 0 0 1A = 0� �01 0 00 IjB0j 00 0 �02 1AHene v0w01�1 = �01 and v0�1w01 = �02.By assumption we have :0� �01 0 00 IjB00j 00 0 �02 1A 2 Z(FixTMU(V 0;q0;k0;�0f(1); (0; 0)g):This means that in partiular for every �0 2 Tr(�0) the automorphism withmatrix representation with respet to the ordered base fe0�1, B00, e01g :0� [�0; �01℄ 0 00 IjB00j 00 0 [�0�1; �02℄ 1Ashould at as the identity on MU(V 0; q0; k0; �0). As Tr(�0) generates k0 as aring we �nd that [�0; �01℄ = [�0; �02℄ = z0�0 with z0�0 2 Z(k0) with z0�0�0z0� = 1.This means that there exists for every �0 2 Tr(�0) a z0�0 2 Z(k0) suh that :�0�01 = �01�0z0�0:Let �0 62 Z(k0). Then :(1 + �0)�01 = (1 + �0)�01z0(1+�0)= �01 + �01�0z0�0



168 CHAPTER 3. MOUFANG SETSshows : z0(1+�0) + �0z0(1+�0) = 1 + �0z�0and thus : z0�0 = z0(1+�0) = 1:This means �01 2 Z(k0). In a similar one shows that �02 2 Z(k0).Set z0 = �01 then we thus �nd :�(v0�; v1�2) = (w00; v0z0); z0 2 Z(k0) (3.14)By assumption there exists a (e0; e1) 2 R0;1 suh that �((e0; e1)) =(0; 1).Call the Moufang subset of MO(V; q; k) determined by the set f(e0�1 +v0�2; e1�21 + v1�22 + �1�2f(e0; y0))j�i 2 k; 1 � i � 2g as Yhe0;v0i. Formula(3.14) yields that for every (u00; u01) 2 �(Y ), u01 an be written as �01 + v0�02,with �0i 2 Z(k0), 1 � i � 2. In partiular �(s(e0;e1)(v0; v1)) 2 �(Y ) and thuss(0;1)(0; v0) = (0; v0�1) 2 �(Y ). But then v0�1 an be written as � 01 + v0� 02, for� 0i 2 Z(k0), 1 � i � 2.Equivalently : v02� 02 + v0� 01 + 1 = 0:As v0 was hosen arbitrarily we onlude that every element of Tr(�0) is so-lution of a quadrati equation with o�eÆ��ents in Z(k0).Lemma 52 shows that k0 is a generalized quaternion algebra.But then we �nd by Lemma 47 that in k0 is in any ase a generalized quater-nion algebra.Let har(k) 6= 2. As MO(V; q; k) has ommutative root groups Lemma 104implies that dim(V 0) = 2. Two ases our aording if �0 is the standardinvolution in k0 or not.If �0 is the standard involution in k0 Lemma 105 implies thatMU(V 0; q0; k0; �0)�= P(Z(k0)). Therefore Proposition 125 implies that or dim(V ) = 3 andk �= Z(k0) or dim(V ) = 4 and �k �= Z(k0) where �k is the quadrati Galoisextension of k determined by MO(V; q; k).If �0 is not the standard involution Lemma 115 shows thatMU(V 0; q0; k0; �0)is isomorphi to a non ommutative orthogonal Moufang setMO(V 00; q00; Z(k0))with dim(V 00) = 5. In this ase we thus �nd that MO(V; q; k) should be iso-morphi to MO(V 00; q00; Z(k0)).Fifth ase : (X 0; (Ux0)x02X0) is an indi�erent Moufang set of the formP(�k; l; k).Choose a oordinate system for MO(V; q; k) with assoiated deomposition



3.15. ISOMORPHISM PROBLEMS 169V = e�1k �V0 �e1k and labelling set R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 =0g and a oordinate system for P(�k; l; k). Let B0 be an ordered base ofV0. Without loss of generality we an assume �((0; 0)) = (0) and �((1))= (1). As P(�k0; l0; k0) is a ommutative Moufang set the same should holdfor MO(V; q; k).Hene Lemma 120 implies that dim(V ) = 3, dim(V ) = 4 or odim(Rad(f)) =2.1. dim(V ) = 3.Lemma 111 shows thatMO(V; q; k) �= P(k). By Proposition 126 we see thatMO(V; q; k) �= P(�k0; l0; k0) if and only if k �= l0 = k0.2.dim(V ) = 4 and odim(Rad(f)) 6= 2.Lemma 112 showsMO(V; q; k) �= P(�k), where �k is a quadrati Galois exten-sion of k determined byMO(V; q; k). Proposition 126 yieldsMO(V; q; k) �=P(�k0; l0; k0) if and only if �k �= l0 = k0.3. odim(Rad(f)) = 2.Remark that in this ase f jV0 = 0 and Rad(f) = V0. Let e0 2 V0 with q(e0)6= 0. Set  = q(e0)�1. Denote l = fq(w) jw 2 Rad(f)g = fq(v0) jv0 2 V0g.We hek that l meets the requirements of Proposition 84.(a) If q(v0) 2 l we have :�1(q(v0))�1 = q(v0(q(v0)�1�1)) 2 land hene l = l�1.(b) By onstrution we have 1 2 l.() If q(v0) 2 l and � 2 k we �nd :(q(v0))�2 = q(v0�) 2 land thus l is a vetor spae over k2.Denote the �eld generated by l in k as h. But then Proposition 84 showsthat l determines a Moufang subset of h namely the indi�erent Moufang setP(l;h).We show that P(l;h) is isomorphi to MO(V; q; k).Choose a oordinatization of P(l;h) and let  be the bijetion from P(l;h)to MO(V; q; k) de�ned by :(q(v0)) = (v0; v1)(1) = (1):



170 CHAPTER 3. MOUFANG SETSRemark that as f jV0 = 0, for (v0; v1) 2 R0;1, v0 is ompletely determined byv1. Therefore we see that  is well de�ned.We use Lemma 41 to show that  de�nes a Moufang set isomorphism. It willbe enough if we prove that the mappings (1) and (0) de�ned by :(1)(u((1); (0); (x))) =  Æ u((1); (0); (x)) Æ �1; x 2 l(0)(u((0); (1); (x))) =  Æ u((0); (1); (x)) Æ �1; x 2 lde�ne bijetions from U(0) to U(0;0) and from U(1) to U(1).Let q(v0) 2 l with q(v0) = v1 then we �nd for (w0; w1) 2 R0;1 :u((1); (0); (q(v0))�1((w0; w1)) = u((1); (0); (q(v0))((q(w0)))= ((q(v0 + w0)))= (v0 + w0; v1 + w1)= u((1); (0; 0); (v0; v1))((w0; w1)):Moreover as (w0; w1) was hosen arbitrarily and u((1); (0); (q(v0))) ((1))= (1) we see that :(1)(u((1); (0); (q(v0)))) = u((1); (0; 0); ((q(v0)))):Thus (1) bijetion from U(1) to U(1). Remark that for P(l; k), s(1) U(1)s�1(1) = U(0) and similarly for MO(V; q; k), s(e0;e1) U(1) e�1(e0;e1) = U(0;0). As((1)) = (e0; q(v0)) it suÆes to show that  Æ s(1)�1 = s(e0;e1) in order toprove that (0) de�nes a bijetion from U(0) to U(0;0).We �nd for (v0; v1) 2 R0;1 :s(1)�1((v0; v1)) = s(1)((q(v0)))= ((�1q(v0)�1))= (v0v�11 �1; �2v�11 )= (v0v�11 q(e0); q(e0)2v�11 )= s(e0;e1)((v0; v1)):and : s(1)�1((1)) = (0; 0)= s(e0;e1)((1))s(1)�1((0; 0)) = (1)= s(e0;e1)((0; 0)):



3.15. ISOMORPHISM PROBLEMS 171This proves Æ s(1) Æ�1 = s(e0;e1) and  de�nes a Moufang set isomorphism.As V0 = Rad(f) we �nd fq(v0) jv0 2 V0g = fq(w) jw 2 Rad(f)g. Moreoveras for any v0 2 V0, v0 is ompletely determined by q(v0), � indues a bijetion' from fq(w) jw 2 Rad(f)g to �l0 if we set :'(q(v0)) = �(v0; v1); 8v0 2 Rad(f) = V0:Proposition 131 implies that MO(V; q; k) �= P(l;h) is isomorphi to P(�k0; l0; k0) if and only if there exists a onstant 0 2 k0 and a �eld isomorphism� h to k0 suh that : 0�((q(v0))) = (q(v0))�or equivalently : 0('(q(v0))) = (q(v0)))�:This loses the �fth ase.Sixth ase : odim(Rad(f)) = 2 and (X 0; (Ux0)x02X0) is an orthogonal Mo-ufang set MO(V 0; q0; k0).Choose a oordinatization ofMO(V; q; k) assoiated to the deomposition V= e�1k �V0 � e1k with labelling set R0;1 = f(v0; v1) 2 V0�kjq(v0)+v1 = 0g.Choose as in proof of the �fth ase a onstant  2 k, suh that P(l; h) isisomorphi under  to MO(V; q; k) where l = fq(v0) jv0 2 V0g and h is the�eld generated by l. As in this aseMO(V; q; k) is ommutative Lemma 120shows that dim(V 0) = 2, dim(V 0) = 3 or odim(Def(f 0)) = 2.We distinguish three ases :1. dim(V 0) = 3.Using Lemmas 111 and 131 we see that in this aseMO(V; q; k) �=MO(V 0; q0; k0)if and only if h = l �= k0.2. dim(V 0) = 4 and odim(Rad(f 0)) 6= 2.Using Lemmas 112 and 131 we see thatMO(V; q; k) �=MO(V 0; q0; k0) if andonly if h = l �= �k0 where �k0 is the quadrati Galois extension of k0 determinedby MO(V 0; q0; k0).3. odim(Rad(f 0)) = 2.Choose a oordinatization of MO(V 0; q0; k0) assoiated to the deomposi-tion V 0 = e0�1k0 � V 00 �e01k0 with labelling set R00;1 = f(v00; v01) 2 V 00 � k0jq0(v00) + v01 = 0g.In view of the onditions on f and f 0 we have Rad(f) = V0 and Rad(f 0) = V 00 .This means that for v0 2 V0, v0 is ompletely determined by q(v0). Similarly



172 CHAPTER 3. MOUFANG SETSfor v00 2 V 00 , v00 is ompletely determined by q0(v00)). Therefore � indues a bi-jetion from fq(w) jw 2 Rad(f)g= fq(v0) jv0 2 V0g to fq0(w0) jw0 2 Rad(f 0)g= fq0(v00)) jv00 2 V 00g is we set :'(q(v0)) = (�((v0; q(v0))))1; 8v0 2 Rad(f):Similarly as forMO(V; q; k) we know that there exists a indi�erent Moufangset P(l0;h0) and an isomorphism  0 from P(l0;h0) toMO(V 0; q0; k0) suh thatl0 = f0q0(w0) jw0 2 Rad(f 0)g and h0 is the �eld generated by l0. Rememberthat  0 is given by :  0((0q0(v00))) = (v00; q0(v00)) 0((1)) = ((1)):But then  0�1 �  de�nes a Moufang set isomorphism from P(l;h) to P(l0;h0).Proposition 131 shows that MO(V; q; k) �= P(l;h) is thus isomorphi toMO(V 0; q0; k0) �= P(l0;h0) if and only if there exists an isomorphism from hto h0 and a onstant a0 2 h0 suh that 0�1�(q(v0)) = (a0(q(v0)�)); 8v0 2 Rad(f) = V0The is learly equivalent to :0('(q(v0))) = a0(q(v0))�;8v0 2 Rad(f) = V0;or if we set 0a0�1 = d0 :d0('(q(v0))) = (q(v0))�;8v0 2 Rad(f):This loses the sixth ase. 23.15.4 The isomorphism problem for hermitian Mo-ufang sets.In this setion we will investigate the possible isomorphisms between a her-mitian Moufang set and the other Moufang sets in the list of setion 3.14.



3.15. ISOMORPHISM PROBLEMS 173Proposition 128 A hermitian Moufang set MH(V; q; k; �) with assoiatedform f is isomorphi under � to a lassial or indi�erent Moufang set(X 0; (Ux0)x02X0) if and only if one of the following holds :(i) (X 0; (Ux0)x02X0) is a projetive Moufang set of the form P(k0), dim(V ) =2 and Fix(�) �= k0,(ii) (X 0; (Ux0)x02X0) is an orthogonal Moufang setMO(V 0; q0; k0), dim(V ) =2 and P(Fix(�0)) �= MO(V 0; q0; k0),(iii) (X 0; (Ux0)x02X0) is a hermitian Moufang setM(H(V 0; q0; k0; �0)) and oneof the following subases ours:(ii:a) dim(V ) = dim(V 0) = 2 and Fix(�) �= Fix(�0),(ii:b) dim(V ) = dim(V 0) = 3, Fix(�) �= Fix(�0) and MH(V; q; k; �)�= MH 0(V 0; q0; k0; �0),(ii:) dim(V ) > 3 and � indues a bijetive semi-linear transformationfrom V to V 0 preserving the forms i.e. there exists a ollineation '(with assoiated �eld isomorphism �) from V to V 0 and a onstant0 2 Fix(�0) suh that :�(hxi) = h'(x)i; 8hxi 2 M(H(V; q; k; �))(f(x; y))� = f 0('(x); '(y)); 8x; y 2 V(q(x))� = q0('(x)); 8x 2 V;(iv) (X 0; (Ux0)x02X0) is a unitary Moufang setMU(V 0; q0; k0; �0) de�ned overa quaternion algebra k0 with standard involution �0, dim(V 0) = 2 andMH(V; q; k; �) �= Fix(�) �= Z(k0) �=MU(V 0; q0; k0; �0).(v) (X 0; (Ux0)x02X0) is a unitary Moufang setMU(V 0; q0; k0; �0) with dim(V 0) =3, k0 is a generalized quaternion algebra with standard involution �0whih determines a hermitian Moufang setMH( �V ; �q, �k; ��) with dim( �V )= 4 and isomorphi to MH(V; q; k; �).(vi) (X 0; (Ux0)x02X0) is an indi�erent Moufang set P(�k0; l0; k0), dim(V ) = 2and Fix(�) �= l0 = k0,proof :



174 CHAPTER 3. MOUFANG SETSFirst ase :(X 0; (Ux0)x02X0) is a projetive Moufang set P(k0).We refer to Proposition 125.Seond ase : (X 0; (Ux0)x02X0) is an orthogonal Moufang set MO(V 0; q0; k0).We refer to Proposition 127.Third ase : (X 0; (Ux0)x02X0) is a hermitian Moufang set MH(V 0; q0; k0; �0).Using Lemma 92 and setion 3.12.2 we an assume q is a (�;�1)-quadratiand q0 is a (�0;�1)- quadrati form. We have Tr(�) = Fix(�) and Tr(�0)= Fix(�0). Choose oordinatizations of both Moufang sets assoiated to thedeompositions V = e�1k � V0 � e1k and V 0 = e0�1k0 � V 00 � e01k0 with la-belling sets R0;1 = f(v0; v1) 2 V0 � kjq(v0) + v1 = 0g and R00;1 = f(v00; v01) 2V 00 � kjq0(v00) + v01 = 0g. Without loss of generality we an assume that�((0; 0)) = (0; 0) and �((1)) = (1). Let g and f be the forms on V suhthat q(x) = g(x; x) +k�;�1, 8x 2 V and q(x + y) = q(x) + q(y) + f(x; y),8x; y 2 k. Similarly g0 and f 0 denote the forms on V 0 suh that q0(x0)= g0(x0; x0), 8x0 2 V 0 and q0(x0 + y0) = q0(x0) +q0(y0) +f 0(x0; y0), 8 x0, y02 V 0. By the proof of Lemma 104 we have forMH(V; q; k; �) that Z(U(1)) =f u((1); (0; 0); (0; t))j t 2 Fix(�)g and similarly for MH(V 0; q0; k0; �0) thatZ(U(1)) = f u((1); (0; 0); (0; t0) jt0 2 Fix(�0)g. As � indues an isomorphismbetween root groups and �u((1); (0; 0); (0; t))��1 = u((1); (0; 0); �((0; t)))we �nd that �f(0; t)jt 2 Fix(�)g = f(0; t0)jt0 2 Fix(�0)g. This means that �indues a bijetion (also denoted by �) from Fix(�) to Fix(�0) de�ned by :�((0; t)) = (0; �(t)); 8t 2 Fix(�) (3.15)Upon a possible multipliation of q0 with a ertain onstant we an thusalso assume that �((0; 1)) = (0; 1). Denote Y = f (0; t)jt 2 Fix(�)g andY 0 = f(0; t0) jt0 2 Fix(�0)g. Lemma 118 implies that Y [f(1)g and Y 0[f(1)g de�ne Moufang subsets of k and k0 whih are isomorphi to Fix(�)and Fix(�0). In view of the isomorphism from P(Fix(�)) to Y and fromP(Fix(�0)) to Y 0 Proposition 124 implies that the map � from Y to Y 0 de-�nes a �eld isomorphism from Fix(�) to Fix(�0).Using property (3.15) one shows that � is independent of the �rst oordi-nate i.e. if (v0; v1) 2 R0;1 and (v0; �v1) 2 R0;1 with �(v0; v1) = (v00; v01) then�(v0; �v1) = (v00; �v01).Namely if (v0; v1) and (v0; �v1) 2 R0;1, then (v0; v1) 	 (v0; �v1) = (0; t) forsome t 2 Fix(�). Hene �((v0; v1) 	 (v0; �v1)) = (0; t0) ,t0 2 Fix(�0), and



3.15. ISOMORPHISM PROBLEMS 175�(v0; �v1) = (v00; v01) �(0; t0) = (v00; v01 + t0). This implies that � indues abijetion from V0 to V 00 (whih we also denote by �) de�ned by :(�(v0; v1))0 = �(v0); 8(v0; v1) 2 R0;1:To simplify the alulations we introdue following notation.If (v0; v1) 2 R0;1 we set :�(v0; v1) = (�(v0); �v0(v1));where the supersript stresses a possible dependene on v0.Remark that �(t) = �0(t) 8t 2 Fix(�).If t 2 Fix(�)) we de�ne the transformation mt by :mt = s(0;t)s(0;1):Note that the ation of mt is given by :mt(1) = (1)mt(v0; v1) = (v0t; v1t2); 8(v0; v1) 2 R0;1:We show the following property :For every v0 6= 0 there exists at least one �v0 62 Fix(�) with�(v0�v0) = �(v0)�0v0 ; �0v0 62 Fix(�0): (3.16)For v0 6= 0 2 V0 we hoose a v1 2 k with (v0; v1) 2 R0;1 and onsiders(0;1)(v0; v1) = (v0v�11 ; v�11 ). Sending this equation over to MH(v0; q0; k0; �0)via � implies : �(v0v�11 ) = �(v0)(�v0(v1))�1:As the form q is anisotropi on V0, v1 is not ontained in Fix(�), and as�f(0; t)jt 2 Fix(�)g = f(0; t0)jt0 2 Fix(�0)g it follows that �v0(v1) 62 Fix(�0).This means we an set �v0 = v�11 and (3.16) holds.As every s 2 k an be written as a+ �v0b, a; b 2 Fix(�) we alulate :(�((v0s; s�sv)))0 = (�(ma((v0; v1)))�mb((v0�v0 ; ��v0�v0v1)))0= (m�(a)�((v0; v1)))0 + (m�(b)�((v0)�0v0 ; (�0v0)�0�0v0)))0= �(v0)(�(a) + �0v0�(b))



176 CHAPTER 3. MOUFANG SETSwhere we used the fat that �(v0�v0) = �(v0) �0v0 and �(mt((w0; w1))) =(�(w0)�(t), �w0(w1)(�(t))2), 8 (w0; w1) 2 R0;1, 8t 2 Fix(�). Thus we �ndfor v0 2 V0 and � 2 k : �(v0�) = �(v0)�0v0 ; (3.17)where the subsript v0 denotes a possible dependene on v0. By symmetrialarguments we �nd for �0 2 k0 and v00 2 V 00 that :��1(v00�0) = ��1(v00)�v00 ; (3.18)where the subsript v00 denotes a possible dependene on v00. We distinguishtwo ases :1. First ase : dim(V0) = 1.If in this ase dim(V 00) � 2, formula (3.17) and Lemma 54 imply that �de�nes a semi-linear transformation from V0 to V 00 a ontradition. Henedim(V 00) = 1. And thus we �nd that for � 2 k, v0 2 V0 :�(v0�) = �(v0)�0v0where �0v0 might depend on v0.2. Seond ase : dim(V0) = 2.In this ase formula (4) and Lemma 54 imply that ��1 indues a semi-lineartransformation from V 00 to V0 with an assoiated �eld isomorphism ��1.Hene � indues a semi-linear transformation of V0 to V 00 with assoiated�eld isomorphism �.The relation : s(0;t)(v0; v1) = (v0v�11 t; tv�11 t)gives after applying � :�(v0)�v0(v1)�1�(t) = �(v0)(v�11 )�t��v0v�11 t(t2v�11 ) = �(t)(�v0(v1)�1�(t)As t� = �(t), 8t 2 Fix(�) the �rst of these equations implies that :�v0(v1) = v�1 ;proving that � is independent from its seond oordinate. Therefore we androp the supersript v0 in �v0(v1) and simply write �(v1) instead of �v0(v1).



3.15. ISOMORPHISM PROBLEMS 177Let (v0; v1); (w0; w1) 2 R0;1 then the equation :�(v0; v1)� �(w0; w1) = (�(v0 + w0); �(v1 + w1 � f(v0; w0))= (�(v0) + �(w0); (v1 + w1 � f(v0; w0))�)= (�(v0) + �(w0); �(v1) + �(w1)� f 0(�(v0); �(w0)))yields : f(v0; w0)� = f 0(�(v0); �(w0)); 8v0; w0 2 V0:As (v0;�g(x0; x0))) 2 R0;1 and (�(v0);�g0(�(v0; �(v0)))) 2 R00;1 we have :g0(�(v0); �(v0)) = (g(v0; g(v0)))� + k0�0;�1; 8v0 2 V0:Consider v0, w0 2 V0 suh that f(v0; w0) 6= 0 (suh a pair of vetors alwaysexists as Rad(f) = 0). Then we �nd for every � 2 k :(f(v0�;w0))� = f 0(�(v0�); �(w0)):Yielding : ��(f(v0; w0))� = (�)��0f 0(�(v0); �(w0)):This shows : ��� = ���0 ; 8� 2 k:Let he�1x�1 + x0 + e1x1i 2 MH(V; q; �; k) i.e.�x��1x1 + q(x0) = 0:Applying � to this equation gives :�x��0�1 x�1 + q0(�(x0)) = 0: (3.19)De�ne the semi-linear transformation ' from V0 to V 00 by :'(e�1x�1 + x0 + e1x1) = e0�1x��1 + �(x0) + e01; x�1; x1 2 k; x0 2 V0:Then equation (3.19) implies that ' indues a bijetion from the points ofMH(V; q; k; �) to the points of MH(V 0; q0; k0; �0) suh that�(hxi) = h'(x)i; 8hxi 2 MH(V; q; k; �):Remains to hek that ' preserves the forms q and f . Let x = e�1x�1+x0+e1x1 2 V then : q(x) = �x��1x1 + q(x0):



178 CHAPTER 3. MOUFANG SETSApplying � to this expression gives :(�x��1x1 + q(x0))� = �x���1x�1 + q0(�(x0))= �x��0�1 x�1 + q0(�(x0)= q0('(x)):Let e�1x�1 + x0 + e1x1 and e�1y�1 + y0 + e1y1 2 V then :f(e�1x�1 + x0 + e1x1; e�1y�1 + y0 + e1y1) = �x��1y1 + f(x0; y0) + x�1y�1Let x = e�1x�1 + x0 + e1x1 and y = e�1y�1 + y0 + e1y1. Then :(f(x; y))� = (�x��1y1 + f(x0; y0) + x�1y�1)�= �x��0�1 y�1 + f 0(�(x0); �(y0)) + x��01 y��1= f 0(e0�1x��1 + �(x0) + e01x�1 ; e�1y�1 + �(y0) + e1y�1 )= f 0('�(x); '�(y)):Throughout the proof we assumed that �((0; 1)) = (0; 1). This might involvea possible multipliation of q0 with a ertain element of Fix(�0).Namely suppose M(V 0; q0; k0; �0)) is oordinatized using a deompositione0�1k0 � V 00 � e01k0. Let �((0; 1)) = (0; 0), 0 2 Fix(�0). Then we onsiderthe proportional Moufang set M(V 0; 0�1q; k0; �0) (fr. setion 3.12.3) oor-dinatized using the deomposition V 0 = �e0�1k0 � V 00 � �e01k0, with �e0 = e0�1and �e01 = e01. Using this oordinate system the isomorphism  0�1 Æ � fromMH(V; q; k; �) to MH(V 0; �1q0; k0; �0) learly satis�es  0�1 Æ�((0; 0)) =(0; 0),  0�1 Æ�((1)) = (1) and  0�1 Æ�((0; 1)) = (0; 1) and we an ap-ply the proof so far developed. This means that there exists a semi-lineartransformation ' with assoiated �eld isomorphism � from V to V 0 suhthat :  0�1 Æ �(hxi) = h'(x)i; 8hxi 2 MH(V; q; k; �)(q(x))� = 0�1q0('(x)); 8x 2 V(f(x; y))� = 0�1f 0('(x); '(y)); 8x; y 2 V:And thus we �nd that ' is a bijetive semi-linear transformation from V to



3.15. ISOMORPHISM PROBLEMS 179V 0 with assoiated �eld isomorphism � suh that :�(hxi) = h'(x)i; 8hxi 2 MH(V; q; k; �)0(q(x))� = q0('(x)); 8x 2 V0(f(x; y))� = f 0('(x); '(y)); 8x; y 2 V:Conversely let ' be a bijetive semi-linear transformation from V to V 0 sat-isfying : 0(q(x))� = q0('(x)); 8x 2 V0(f(x; y))� = f 0('(x); '(y)); 8x; y 2 Vwith 0 2 Fix(�0). Then Lemma 102 implies that the map fromMH(V; q; k; �)to MH(V 0; q0; k0; �0) de�ned by :�(hxi) = h'(x)idetermines a Moufang set isomorphism.Fourth ase : (X 0; (Ux0)x02X0) is a unitary Moufang set MU(V 0; q0; k0; �0).Using Lemma 92 and the results from setion 3.12.2 we an assume withoutloss of generality that q0 is a (�0;�1)-quadrati form suh that 1 2 Tr(�0).Choose oordinatizations of both Moufang sets assoiated to the deomposi-tions V = e�1k�V0� e1k and V 0 = e0�1k0�V 00 � e01k0 with labelling sets R0;1= f(v0; v1) 2 V0�kjq(v0)+v1 = 0 and R00;1 = f(v00; v01) 2 V 00 �k0jq0(v00)+v01 =0g. Without loss of generality we an assume that �((0; 0)) = (0; 0) and�((1)) = (1) and �((0; 1)) = (0; 1).By Lemma 103 we know that � f(0; t) jt 2 Fix(�)g = f(v00; v01) v00 2 Rad(f 0)g.Remark that f(v00; v01)j v00 2 Rad(f 0)g [ f(1)g determines a Moufang subsetofMU(V 0; q0; k0; �0) namelyM(Rad(f 0); q0; k0; �0). One heks that f(0; t)jt 2Fix(�)g [f(1)g determines a Moufang subset ofMH(V; q; k; �) isomorphito P(Fix(�)). Moreover in a similar way one heks that the set f(0; �0)j�0 2Tr(�)g [ f(1)g determines a Moufang subset ofMU(Rad(f 0); q0; k0; �0). AsP(Fix(�) is a ommutative Moufang set Lemma 121 implies that k0 is ageneralized quaternion algebra with standard involution �0.For every (v00; v01), the element v00 is ompletely determined by v01. Therefore



180 CHAPTER 3. MOUFANG SETSwe de�ne a bijetion (also denoted by �) from Fix(�) to L0 = ft0jt0 = q0(v00)for a v00 2 Rad(f 0) if we set :(�((0; t)))1 = �(t); 8t 2 Fix(�):Remark that Lemma 109 shows that L0 � Fix(�0). Therefore we �nd thatL0 * k0. In the sequel we will denote for t 2 Fix(�) the automorphism s(0;t)s(0;1) as mt and for t0 2 L0 with q(t00) = t0, s(t00;t0) s(0;1) as mt0 . We show thatL0 is a �eld isomorphi to Fix(�).By de�nition 1 2 L0. Let a01, b01 2 L0 with q0(a00) = a0, q0(b00) = b01, �(r) = a01and �(t) = b01.Then the equations : q0(a00 + b00) = a01 + b01q0(a00a01�1) = a01�1show that a01 + b01 2 L0 and a01�1 2 L0.Using the matrix representations of sx as explained in setion 3.13 we �nd :�mrmt��1 = �mrt��1= m�(rt)= ma01mb01= ma01b01 :Using the matrix representations this is only possible if �(rt) = a01b01 z0, withz0 2 Z(k0) suh that z0z0� = 1. But as k0 is a generalized quaternion algebrawith standard involution this implies a01b01 = ��(rt) and a01b01 2 L0.This proves that L0 is a �eld and L0 is a Moufang subset ofMU(V 0; q0; k0; �0).As � indues a bijtion from Fix(�) to L0 it determines an isomorphismfrom P(Fix(�)) to P(L0). Proposition 124 shows that � indues a �eldisomorphism from Fix(�) to L0. Suppose Rad(f 0) 6= 0.Then there exists at least one (a00; a01) with a00 6= 0 and a01 2 L0. As q0 isanisotropi on V 00 we �nd a01 62 (k0) and dim(L0)jZ(k0) = 2 as k0 is a generalizedquaternion algebra and L0 6= k0. Beause L0 is 2 dimensional over Z(k0) we�nd Z(k0)(a01) = L0.Let �0 2 k0 arbitrarily then q0(a00�0) = �0�0a01�0 shows :�0�0a01�0 2 L0 = (Z(k0)(a01)); 8�0 2 k0:



3.15. ISOMORPHISM PROBLEMS 181Lemma 53 implies that a01 2 Z(k0) a ontradition as q0 is anisotropi onV 00 . This shows that for MU(V 0; q0; k0; �0) learly Rad(f 0) = 0. But then we�nd Z((R00;1;�)) = f(0; �0) j�0 2 Tr(�0) and �f (0; t) jt 2 Fix(�)g = f(0; �0)j�0 2 Tr(�0). This implies that � is independent of its seond oordinate.Indeed if (v0; v1), (v0; �v1) 2 R0;1 we have :�((v0; v1)	 (v0; �v1) = �((0; v1 � �v1))= (0; �(v1 � �v1)and hene (�((v0; v1)))0 = (�((v0; �v1)))0. This implies that we an de�ne abijetion from V0 to V 00 (also denoted by �) in the following way. If v0 2 V0we set : (�((v0; q(v0))))0 = �(v0):Thus we an introdue the following notation. If (v0; v1) 2 R0;1 we set :�((v0; v1)) = (�(v0); �v0(v1))where the supersript denotes a possible dependene on v0. As for (v0; v1),(w0; w1) 2 R0;1(�((v0; v1)� (w0; w1)))1 = (�((v0 + w0; v1 + w1 � f(v0; w0)))1= (�((v0; v1)))1 + (�((w0; w1)))1� is an additive map from V0 to V 00 . We �nd for (v0; v1) 2 R0;1, v0 6= 0 and� 2 Fix(�) : �(m�(v0; v1)) = �((v0�; �2v1))= �((v0�); �v0�(�2v1)))= �((v0)�(�); �(�)2�v0(v1))= m�(�)(�(v0); �v0(v1))and thus : �(v0�) = �(v0)�(�)8� 2 Fix(�0): (3.20)Moreover : �((v0v�11 ; v�11 )) = �(s(0;1)(v0; v1))= s(0;1)(�((v0); �v0(v1)))= (�(v0)(�v0(v1))�1; (�v0(v1))�1)



182 CHAPTER 3. MOUFANG SETSshows : �(v0v�11 ) = �(v0)(�v0(v1))�1: (3.21)As for every (v0; v1) 2 R0;1 with v0 6= 0, v1 62 Fix(�) we have Fix(�)(v1)= k, equations (3.20) and (3.21) show :�(v0�) = �(v0)�0v0 ; 8� 2 k; v0 2 V0; (3.22)where the supersript denotes a possible dependene on v0.We distinguish two ases :1. dim(V 00) � 2.Equation (3.22) and Lemma 54 imply that � indues a semi-linear transfor-mation from V0 to V 00 with � a �eld isomorphism from k to k0. But then wewould have that Z(k0) = k0 a ontradition.2. dim(V 00) = 1.In this ase Lemma 114 implies thatM(V 0; q0; k0; �0) is isomorphi toM(H;V; q; k)with Fix(�) �= k0.Fifth ase : (X 0; (Ux0)x02X0) is an indi�erent Moufang set of the form P(�k0; l0; k0).If MH(V; q; k; �) �= P( �k0; l0; k0) Lemma 104 implies that dim(V ) = 2, andMH(V; q; k; �) �= P(Fix(�)). The result now follows from Proposition 131.23.15.5 The isomorphism problem for unitary Moufangsets.In this setion we will assume that the all quadrati forms q are (�;�1)-quadrati forms. Lemma 92 and setion 3.12.3 show that this does not putany restritions on the forms.Proposition 129 A unitary Moufang setMU(V; q; k; �)) with non ommu-tative root groups suh that Rad(f) = 0 if har(k) = 2 and k is a generalizedquaternion algebra with standard involution � is isomorphi under � to alassial Moufang set (X 0; (Ux0)x02X0) if and only if one of the following holds:



3.15. ISOMORPHISM PROBLEMS 183(i) (X 0; (Ux0)x02X0 is a hermitian Moufang set MH(V 0; q0; k0; �0),with dim(V 0) = 4, dim(V ) = 3, k is a generalized quaternion algebraand Fix(�0) �= Z(k).(ii) (X 0; (Ux0)x02X0) is a unitary Moufang set MU(V 0; q0; k0; �0) and � in-dues a bijetive semi-linear transformation ' satisfying :�(hxi) = h'(x)i; 8hxi 2 MU(V; q; k; �)(f(x; y))� = 0f 0('(x); '(y)); 8x; y 2 Vq(x)� = 0q0('(x)); 8x 2 Vfor some onstant 0 2 k0 with :0���0�1 = ���0 ; 8� 2 k:proof :As MU(V; q; k; �) has by assumption non-ommutative root groups, the set(X 0; (Ux0)x02X0) an only be a hermitian or unitary Moufang set.First ase : (X 0; (Ux0)x02X0) is a hermitian Moufang set MH(V 0; q0; k0; �0).Proposition 128 implies that dim(V ) = 3, k is a generalized quaternion alge-bra with standard involution �, dim(V 0) = 4. By Lemma 114MU(V; q; k; �)is isomorphi to a hermitian Moufang setMH(V1; q1, k1,�1) with k1 a quadratiGalois extension of Z(k) = Fix(�1). Therefore Proposition 128 implies thusthat Fix(�1) = Z(k) �= Fix(�0).Conversely suppose dim(V ) = 3, k is a generalized quaternion algebra withstandard involution � and MH(V 0; q0; k0; �0) is a hermitian Moufang setsuh that dim(V 0) = 4 and Z(k) �= Fix(�0). Lemma 114 implies thatMH(V 0; q0; k0; �0) is isomorphi to a unitary Moufang set MU(V 01 ,q01; k01; �01)de�nes over a generalized quaternion algebra k01 with enter Fix(�0) and withdim(V 0) = 3. As Z(k01) �= Z(k) we �nd k �= k01. As there is up to isomorphismonly one unitary Moufang set MU(V; q; k; �) with dim(V ) = 3 we �nd thatMH(V 0; q0; k0; �0) �= MU(V 01 ,q01,k01,�01) �= MU(V; q; k; �).Seond ase : (X 0; (Ux0)x02X0) is a unitary Moufang set MU(V 0,q0; k0; �0).Remark as mentioned in the beginning of this setion q is assumed to bea (�;�1)-quadrati form similarly q0 is a (�0;�1)-quadrati. Let f be the



184 CHAPTER 3. MOUFANG SETS(�;�1)-hermitian form assoiated to q, f 0 the (�0;�1)-hermitian form asso-iated to q0, q(v) = g(v; v) + k�;�1, 8v 2 V and q0(v0) = g0(v0; v0) + k0�;�1,8v0 2 V 0 where g is a �-sesquilinear form and g0 is a �0-sesquilinear form. Us-ing setion 3.12.3 we an moreover assume 1 2 Tr(�), 1 2 Tr(�0). Choose aoordinatizationM(V; q; k; �) assoiated to the deomposition V = e�1k�V0�e1k and a oordinatization of M(V 0; q0; k0; �0) with deomposition V 0 =e0�1k0�V 00�e01k0. Then the labelling setsR0;1 = f(v0; v1 2 V0�kjq(v0)+v1 = 0gand R00;1 = f(v00; v01)jq0(v00)+v01 = 0g satisfy R0;1\ f0g�k = f(0; �)j� 2 Tr(�)gand R00;1 \f0g� k0 = f(0; �0)j�0 2 Tr(�0)g. Without loss of generality we anassume �((0; 0)) = (0; 0), �((0; 1)) = (0; 1) and �((1)) = (1).Let (v0; v1), (w0; w1) 2 R0;1.The equation :�(u((1); (0; 0); (v0; v1))(w0; w1)) = �((v0; v1)� (w0; w1))= �((v0; v1)� �((w0; w1))= u((1); (0; 0); �((v0; v1)))�((w0; w1)):shows that � indues an isomorphism from (R0;1;�) to (R00;1;�). UsingLemma 103 we have :Z((R0;1;�)) = f(v0; v1) 2 R0;1jv0 2 Rad(f)gZ((R00;1;�)) = f(v00; v01) 2 R00;1jv00 2 Rad(f 0)g:Thus if (v0; v1) 2 R0;1 with v0 2 Rad(f) we have (�((v0; v1)))0 2 Rad(f 0).Note that for any vetor w0 2 Rad(f) the only vetor u0 2 V0 for whihq(u0) = q(w0) is w0 and similarly for any w00 2 V 00 , q0(w00) is ompletelydetermined by w00. Therefore we an de�ne a bijetion (also denoted by �)between the set L = ft 2 k jq(v0) = t; v0 2 Rad(f)g and the set L0 = ft0 2 k0jq0(v00) = t0; v00 2 Rad(f 0)g by :(�(v0; v1))1 = �(v1); 8v0 2 Rad(f):Remark that the equation s(0;1)((a0; a1)) = (a0a�11 ; a�11 ), 8(a0; a1) 2 Z(R0;1;�)implies that �(a�11 ) = (�(a1))�1, 8a1 2 L.Using this map we show that k is a quaternion algebra with standardinvolution � and if and only if k0 is a generalized quaternion algebra withstandard involution �0. We show one diretion. The other way follows bysymmetri arguments.One easily heks Y = Z((R0;1;�)) [f(1)g is a Moufang subset of



3.15. ISOMORPHISM PROBLEMS 185MU(V; q; k; �) and similarly that Y 0 = Z((R00;1;�)) [f(1)g is a Moufangsubset ofM U (V 0; q0; k0; �0). As �(Y ) = Y 0, Y is isomorphi as Moufang setto Y 0.The assumptions on Rad(f) in the harateristi 2 ase implies that in anyase Z((R0;1;�)) = f(0; �) j� 2 Tr(�)g. Lemma 123 implies that (Y; (Uy)y2Y )�= P(Z(k)). As (Y 0; (Uy0)y02Y 0) �= (Y; (Uy)y2Y ) Lemma 121 shows that k0 is ageneralized quaternion algebra with standard involution.As a next step we showClaim 1 : �f(0; �)j� 2 Tr(�)g = f(0; �0)j�0 2 Tr(�0)g: (3.23)If har(k) 6= 2 then this follows from the fat that Z(R0;1;�) = f(0; t)jt 2Tr(�)g and Z(R00;1;�) = f(0; t0)jt0 2 Tr(�0)g.Hene we an assume har(k) = 2.Suppose that for a (0; �) 2 R0;1 we have �(0; �) = (a00; a01). As (0; �) 2Z((R0;1;�)), learly a00 2 Rad(f 0).We distinguish two subases :1. First subase : k is a generalized quaternion algebra with standard invo-lution �.If har(k) = 2, we have by assumption that Rad(f) = f0g. We alreadysaw that the Moufang subset determined by Y = Z((R0;1;�)) = f(0; t) jt 2Tr(�)g is isomorphi to the Moufang subset determined by Y 0 = Z((R00;1;�)).As Rad(f) = 0 we have that (Y; (StabUy(Y ))y2Y ) is isomorphi to P(Z(k)).But (Y 0; (StabUy0 (Y 0))) is an extended polar line de�ned over a generalizedquaternion algebra with standard involution and Lemma 123 yields thatRad(f 0) = 0.And thus we �nd that (3.23) is also satis�ed in this ase.2. Seond subase : if k is a generalized quaternion algebra � is not itsstandard involution.Remark that in this ase by Lemma 47, k is generated as a ring by Tr(�).We write � = z + z�, z 2 k.Let � 2 Tr(�) and (v0; v1) 2 R0;1. In the sequel we will denote the automor-phism s(0;�)s(0;1) as m� and the group hu((1); (0; 0); (v0; v1);m�j � 2 Tr(�)i



186 CHAPTER 3. MOUFANG SETSby S(v0;v1).To proeed we �rst prove a general property :Consider � in k and (v0; v1) 2 R0;1 with �(v0; v1) = (v00; v01). Write � asan expression of elements of Tr(�) i.e. :� = nXj=1 �j1;j : : : �i(j);j ; �k;j 2 Tr(�)We show by indution on the number of terms in the expression thatthere exists a  � 2 S(v0;v1) suh that :( �(v0; v1))0 = v0�(�( �(v0; v0))0 = v00�0 (3.24)with �0 sumnj=1�(�1;j) : : : �(�i(j);j).If there is only one term in the expression i.e. we have for example � =�1�2 : : : �n one heks that we an set  � = m�1m�2 : : :m�n .Suppose the laim is true for any expression of elements of Tr(�) with fewerterms that in � = Pnj=1 �1;j : : : �i(j);j . To simplify notation we an assumethat without loss of generality i(n) = 2. Put �1;n �n�1 and �2;n = �n. Consider� =Pnj=1 �1;j : : : �i(j);j��1n ��1n�1. Remark that then (� + 1) �n�1 �n = �.By indution we know that there exists a  � 2 S(v0;v1) suh that :( �(v0; v1))1 = v0�(�( �(v0; v1))1 = v00�0with �0 Pnj=1 �(�1;j) : : : �(�i(j);j)�(�n)�1�(�n�1)�1.Consider m�nm�n�1u((1); (0; 0); (v0; v1))  �. We �nd :m�nm�n�1u((1); (0; 0); (v0; v1)) �(v0; v1)= m�nm�n�1u((1); (0; 0); (v0; v1))(v0�; x1)= m�nm�n�1(v0(� + 1); x1 + v1 � f(v0; v0))= (v0((� + 1)�n�1�n); �n�n�1(x1 + v1 � f(v0; v0))�n�1�n)= (v0�; �n�n�1(x1 + v1 � f(v0; v0))�n�1�n)and :�(m�nm�n�1u((1); (0; 0); (v0; v1)) �(v0; v1))= m�(�n)m�(�n�1)u((1); (0; 0); (v00 ; v01)(v00�0; x01)= m�(�n)m�(�n�1)(v00(�0 + 1); v01 + x01 � f 0(v00; v00))= (v00((�0 + 1)�(�n�1)�(�n); �(�n)�(�n�1)(v01 + x01 � f 0(v00; v00))�(�n�1)�(�n))= (v00�0; �(�n)�(�n�1)(v01 + x01 � f 0(v00; v00))�(�n�1)�(�0n))):



3.15. ISOMORPHISM PROBLEMS 187This shows that we an set  � = m�n m�n�1 u((1); (0; 0); (v0; v1))  � and theformula (3.24) is proved.We proeed with the proof of formula (3.23). As the root groups of bothMoufang sets are non ommutative we an hoose a (w0; w1) 2 R0;1 suhthat w0 62 Rad(f) and �(w0; w1) = (w00; w01) where w00 62 Rad(f 0).Using Lemma 108 we alulate :�(w0�; �w1�) = �s(0;�)s(0;1)(w0; w1)= s(a00;a01)s(0;1)(w00; w01)= (w00a01; a01w01a01);where �((0; �)) = (a00; a01), a00 2 Rad(f 0). Write z as an expression of elementsof Tr(�) i.e. for example z =Pmj=1 �1;j : : : �i(j);j . This implies :� = mXj=1 �1;j : : : �i(j);j + mXj=1 �i(j);j : : : u1;j= mXj=1(�1;j : : : �i(j);j + �i(j);j : : : �1;j)Using (3.24) we �nd a  � 2 S(w0;w1) suh that : �(w0; w1) = (w0�; � �w1�)�( �(w0; w1)) = (w00�0; �0 �w01�0)with (w0; �w1) 2 R0;1 and (w00; �w01) 2 R00;1 and :�0 =Pmj=1(�(�1;j) : : : �(�i(j);j) + �(�i(j);j) : : : �(�1;j))The above equation learly shows that �0 2 Tr(�0).Using equation (3.25) we �nd :�((w0�; �w1�)� (0; �( �w1 � w1)�) = (w00�0; �0 �w01�0)But as �(w0�; �w1�) = (w00a01, a01 w01a01) this yields :w00a01 + (�(0; �( �w1 � w1)�))0 = w00�0:Moreover �(0; �( �w1 � w1)�) 2 Z(R00;1;�) and we have (�(0; �( �w1 � w1)�))02 Rad(f 0). As w00 62 Rad(f 0) the above equation is only possible if a01 = �0.



188 CHAPTER 3. MOUFANG SETSBut then we �nd as the form q0 is anisotropi on V 00 that a00 = 0. By this theproof of (3.23) is omplete.As a result of equation (3.23), we have that � is independent of the se-ond oordinate i.e. if (v0; v1), (v0; �v1) 2 R0;1 with �(v0; v1) = (v00; v01) then�(v0; �v1) = (v00; �v01).Indeed this follows from :�(v0; �v1) = �((v0; v1)� (0; �v1 � v1))= (v00; v01)� (0; �(�v1 � v1))= (v00; v01 + �(�v1 � v1)):This means � indues a bijetion between V0 and V 00 also denoted by � andde�ned in the following way. If v0 2 V0 we hoose a v1 2 k suh that(v0; v1) 2 R0;1 and set : (�(v0; v1))0 = �(v0):It thus makes sense to introdue the following notation. For (v0; v1) 2 R0;1we write : �(v0; v1) = (�(v0); �v0(v1))where the supersript denotes a possible dependene on v0.Remark that the equation s(0;1) ((v0; v1)) = (v0v�11 ; v�11 ), 8(v0; v1) 2 R0;1implies that :s(0;1)(�(v0); �v0(v1)) = (�(v0v�11 ; �v0v�11 (v�11 )):Hene : �(v0)�v0(v1)�1 = �(v0v�11 )(�v0(v1))�1 = �v0v�11 (v�11 ); 8(v0; v1) 2 R0;1Let (v0; v1), (w0; w1) 2 R0;1. As � indues an isomorphism between rootgroups we �nd : �(v0 + w0) = (�((v0; v0)� (w0; w1)))0= (�((v0; v1)))0 + (�(w0)))0= �(v0) + �(w0):



3.15. ISOMORPHISM PROBLEMS 189This means that � de�nes an additive bijetion from V0 to V 00 .Our next goal is to show :Claim 2 : � indues a semi-linear transformation from V0 to V 00 with ertainassoiated �eld isomorphism � and suh that for (v0; v1) 2 R0;1, �((v0; v1))= (�(v0); v�1 ).Remark that the assumptions on MU(V; q; k; �) implies dim(V ) � 3 anddim(V 0) � 3.We onsider two subases.1. First subase : k is a generalized quaternion algebra with standard invo-lution �.If dim(V ) = 3, Lemma 114 and Proposition 128 show that dim(V 0) = 3.This means in partiular that we an hoose v0, 2 V0, v00 2 V 00 with hv0i = V0and hv00i = V 00 with �(v0) = v00. Let i, j and 2 k suh that k = Z(k) �iZ(k)jZ(k) +jiZ(k) and :if har(k) 6= 2 :i2 = �0, j2 = �0, ij = �jiif har(k) = 2 :i2 = i+ �0, j2 = �0, ij = ji+ j,with �0, �0 2 Z(k) n Z(k)2. Without loss of generality we an hoose i suhthat g(v0; v0) = �i. Denote the norm funtion in k by N . Choose similar i0, j 0for k0 and denote the norm funtion in k0 by N 0. We use the notations of theproof of Lemma 114. Let MH(V1; q1; k1; �1) be the hermitian Moufang setisomorphi toMU(V; q; k; �) andMH(V 01 ; q01; k01; �01) the hermitian Moufangset isomorphi toMU(V 0; q0; k0; �0) as onstruted in the proof of Lemma 114.Suppose that g1 is a �1-sesquilinear on V1 suh that q1 (v1) = g(v1) +k(�;�1),8v1 2 V1 and similarly that g01 is a �01-sesquilinear form on V 01 with q01(v01)= g0(v01; v01) +(k01)(�01;�1), 8v01 2 V 01 . By onstrution we have k1 = Z(k)(i).Without loss of generality we an moreover assume that k01 = Z(k)(i0). Sup-pose �1 is the isomorphism fromMH(V1; q1; k1; �1) toMU(V; q; k; �) and � 01is the isomorphism fromMH(E 01; q01; k01; �01) toMU(V 0; q0; k0; �0) as desribedin the proof of Lemma 114. Remark that �1 is given by :�1((1)) = (1)�1((v0(z1 + iz2) + v0j(z3 + iz4); N(�) + u) = (v0��;��v�1�� � u)



190 CHAPTER 3. MOUFANG SETSwhere � = z1 +iz2 +jz3 +jiz4 and similarly :� 01((1)) = (1)� 01((v00(z01 + i0z02) + v00j 0(z03 + i0z4); N 0(�0) + u0) = (v00�0�0 ;��0v01�0�0�0 � u0)where �0 = z01 +i0z02 +j 0z03 +j 0i0z04. Consider the isomorphism � 01�1��1 fromMH(V1; q1; k1; �1) to MH(V 01 ; q01,k01,�01) and denote it by ~�. By Proposition128 we know that there exist a onstant 0 k01 and a semi-linear transformation' from V1 to V 01 with assoiated �eld isomorphism � suh that :~�(hx1i = h'(x1)i; 8hx1i 2 MH(V1; q1; k1; �1)0(f1(x1; y1))� = f 01('(x1); '(y1)); 8x1; y1 2 V10(g1(x1; x1))� = g01('(x1); '(x1)); 8x1 2 V1:As � de�nes an isomorphism from Z(k)(i) to Z(k0)(i0) we an assume with-out loss of generality that i� = i0 and ��0 = �00. As by assumption �((0; 1))= (0; 1), we have ~� ((0; 1)) = (0; 1) and hene the proof of Proposition 128implies that 0 = 1. Remark that � 01�1 and �1 indue semi-linear transforma-tions (also denoted by � 01�1 and �1) satisfying :�1(v0((z1 + iz2) + v0j(z3 + iz4)) = (v0((z1 + iz2 + jz3 + jiz4))� 01(v00((z01 + i0z02) + v00j 0(z03 + i0z04) = v00(z01 + iz02 + j 0z03 + j 0i0z04)Let ~�(v0j) = '(v0j) = w00, with w00 = v00�00, and �00 = �01 +i0�02 +j 0�03 +j 0i0�04.Then we have V 00 = v00(Z(k0)i0)� w00(Z(k0)i0).Suppose har(k) 6= 2.We �nd f(v0; v0j) = 0 and g(v0j; v0j) = �0i.Hene : g01(w00; w00) = (g1(v0j; v0j))�= ��0 i�= �N 0(�00)i0f 01(v00; w00) = (f1(v0; v0j))�= 0= ��00i0 + i0��00



3.15. ISOMORPHISM PROBLEMS 191The last equation implies that �00 i0 = �i0 �00 and hene �01 = 0. This yields(�00)� = ��00, and thus N 0(�00) = ���0 gives (�00)2 = ��0 . This means that wean extend � to an isomorphism from k to k0 if we set (z1+ iz2+ jz3+ jiz4)�= z�1 + i0z�2 +�00z�3 +�00i0z�4 .Suppose har(k) = 2.In this ase we have f1(v0; v0j) = 0 and g1(v0j; v0j) = �0i.Hene : g01(w00; w00) = ��0 i0= N 0(�00)i0f 01(v00; w00) = 0= �00i0 + i0�00 + �00The �rst of these equations shows that ��0 = N 0(�00) while the last equationimplies that �04 = 0 and �03 = 1.From : (1 + N 0(�00))i0 = (1 + ��0 )i0= (N((1 + j))i)�= (g1(v0 + v0j; v0 + v0j))�= g01(v00 + v00�00; v00 + v00�00)= N 0((1 + �00))i0= (1 + (�00 + �00�0) +N(�00))i0if follows that �00 = �00�0 .This implies that as in the harateristi non 2 ase we an extend the iso-morphism � to an isomorphism from k to k0 if we set :(z1 + iz2 + jz3 + jiz4)� = z�1 + i0z�2 + �00z�3 + �00i0z�4 :We show that for w0 2 hv0i and � 2 k�(w0�) = �(w0)��:We have : � 01�1��1(v0(u1 + iu2) = v00(u1 + iu2)�:



192 CHAPTER 3. MOUFANG SETSUsing the expliit expressions of �1 and � 01 this leads to :�(v0(u1 + iu2)�) = �(v0)(u1 + iu2)��0 :Moreover : � 01�1��1(v0j(u3 + iu4)) = v00�00(u3 + iu4)�shows that : �(v0(ju3 + jiu4)�) = �(v0)(ju3 + jiu4)��0 :As : �(v0j2) = �(v0)�0 = �(v0)(�00)2one dedues that for any w0 2 hv0 i and � as above �(w0�) = �(w0) ��.Hene � de�nes a semi-linear transformation from V0 to V 00 with assoiated�eld isomorphism �.This means that we an assume for the rest of this subase that dim(V )� 4 and dim(V 0) � 4.Suppose that har(k) 6= 2. We present a proof whih holds wheneverTr(�) = Fix(�), Tr(�0) = Fix(�0) and dim(V0) � 2.If k is a generalized quaternion algebra with standard involution � suh thathar(k) 6= 2 we have Tr(�) = Fix(�) = Z(k). As we already saw this impliesthat k0 is a generalized quaternion algebra with standard involution �0. Ashar(k0) 6= 2 it follows that Tr(�0) = Fix(�0) = Z(k0). This shows that ifdim(V0) � 2 and k is a generalized quaternion algebra with standard invo-lution � suh that har(k) 6= 2 the proof whih we will presents holds.The �rst step onsists in showing that for any two v0, w0 2 V0 :f(v0; w0) = 0, f 0(�(v0); �(w0)) = 0:We show one diretion (the other diretion then follows by symmetri argu-ments).Suppose for v0, w0 2 V0, f(v0; w0) = 0. As we know that �(0) = 0 we anassume v0 6= 0 and w0 6= 0. Choose v1, w1 2 k with (v0; v1), (w0; w1) 2 R0;1.Consider (v0v�11 ; v�11 ) 2 R0;1.We �nd : �(v0v�11 ; v�11 ) = �(s(0;1)(v0; v1))



3.15. ISOMORPHISM PROBLEMS 193= s(0;1)(�(v0); �v0(v1))= (�(v0)(�v0(v1))�1; (�v0(v1))�1):Moreover f(v0v�11 ; w0) = 0 yields :[(v0v�11 ; v�11 ); (w0; w1)℄ = 0:Sending this equation over to R00;1 via � gives :[(�(v0)(�v0(v1))�1; (�v0(v1))�1); (�(w0); �w0(w1))℄ = 0and hene :f 0(�(v0)(�v0(v1))�1; �(w0)) = f 0(�(w0); �(v0)(�v0(v1))�1):If f 0(�(v0); �(w0)) 6= 0 this equation implies that :�v0(v1) = (�v0(v1))�:As by assumption Tr(�0) = Fix(�0) and the form q0 is anisotropi on V 00 wesee that �(v0) = 0 and hene v0 = 0, a ontradition.Remark that Lemma 109 implies Rad(f) = 0 and Rad(f 0) = 0 as q and q0are forms of Witt index 2 with Tr(�) = Fix(�) and Tr(�0) = Fix(�0).Let � 2 k and v0 2 V0. As v?0 is sent via � to (�(v0))? it follows that�(v0�) = �0v0 ;with �0v0 2 k0 and where the subsript denotes a possible dependene on v0.As dim(V0) � 2 Lemma 54 implies that � de�nes a semi-linear transformationfrom V0 to V 00 with an assoiated �eld isomorphism �.Suppose that har(k) = 2.In this ase we know that by assumption Rad(f) = f0g and Rad(f 0) =f0g. Denote in the sequel of this proof for x 2 k, Lx = Z(k)(x) i.e. Lxis the sub�eld of k generated over Z(k) by x and similarly for x0 2 k0, Lx0= Z(k0)(x0). We show that for any (v0; v1) 2 R0;1�(v0Lv1) = �(v0)L�v0 (v1): (3.25)From s(0;1)(v0; v1) = (v0v�11 ; v�11 ) we get after applying � that �(v0v�11 ) =�(v0)(�v0(v1))�1. Let z 2 Z(k) = Tr(�). Then the equation s(0;z) s(0;1)



194 CHAPTER 3. MOUFANG SETS((v0; v1)) = (v0z; zv1z) gives after applying � that �(v0z) = �(v0)�(z), 8z 2Z(k). As Lv1 = Z(k)(v1) = Z(k)(v�11 ) and L�v0 (v1) = L(�v0 (v1))�1 we seethat �(v0Lv1) � �(v0)L�v0 (v1). The other inlusion �(v0L�v0 (v1)) � �(v0Lv1)follows by similar arguments.Let v0, w0 2 V0. We prove :f(v0; w0) = 0, f 0(�(v0); �(w0)) = 0:We show one diretion. The other diretion follows by symmetri arguments.Let f(v0; w0) = 0 for some v0, w0 2 V0. Firstly we show that :f 0(�(v0); �(w0)) = f 0(�(w0); �(v0)): (3.26)Choose v1, w1 2 k suh that (v0; v1), (w0; w1) 2 R0;1. We have [(v0; v1); (w0; w1)℄= 0. As � de�nes an isomorphism from (R0;1;�) to (R00;1;�) we have :[(�(v0); �v0(v1)); (�(w0); �w0(w1))℄ = 0or equivalently f 0(�(v0); �(w0)) = f 0(�(w0); �(v0)):Suppose �rstly that f(v0; w0) = 0 with w0 = v0. As also f(v0v�11 ; v0) = 0in this ase and �((v0v�11 ; v�11 )) = �(s(0;1)((v0; v1))) = s(0;1) (�(v0); �v0(v1))= (�(v0)(�v0(v1))�1, (�v0(v1))�1) we see that :f 0(�(v0)(�v0(v1))�1; �(v0)) = f 0(�(v0); �(v0)(�v0(v1))�1):Equivalently :(�v0(v1)�1)�f 0(�(v0); �(v0)) = f 0(�(v0); �(v0))(�v0(v1))�1):Suppose f 0(�(v0); �(v0)) 6= 0 then we �nd :(�v0(v1)�1)� = f 0(�(v0); �(v0))�v0(v�11 )(f 0(�(v0); �(v0)))�1: (3.27)As (�v0(v1)�1)� 2 L�v0 (v1) it follows that f 0(�(v0); �(v0)) stabilizes L�v0 (v1)under onjugation. If f 0(�(v0); �(v0)) 62 L�v0 (v1) it follows that as Z(k),�v0(v1) also stabilizes L�v0 (v1) and k is a generalized quaternion algebra thatk0 stabilizes L�v0 (v1). A similar reasoning as the one used in the proof ofLemma 123 leads to a ontradition. Therefore we �nd that f 0(�(v0); �(v0)) 2



3.15. ISOMORPHISM PROBLEMS 195L�v0 (v1). As L�v0 (v1) is a ommutative �eld equation (3.27) beomes (�v0(v1))�= �v0(v1). From q0(�(v0)) = g0(�(v0); �(v0))+Z(k) = �v0(v1)+Z(k) we �ndthat g0(�(v0); �(v0)) 2 Fix(�0). Hene f 0(�(v0); �(v0)) = g0(�(v0); �(v0))+(g0(�(v0); �(v0)))�) = 0, a ontradition. Therefore we �nd thatf 0(�(v0); �(v0)) = 0.Remains to onsider the ase where f(v0; w0) = 0 and v0 6= w0. Sup-pose f 0(�(v0); �(w0)) 6= 0. We �nd that f(v0v�11 ; w0) = f(v0; w0w�11 ) =f(v0v�11 ; w0w�11 ) = 0. Moreover we have �((v0v�11 ; v�11 )) = �(s(0;1)((v0; v1)))= (�(v0)�v0(v1)�1, �(v0)�v0(w1)�1 and similarly �((w0v�11 , w�11 )) (�(w0)(�w0(w1))�1, (�w0(w1))�1). In view of (3.26) this means that the followingequations hold : f 0(�(v0); �(w0)) = f 0(�(w0); �(v0))f 0(�(v0)(�v0(v1))�1; �(w0)) = f 0(�(w0); �(v0)(�v0(v1))�1)f 0(�(v0); �(w0)(�w0(w1))�1) = f 0(�(w0)(�w0(w1))�1; �(v0))f 0(�(v0)(�v0(v1))�1; �(w0)(�w0(w1))�1) = f 0(�(w0)(�w0(w1))�1; �(v0)(�v0(v1))�1):Equivalently : f 0(�(v0); �(w0) = f 0(�(w0); �(v0)) (3.28)(�v0(v1)�1)�f 0(�(v0); �(w0)) = f 0(�(w0); �(v0))(�v0(v1))�1 (3.29)f 0(�(v0); �(w0))(�w0(w1))�1 = (�w0(w1)�1)�f 0(�(w0); �(v0)) (3.30)(�v0(v1)�1)�f 0(�(v0); �(w0))(�w0(w1))�1 = (�w0(w1)�1)�f 0(�(w0); �(v0))�v0(v1): (3.31)Using formulas (3.28), (3.29) and (3.30), formula (3.31) yields :f 0(�(v0); �(w0))(�v0(v1))�1(�w0(w1))�1 = f 0(�(v0); �(w0))(�w0(w1))�1(�v0(v1))�1:If f 0(�(v0); �(w0)) 6= 0 this implies :�v0(v1)�w0(w1) = �w0(w1)�v0(v1)If �w0(w1) 62 L�v0 (v1) the above equation implies �v0(v1) 2 Z(k) a ontraditionas q is anisotropi on V0. Thus �w0(w1) 2 L�v0 (v1) and we �nd that L�w0 (w1)= L�v0 (v1).Equation (3.29) implies :(�v0(v1)�1)� = (f 0(�(v0); �(w0))(�v0(v1))�1(f 0(�(v0); �(v0))�1:



196 CHAPTER 3. MOUFANG SETSAs (�v0(v1)�1)� 2 L�v0 (v1) n Z(k) this shows that f 0(�(v0); �(v0)) stabi-lizes L�v0 (v1) via onjugation. If f 0(�(v0); �(w0)) 62 L�v0 (v1) we �nd that k0stabilizes L�v0 (v1). A similar reasoning as the one used to prove Lemma123 leads to a ontradition. Therefore we �nd that f 0(�(v0); �(w0)) 2L�v0 (v1), a ommutative �eld and hene (�v0(v1))�0 = �v0(v1). As q0(�(v0))= �v0(v1) + Tr(�0) = g0(�(v0); �(v0)) + Tr(�0) we see that g0(�(v0); �(v0))2 Fix(�0) and f 0(�(v0); �(v0)) = g0(�(v0); �(v0)) +(g0(�(v0); �(v0))�0 = 0.Similar arguments show that f 0(�(w0); �(w0)) = 0, �w0(w1) 2 Fix(�0) andf 0(�(v0), �(w0)) 2 L�w0(w1). In partiular we �nd by what is already provedthat f(w0; w0) = 0. Hene w1 2 Fix(�).Suppose �rstly that w0 62 hv0i. Using Lemma 108 we �nd :s(w0;w1)s(0;1)((v0; v1)) = (v0w1; w1v1w1):Applying � to this equation yields :�(v0w1) = (�((v0w1; w1v1w1)))0= (�(s(w0;w1)((v0; v1))))0= (s(�(w0);�w0(w1))s(0;1)((�(v0); �v0(v1))0= �(w0)�w0(w1)�1f 0(�(v0); �(w0))�w0(w1) + �(v0)�w0(w1):As �w0(w1)f 0(�(v0); �(w0))�w0(w1) 2 L�w0 (w1) and �w0(w1) 2 L�v0 (v1) formula(3.25) implies that there exist �1 2 L�w0 (w1) and �2 2 L�v0 (v1) suh that :�(w0�1) = �(w0)(�w0(w1))�1f 0(�(v0); �(w0))�w0(w1)�(v0�2) = �(v0)�w0(w1):We �nd : �(v0w1) = �(w0�1 + v0�2)and thus : v0w1 = w0�1 + v0�2:As w0 62 hv0i this is only possible if �1 = 0 and �(w0�1) = �(w0) (�w0(w1))�1f 0(�(v0); �(w0)) �w0(w1) = 0. But then it follows that f 0(�(v0); �(w0)) = 0,a ontradition against the assumption on f(�(v0); �(w0)). Therefore we �ndthat if w0 62 hv0i and f(v0; w0) = 0 neessarily also f 0(�(v0); �(w0)) = 0.Remains the ase where w0 2 hv0i. This means we an set w0 = v0�,� 2 k. Without loss of generality we an thus assume that w1 = �� v1�.



3.15. ISOMORPHISM PROBLEMS 197Remark that if � 2 Lv1 we �nd �(v0�) = �(v0) �0 for some �0 2 L�v0 (v1)and we �nd f(�(v0); �(v0�)) = f(�(v0); �(v0))�0 = 0. Hene we an assumethat � 62 Lv1 . Suppose f 0(�(v0); �(v0�)) 6= 0. Then we already deduedthat f 0(�(v0); �(v0)) = 0, f 0(�(v0�); �(v0�)) = 0, L�v0 (v1) = L�v0�(��v1�) andf 0(�(v0), �(v0�)) 2 L�v0 (v1). Using Lemma 108 we �nd :(s(v0;v1)s(0;1)(v0�; ��v1�))0 = v0�v1:Applying � to this equation gives :�(v0�v1)= (�(s(v0;v1)s(0;1)(v0�; ��v1�))0= (s(�(v0);�v0 (v1))s(0;1)(�(v0�); �v0�(��v1�)))0= �(v0)(�v0(v1))�1f 0(�(v0); �(v0�))�v0(v1) + �(v0�)�v0(v1):Now as �v0(v1) 2 L�v0�(��v1�) and (�v0(v1))�1f 0(�(v0); �(w0)) �v0(v1) 2 L�v0 (v1)formula (3.25) implies that there exist �1 2 Lv1 and �2 2 L��v1� with :�(v0�1) = �(v0)(�v0(v1))�1f 0(�(v0); �(v0�))�v0(v1)�(v0��2) = �(v0�)(�v0(v1))�1:But this means that we have :�(v0�v1) = �(v0�1) + �(v0��2); (3.32)and : �v1 = �1 + ��2:As �2 2 L��v1� there exist z1, z2 2 Z(k) with �2 = z1 +��v1�z2. This meansthat equation (3.32) beomes :�v1 = �1 + �z1 + ���v1�z2or equivalently : �(z1 + ��v1�z2 + v1) = �1:As � 62 Lv1 this is only possible if �1 = 0 and �(v0�1) = 0 = �(v0)(�v0(v1))�1f 0(�(v0); �(v0�))�v0(v1). We �nd f 0(�(v0); �(v0�) = 0 ontraditing theassumption on f 0(�(v0); �(v0�)). Therefore we also �nd in this ase thatf 0(�(v0); �(w0)) = 0.This ompletes the proof that :f(v0; w0) = 0, f 0(�(v0); �(w0)) = 0:



198 CHAPTER 3. MOUFANG SETSNow we an proeed as in the ase where har(k) 6= 2 and k is a gener-alized quaternion algebra with standard involution to see that � indues asemi-linear transformation with an assoiated �eld isomorphism � suh that�(v0�) = �(v0)��, 8� 2 k, 8v0 2 V0.2. Seond subase : the general ase, if k is a generalized quaternion al-gebra � is a non standard involution.By Lemma 47 we have that k is generated as a ring by Tr(�). Consider� 2 k and (v0; v1) 2 R0;1. Then � an be expressed in terms of elements ofTr(�) i.e. for there exist �i 2 Tr(�), 1 � i � n suh that for example :� = nXj=1 �1;j : : : �i(j);j ; �k;j 2 Tr(�):Denote as before S(v0;v1) = hu((1); (0; 0); (v0; v1));m�j� 2 Tr(�)i.Using property (3.24) we �nd a  � 2 S(v0;v1) suh that :�( �((v0; v1))) = �((v0�; ��v1��))= (�(v0)�0; ��v1��0)= �((v0�; ��v1��))= (�(v0�); �v0�(��v1��))with (v0; �v1) 2 R0;1 and (w00; �w01) 2 R00;1 and �0 = Pnj=1 �(�j1;1) : : : �(�j1;i(j))This implies : �(v0�) = �(v0)�0; 8v0 2 V0: (3.33)Remark that we an not use Lemma 54 in this ase to show that � induesa semi-linear transformation from V0 to V 00 as dim(V0) an be 1. Thereforewe will have to proeed in another way.De�ne the map � from k to k0 in the following way. If � 2 k, we hoose anexpression of � in terms of elements of Tr(�) i.e. for example :� = mXj=1 ��1;j : : : ��i(j);j ; ��k;j 2 Tr(�):Subsequently we de�ne :�� = mXj=1 �(��1;j) : : : �(��i(j);j):



3.15. ISOMORPHISM PROBLEMS 199We show that � is well de�ned i.e. that it is independent of the expressionof � in terms of elements of Tr(�). This will be done is we prove that everyexpression of 0 in terms of elements of Tr(�) is sent over by � to 0.Consider an arbitrary expression of elements of Tr(�) i.e. for examplePlj=1�1;j : : : �i(j);j , �k;j 2 Tr(�). Choose v0 6= 0 in V0.Then we know that :�((v0( lXj=1 �1;j : : : �i(j);j))) = �(v0)( lXj=1 �(�1;j) : : : �(�i(j);j):Hene : lXj=1 �1;j : : : �i(j);j = 0, lXj=1 �(�1;j) : : : �(�i(j);j) = 0:This shows that � is a well de�ned bijetion from k to k0. By onstrutionwe see that � de�nes a �eld isomorphism from k to k0 satisfying :�(v0�) = �(v0)��; 8v0 2 V0; � 2 k:and : ��� = ���0 ; 8; 8� 2 k:This prove that � de�nes a semi-linear transformation from V0 to V 00 withassoiated �eld isomorphism �.Let (v0; v1) 2 R0;1.Then : �s(0;1)(v0; v1) = (��(v0v�11 ); ��v0v�11 (�v�11 ))= (��(v0)(v�11 )�; ��v0v�11 (�v�11 ))= (��(v0)(�v0(v1))�1; (��v0(v1)�1)= s(0;1)(�(v0); �v0(v1)):yields : (�v0(v1))�1 = (v�11 )��(�v0(v1))�1 = ��v0v�11 (�v�11 ):The �rst of these equations shows �v0(v1) is independent of v0 and :�v0(v1) = v�1 :



200 CHAPTER 3. MOUFANG SETSTherefore we have :�(v0; v1) = (�(v0); v�1 ); 8(v0; v1) 2 R0;1: (3.34)Let (v0; v1), (w0; w1) 2 R0;1. As �((v0;�g(v0; v0))) = (�(v0),(�g(v0; v0))�)and (�(v0),�g0(�(v0); �(v0)) 2 R00;1 we �nd :g(v0; v0)� = g0(�(v0); �(v0)) + k0�0;�1; 8v0 2 V0:Moreover equation (3.34) implies :(�(v0) + �(w0); v�1 + w�1 � (f(v0; w0))�)= �((v0; v1)� (w0; w1))= �((v0; v1)) � �((w0; w1))= (�(v0) + �(w0); v�1 + w�1 � f 0(�(v0); �(w0))):Therefore : (f(v0; w0))� = f 0(�(v0); �(w0)); 8v0; w0 2 V0:De�ne the semi-linear transformation ' from V to V 0 by :'(e�1x�1 + x0 + e1x1) = e0�1x��1 + �(x0) + e01x�1 ; 8x�1; x1 2 k;8x0 2 V0:We hek ' preserves the forms.For x = e�1x�1 + x0 + e1x1 2 V we have :q(x) = �x��1x1 + q(x0):Applying � to this equation gives :(q(x))� = �x���1x�1 + (g(x0; x0))� + k0�0;�1= �x��0�1 x�1 + q0(�(x0))= q0(e0�1x��1 + �(x0) + e01x�1 )= q0('(x)):Let e�1x�1 + x0 + e1x1, e�1y�1 + y0 +e1y1 2 V then :f(x; y) = �x��1y1 + x�1y�1 + f(x0; y0):Applying � to this equation gives :(f(x; y))� = (�x��1y1 + x�1y�1 + f(x0; y0))�= �x��0�1 y�1 + x��01 y��1 + f(�(x0); �(y0)= f 0('(x); '(y)):



3.15. ISOMORPHISM PROBLEMS 201Thus ' is a semi-linear transformation from V0 to V 00 with assoiated �eldisomorphism � satisfying :�(hxi) = h'(x)i; 8hxi 2 MU(V; q; k; �)(q(x))� = q0('(x)); 8x 2 V(f(x; y))� = f 0('(x); '(y)); 8x; y 2 V:Throughout the proof we assumed that �((0; 1)) = (0; 1). This might in-volve a possible multipliation of q0 with a ertain onstant. Namely letMU(V; q; k; �) and MU 0(V 0; q0; k0; �0) be two unitary Moufang sets isomor-phi under �. Choose oordinatizations of both sets. In order to assure that�((0; 1)) = (0; 1) one an hoose an hoose a 2 Fix(�) and a0 2 Fix(�0) suhthat  a0�  �a (0; 1) = (0; 1), where  a is the isomorphism fromMU(V; q; k; �)toMU(V; aq; k; �a) and  a0 the isomorphism fromMU(V 0,q0,k0,�0) toMU(V 0,a0q0, k0, �0a0) (as de�ned in setion 3.12.3). By what is already proved we �nda bijetive semi-linear transformation ' with assoiated �eld isomorphism �suh that :  �1a0 � a(hxi) = h'(x)i; 8hxi 2 MU(V; aq; k; �a)(aq(x))� = a0q0('(x)); 8x 2 V(af(x; y))� = a0f 0('(x); '(y)); 8x; y 2 V��a� = ���0a0 ; 8� 2 k:Let a0�1a� = 0. We �nd :�(hxi) = h'(x)i; 8hxi 2 MU(V; q; k; �)0(q(x))� = q0('(x)); 8x 2 V0(f(x; y))� = f 0('(x); '(y)); 8x; y 2 V0���0�1 = ���00 meets the requirements of the Proposition.Conversely suppose ' is a bijetive semi-linear transformation from V to



202 CHAPTER 3. MOUFANG SETSV 0 with assoiated �eld isomorphism � suh that that there exists a onstant0 2 k0 with : 0(q(x))� = q0('(x)); 8x 2 V0(f(x; y))� = f 0('(x); '(y)); 8x 2 V0���0�1 = ���0 ; 8� 2 k:Then Lemma 102 shows that the map � de�ned by�(hxi) = h'(x)i; 8hxi 2 MU(V; q; k; �)de�nes a Moufang set isomorphism. 2Proposition 130 Let MU(V; q; k; �) be a unitary Moufang set with om-mutative root groups. Then MU(V; q; k; �) is isomorphi to a projetive,orthogonal, hermitian or indi�erent Moufang set (X 0; (Ux0)x02X0) if and onlyif :(i) (X; (Ux0)x02X0) is a projetive Moufang set of the form P(k0), k is ageneralized quaternion algebra with standard involution �, MU(V; q; k; �)�= P(Z(k)) and Z(k) �= k0,(ii) (X 0; (Ux0)x02X0) is an orthogonal Moufang set of the form MO(V 0; q0; k0)and M U(V; q; k; �) is an extended polar line de�ned over a generalizedquaternion algebra k with standard involution � isomorphi toMO(V 0; k0; q0).(iii) (X 0; (Ux0)x02X0) is a hermitian Moufang set of the formMH(V 0; q0; k0; �0),k is a generalized quaternion algebra with standard involution �,MU(V; q; k; �)�= P(Z(k)), MH(V 0; q0; k0; �0) �= P(Fix(�0)) and Z(k) �= Fix(�0),(iv) (X 0; (Ux0)x02X0) is an indi�erent Moufang set of the form P(�k0; l0; k0),MU(V; q; k; �) is an extended polar line de�ned over a generalized quater-nion algebra isomorhi to P(�k0; l0; k0). Moreover if har(k) 6= 2, dim(V ) = 2and Z(k) �= l0 = k0.First ase : (X 0; (Ux0)x02X0) is a projetive Moufang set P(k0).We refer to Propositions 125 and 126.Seond ase : (X 0; (Ux0)x02X0) is an orthogonal Moufang set MO(V 0; q0; k0).In this ase we refer to Proposition 127.



3.15. ISOMORPHISM PROBLEMS 203Third ase : (X 0; (Ux0)x02X0) is a hermitian Moufang set MH(V 0; q0; k0; �0).For this ase we refer to Proposition 128.Fourth ase : (X 0; (Ux0)x02X0) is an indi�erent Moufang set P(�k0; l0; k0).As P(�k0; l0; k0) is ommutative and has ommutative root groups Lemmas 104and 123 imply that k is a generalized quaternion algebra with standard in-volution � and MU(V; q; k; �) �= P(Z(k)). Proposition 126 yields then thatMU(V; q; k; �) �= P( �k0, l0; k0) if and only if Z(k) �= l0 = k0.
3.15.6 The isomorphism problem for indi�erent Mo-ufang sets.Proposition 131 An indi�erent Moufang set P(�k; l; k) is isomorphi under� to a lassial or indi�erent Moufang set (X 0; (Ux0)x02X0) if and only if oneof the following ours :(i) (X; (Ux0)x02X0) is a projetive Moufang set P(k0) with l = k �= k0,(ii) (X 0; (Ux0)x02X0) is an orthogonal Moufang set MO(V 0; k0; q0) and one ofthe following subases ours :(ii:a) dim(V 0) = 3, l = k �= k0, or(ii:b) dim(V 0) = 4, odim(Rad(f 0)) 6= 2 and l = k �= k00, with k00 the quadratiGalois extension of k0determined by MO(V 0; q0; k0).(ii:) odim(Rad(f 0)) = 2, � indues a bijetion ' from l to fq0(w0) jw0 2Rad(f 0)g, there exist onstants  2 k, 0 2 k0 suh that 1 2 0q0(w0) jw0 2Rad(f 0)g and an isomorphism � from k to the �eld generated by f0q0(w0)jw0 2 Rad(f 0)g suh that : 0'(v) = (v)�; 8v 2 l;(iii) (X 0; (Ux0)x02X0) is a hermitian Moufang set M(H(V 0; q0; k0; �0)) withdim(V 0) = 2 and l = k �= Fix(�0),(iv) (X 0; (Ux0)x02X0) is a unitary Moufang set MU(V 0; q0; k0; �0) de�ned overa generalized quaternion algebra k0 with standard involution �0, dim(V 0) = 2and k = l �= Z(k0),(v) (X; (Ux0)x02X0) is an indi�erent Moufang set P(�k0; l0; k0), there exists a



204 CHAPTER 3. MOUFANG SETS�eld isomorphism from k to k0, a onstant 0 2 k0 suh that :�((x)) = (0x�); 8(x) 2 P(�k; l; k):proof :First ase : (X 0(Ux0)x02X0) is a projetive Moufang set P(k).As P(�k; l; k) as ommutative Lemma 119 implies that k is a �eld. UsingProposition 126 we see that in this ase P(�k; l; k) is isomorphi to P(k) ifand only if l = k �= k0,Seond ase : (X 0(Ux0)x02X0) is an orthogonal Moufang setMO(V 0; q0; k0; �0).In this ase we refer to Proposition 127.Third ase (X 0(Ux0)x02X0) is a hermitian Moufang set MH(V 0; q0; k0; �0).As P(�k; l; k) has ommutative root groups Lemma 118 implies that dim(V 0)= 2 and MH(V 0; q0; k0; �0) �= P(Fix(�0)). Proposition 126 implies then thatP(�k; l; k) is isomorphi to MH(V 0; q0; k0; �0) if and only if l = k �= Fix(�0).Fourth ase (X 0(Ux0)x02X0) is a unitary Moufang set MU(V 0; q0; k0; �0).Without loss of generality we an assume that q0 is a (�;�1)-quadratiform suh that 1 2 Tr(�). As P(�k; l; k) is ommutative with ommuta-tive root groups Lemma 104 and Corollary 122 imply that MU(V 0; q0; k0; �0)is an extended polar line de�ned over a generalized quaternion algebra k0with standard involution �0. Lemma 123 implies that dim(V 0) = 2, andMU(V 0; q0; k0; �0) �= P(Z(k0)). Using Proposition 125 we �nd that P(�k; l; k0)�= MU(V; q; k; �)) if and only if l = k �= Z(k).Fifth ase : (X 0(Ux0)x02X0) is an indi�erent Moufang set of the form P(�k0; l0; k0).hoose for both P(�k; l; k) and P(�k0; l0; k0) oordinatizations. After a possi-ble re oordinatization of P(�k0; l0; k0) we an assume that �((0)) = ((0)),�(1) = (1) and �((1)) = (1). As � de�nes a bijetion between the pointsof P(�k; l; k) and P(�k0; l0; k0) it indues a bijetion from l to l0 whih we alsodenote by � if we set : �((v)) = (�(v)); 8v 2 l:As u((1); (0); (v))((w)) = (v+w) we dedue �(v+w) = �(v)+�(w). Hene� de�nes an additive morphism from l to l0



3.15. ISOMORPHISM PROBLEMS 205The assumptions on l and l0 show that k2 = l2 and (k0)2 = (l0)2.The equations s(0;1)(v) = (v�1) and s(0;v) (1) = (v�2) show that �((v�1))= ((�(v))�1) and �((v2)) = ((�(v))2), 8v 2 l. Using these equations oneeasily shows that � de�nes a bijetion from l2 to (l0)2 preserving the additivegroup struture, squares and inverse. The proof of Proposition 124 yieldsthat � de�nes an isomorphism from k2 to (k0)2. Thus if we de�ne the map� from k to k0 by : �(x) =p�(x2); 8x 2 kwe �nd that � de�nes a �eld isomorphism from k to k0 suh that�((v)) = (v�); 8v 2 l:Remark that we the assumption that �((1)) = (1) an require a possible reoordinatization. This means that with respet to the original oordinatesystem we �nd a 0 2 k0 suh that�((v)) = (0v�); 8v 2 l:Conversely let � be a �eld isomorphism from k to k0 suh that there exists aonstant 0 suh that : 0x� 2 l0; 8x 2 l:De�ne the bijetion � from P(�k; l; k) to P(�k0; l0; k0) by :�((x)) = (0x�); 8x 2 l:Using Lemma 41 we hek that � de�nes a Moufang set isomorphism. Inorder to use this lemma we have to show that the map �(1) de�ned by :�(1)(u(1)) = � Æ u(1) Æ ��1; 8u(1) 2 U(1)de�nes a bijetion from the root elations �xing (1) in P(�k; l; k) to the setof root elations in P(�k0; l0; k0) �xing (1) and similarly the map �(0) de�nedby : �(0)(u(0)) = � Æ u(0) Æ ��1; 8u(0) 2 U(0)de�nes a bijetion from the root elations in P(�k; l; k) �xing (0) to the rootelations of P(�k0; l0; k0) �xing (0).



206 CHAPTER 3. MOUFANG SETSLet (v0) 2 l0 we alulate :�u((1); (0); (t))��1((v0)) = �u((1); (0); (t))(((0�1v0)��1))= �(((0�1v0)��1 + t))= ((v0 + 0t�))= u((1); (0); �(t))((v0))�u((1); (0); (t))��1((1)) = (1)showing that �(1)= (u((1); (0); (t))) u((1); (0); �((t)))).Let v0 2 l0 n f0g.We �nd :�u((0); (1); (t))��1((v0)) = �u((0); (1); (t))(((0�1v0)��1))= �((((0v0�1)��1 + t�1)�1))= ((v0�1 + (0t�)�1)�1)= u((0); (1); �(t))((v0))�u((0); (1); (t))��1((0)) = (0)showing that �(0) (u((0); (1); (t))) = u((0); (1); �((t))).Using Lemma 41 we thus �nd that � de�nes a Moufang set isomorphism. 23.16 Loal haraterizations of some lassialMoufang setsMain aim of this setion is to generalize the tehniques developed in theprevious paragraphs and ome to a more abstrat theory. To simplify thenotations and alulations we will assume that we always work with (�;�1)-quadrati forms with 1 2 Tr(�) if � 6= 1. As explained in Corollary 92 andsetion 3.12.3 this does not put any restritions on the forms we onsider.Theorem 132 Let (X; (Ux)x2X) be a Moufang set with non-ommutativeroot groups. Then (X; (Ux)x2X) is isomorphi to a Moufang set of the formM(V; q; k; �) where dim(V ) � 5, and if k is a generalized quaternion algebra� is a non standard involution if and only if there exists a family of properMoufang subsets (Yi)i2I of (X; (Ux)x2X) and two points y1 and y2 suh that :



3.16. LOCALLY CLASSICAL MOUFANG SETS 207(i) For every i 2 I, Yi is isomorphi to a Moufang set of the form M(Vi,qi,ki,�i) where if ki is a generalized quaternion algebra �i is a nonstandard involution. All Yi have the same type. If the Yi are hermitianMoufang sets dim(Vi) > 4, 8i 2 I,(ii) y1, y2 2 Yi, 8 2 I and every three points x1, x2 and x3 are ontainedin some Yi,(iii) If the Yi are orthogonal Moufang sets the following ondition holds :for every i, j 2 I the Moufang set Yi \Yj is non-ommutative with :Z(FixTYify1; y2g) = Z(FixTYjfy1; y2g); 8i; j 2 I:If har(kj) = 2, 8j 2 I, '�1i (Yj) is a Moufang set M(Vij ; qij, kj ; �j),where Vij is a subspae of Vj and qij = qijVij .(iv) If the Yi are not orthogonal Moufang sets the followingondition holds :Z(StabUy1(Yi)) = Z(StabUy1(Yj)); 8i; j 2 I;(v) If the Yi are hermitian Moufang sets there exists a Moufang subset Y0 ofthe family suh that Y0 \Yi \Yj is a Moufang set with non-ommutativeroot groups for every ouple i, j 2 I.proof :Suppose (X; (Ux)x2X) is a Moufang set M(V; q; k; �) suh that dim(V ) � 5and if k is a generalized quaternion algebra � is a non standard involution.Choose a oordinatization of M(V; a; k; �) assoiated to a deomposition V= e�1k �V0 �e1k. Set H0 = f W i0 j W i0 is a subspae op V and odim(W i0)= 3 g. By onstrution we an onsider for every W i0 2 H0 the Moufang setYi =M(e�1k�W i0�e1k, q, k, �). One easily heks that if we set the family(Yi) satis�es the onditions of the Theorem.Conversely suppose (X; (Ux)x2X) and Yi are Moufang sets as in the theorem.If all Moufang sets (Yi) are orthogonal we put � = 1 and in the other aseswe set � = �1. For i 2 I we will assume that qi (�i; �)-quadrati form withassoiated sesquilinear form fi. Moreover we will denote the isomorphismfrom M(Vi; qi; ki; �i) to Yi by 'i. Choose for every i 2 I a oordinatization



208 CHAPTER 3. MOUFANG SETSofM(Vi,qi,ki; �i) assoiated to a deomposition ei�1k �V i0 �ei1 with labellingset Ri0;1 = f(vi0; vi1) 2 V i0 � ki jqi(vi0) + vi1 = 0g suh that 'i ((1)) = y1 and'i((0; 0)) = y2.Remark that the onditions (iii), (iv) and (v) of the theorem imply thatYi \ Yj 6= ;, 8 i, j 2 I . For i 2 I we have har(ki) = ord(uy1), 8uy1 2 Uy1and it follows that har(ki) = har(kj) 8 i, j 2 I .Throughout this proof we will use the following notation whih was intro-dued in Chapter 1. If (X; (Ux)x2X) and (Y; (Uy)y2Y ) are two Moufang setsand ' is an injetion from (X; (Ux)x2X) into Y . Then we will denote for u2 TX , the automorphism ' Æ u Æ '�1 of (Y; (Uy)y2Y ) as u'.Also important to mention is that by Lemma 47 the onditions on ki and �iyield that Tr(�i) generates ki as a ring if Z(ki) 6= ki.If �i 6= 1, 8 2 I we introdue the following notations :Condition (iv) of the theorem yields that for i, j 2 I :f'i((ai0; ai1))j(ai0; ai1) 2 Z(Ri0;1;�)g = f'j((aj0; aj1))j(aj0; aj1) 2 Z(Rj0;1;�)g:(3.35)If i 2 I we will denote in the sequel Li = fai1 2 Ri1 jai1 = q(ai0), ai0 2 Rad(fi)g= fai1 j(ai0; ai1) 2 Z(Ri0;1;�) for some ai0 2 V i0 g. Remark that for ai1 2 Li theelement ai0 2 V i0 suh that qi(ai0) = ai1 is uniquely determined by ai1. (If therewould be another bi0 2 Rad(fi) with qi(bi0) = ai1 the equation q(ai0 + bi0) = 0implies that ai0 = bi0.) Moreover as (0; 1) 2 Ri0;1, 8i 2 I , by assumption wean introdue the following notation. For �i 2 Li we set :m�i = s(xi0;�i)s(0;1);with xi0 the unique vetor in Rad(fi) satisfying q(xi0) = �i.As a �rst step we show that for every i, j 2 I the set '�1i (Yj) is a Moufangsubset ofM(Vi; qi; ki; �i) of the formM(Vij ,qij ,ki,�i) where Vij is a subspaeof Vi and qij = qijVij .Remark that if (vi0; vi1), (wi0; wi1) 2 '�1i (Yj) also (vi0; vi1) � (wi0; wi1) 2 '�1i (Yj).1. The Yl are orthogonal Moufang sets 8l 2 I .If har(k) = 2 it follows by assumption that '�1i (Yj) is of the formM(Vij ; qij ; ki; �i)where Vij is a subspae of Vi and qij = qijVij .Remains the ase where har(k) 6= 2.Let (vi0; vi1) 2 '�1i (Yj) and �i 2 ki. By Lemma 109 we know that s(vi0�i;vi1(�i)2)s(v0;v1) 2 Z(FixTYi fy1, y2g). As Z(FixTYi fyi, yjg) = Z(FixTYj fy1, y2g)we �nd that s'i(vi0;vi1) s(vi0�i;vi1(�i)2) 2 StabTX (Yi\Yj). In partiular s(vi0�i;vi1(�i)2)



3.16. LOCALLY CLASSICAL MOUFANG SETS 209s(vi0;vi1) ((vi0; vi1)) = (vi0(�i)2; vi1�i4) 2 '�1i (Yj).Moreover as :(vi0(1 + �i)2; vi1(1 + �i)4) = (vi0; vi1)� 2(vi0�i; vi1(�i)2)� (vi0(�i)2; vi1�i4)and (v0(�i)2; v1�i4) 2 '�1i (Yj) we see that 2(vi0�i, vi1(�i)2) 2 '�1i (Yj). Hene(vi0�i,vi1 �i2) 2 '�1i (Yj).2. The Yl are hermitian Moufang sets suh that dim(Vl) � 4, 8l 2 I .Let (vi0; vi1) 2 '�1i (Yj). Equation (3.35) shows that f(0; �i) j�i 2 Fix(�i)g �'�1i (Yj). Therefore we �nd for �i 2 ki that u((1); (0; 0); (0; �i) and m�i sta-bilize '�1i (Yj). This means that f(vi0; vi1 + �i) j�i 2 Fix(�i)g � '�1i (Yj) andf(v0�i; �iv1�i + �) j�i, �i 2 Fix(�i)g = fm�i(vi0; vi1 + �i) j�i, �i 2 Fix(�i)g� '�1i (Yj).By assumption we have (0; 1) 2 '�1i (Yj). Hene '�1i (Yj) is stabilizedby s(0;1). This implies that also the set f(vi0vi1�1�i ; �ivi1�1�i +�i) j�i, �i2 Fix(�i)g is ontained in '�1i (Yj)g. As vi1 62 Fix(�i) = Tr(�i), the �eld kiequals Fix(�i)(vi1�1). We thus �nd that '�1i (Yj) is of the formM(Vji; qji; ki; �i),where Vij is the spae spanned by the vetors in f('�1i (yj))0 jyj 2 Yj \ Yigand qij = qijVij .3. The Yl are unitary Moufang sets with suh that if kl is a generalizedquaternion algebra, �l is not its standard involution. 6= Z(kl), 8l 2 I .Let (vi0; vi1) 2 '�1i (Yj). Formula (3.35) shows that f(0; �i) j�i 2 Tr(�i)g �'�1i (Yj). Hene u((1); (0; 0),(0; �i)) stabilizes '�1i (Yj), 8�i 2 Tr(�i). Thismeans that f(vi0; vi1 + �i)j�i 2 Tr(�i) 2 '�1i (Yj)g. As also (0; 1) 2 '�1i (Yj)the elements m�i = s(0;�i) s(0;1) for �i 2 ki will stabilize '�1i (Yj).Let �i 2 ki. Denote as in the the seond subase of the proof of Theorem 129S(vi0;vi1) hu((1); (0; 0); (vi0; vi1)), m�i j�i 2 Tr(�i)i. Then we proved that thereexists a  �i 2 S(vi0;vi1) suh that '�i((vi0; vi1)) = (vi0�i, �i��vi1 �i), with (vi0; �vi1)2 Ri0;1. By de�nition of S(vi0;vi1) it follows that S(vi0;vi1) 2 Stab('�1i (Yj). Thismeans that (vi0�i, �i��vi1 �i) 2 '�1i (Yj) and f(vi0�i, �i� vi1�i+�i) j�i 2 Tr(�i)g� '�1i (Yj).This shows that '�1i (Yj) will be the Moufang set of the formM(Vij ; qij ; ki; �i)where Vij is the spae spanned by f('�1i (yj))0 jyj 2 Yi \Yjg and qij = qijVij .As a next step we show that for any every i, j 2 I there exists a uniqueelement i;j 2 kj , and a unique bijetive semi-linear transformation �ij fromV i0 to V j0 and a �eld isomorphism �ij from ki to kj suh that :'i((vi0; vi1)) = (�ij(vi0); ijvi1�ij); 8(vi0; vi1) 2 '�1i (Yj) (3.36)



210 CHAPTER 3. MOUFANG SETSij(�i)�i�ij�1ij = ��ij�j ; 8�i 2 ki: (3.37)Firstly we show the uniity of ij , �ij and �ij . Suppose that there exist dij2 Fix(�) \Z(k), a semi-linear transformation Æij with �eld isomorphism ijsuh that a formula similar to (3.37) hold. We �nd :�ij(vi0) = Æij(vi0)ijvi1�ij = dijvi1ijfor (vi0; vi1) 2 '�1i (Yj). The �rst equation shows that �ij = Æij while theseond equation implies that ij , = dij .If the Yl orthogonal or hermitian Moufang sets the assumptions of the the-orem imply that there exists at least one (vi0; vi1) 2 '�1i (Yj) with v0 6= 0. Inthis ase the �rst equation shows �ij = ij .If the Yl are unitary Moufang sets and '�1i (Yj) = f(0; �i) j�i 2 Tr(�i), theseond equation shows that �ij equals ij as Tr(�i) generates ki as a ring.Firstly we prove formula (3.37) if Yi \ Yj ontains a z 2 X suh thatu(y1; y2; z) 62 Z(StabUy1 (Yi)) = Z(StabUy1 (Yj)).Remark that this is only possible if all Yk are hermitian or unitary.IfM(Vi; qi,ki,�i) is hermitian we hoose zi 2 Yi, zj 2 Yj suh that ('�1i (zi))0and ('�1i (z))0 are linearly independent and similarly ('�1j (zj))0 and ('�1j (z))0are linearly independent.If M(Vi; qi; ki; �i) is unitary we hoose zi 2 Yi and zj 2 Yj suh that :[u(y1; y2; zi); u(y1; y2; z)℄ 6= 1 and [u(y1; y2; z); u(y1; y2; zj ℄ 6= 1:Let Yl be a Moufang set of the family ontaining zi, zj and z.The permutation '�1l 'i of Yi \ Yl de�nes by assumption an automorphismof the Moufang set Yi \Yl. The Propositions 128 and 129 show that thereexists a onstant il 2 kl and a bijetive semi-linear transformation �il fromV i0 to V l0 with assoiated �eld isomorphism �il suh that :il�i�i�il�1il = �i�il�j ; 8�i 2 kilj'�1l 'i((vi0; vi1))�1lj = (�il(vi0); ilvi1�il); 8(vi0; vi1) 2 '�1i (Yl)By similar arguments there exists a onstant lj 2 kj and a semi-linear trans-formation �lj from V l0 to V j0 with assoiated �eld isomorphism �lj suh that :lj�l�l�lj�1lj = �l�lj�j ; 8�l 2 kl'�1j 'l((vl0; vl1)) = (�(vl0); ljvl1�lj); 8(vl0; vl1) 2 '�1l (Yj):



3.16. LOCALLY CLASSICAL MOUFANG SETS 211In partiular : '�1j 'i((0; �i)) = '�1j 'l('�1l 'i((0; �i)))= '�1j 'l((0; il�i�il))= (0; lj�ljil �i�il�lj)= (0; ij�i�ij)if we set ij = �ljil lj and �ij = �il�lj we �nd ij 2 kj and ij �i�i�ij �1ij= �i�ij�j , 8�i 2 ki.IfM(Vi; qi; ki; �i) is unitary we leave it as an exerise for the reader to hekthat one an proeed as in the proof of the seond subase of Theorem 129to see that formula (3.37) holds.IfM(Vi; qi; ki; �i) is hermitian, the assumption that Yi \ Yj has non-ommutativeroot groups implies dim(h ('�1i (yj))0 jyj 2 Yi \ Yji) � 1. We onsider twosubases.First subase : dim(h('�1i (yj))0 jyj 2 Yi \ Yj i) > 1.Then one an proeed as in the proof of (ii:) of Proposition 128 to see thatformula (3.37) holds.Seond subase : dim(h('�1i (yj))0 jyj 2 Yi \ Yj i = 1. In this ase we haveYi \ Yj � Yl. Applying Proposition 128 to '�1l 'i and '�1j 'l proves thatalso in this ase formula (3.37) holds.Remains to prove formula (3.37) whenever StabUy1(Yi \Yj) � Z(StabUy1 (Yi).We distinguish three ases.If the Yl are orthogonal, '�1i (Yj) and '�1j (Yi) are non-ommutative orthog-onal Moufang sets. As '�1j 'i de�nes an isomorphism from '�1i (Yj)) to'�1j (Yi) formula (3.37) follows from Proposition 127.If the Yl are hermitian assumption (v) of the theorem imply that in this aseStabUy1(Yi \Yj) annot be ontained in Z(StabUy1(Yi)). Hene this ase an-not our.If the Yl are unitary Moufang sets the assumption on StabUy1 implies that 'f(ai0; ai1) j(ai0; ai1) 2 Rad(fi)g = Yi \ Yj � Tk2I Yk. Consider in this ase aMoufang set Yl suh that Yi \ Yl ontains an element zi with u(y1; y2; zi)62 Z(StabUy1(Yi) and similarly Yl \ Yj ontains a zl with u(y1; y2; zl) 62Z(StabUy1 (Yl). Then we already know that formula (3.37) holds for '�1l 'iand '�1j 'l. As Yi \ Yj � Yl formula (3.37) will also holds for '�1j 'i = '�1j 'l'�1l 'i.To proeed we hoose an initial Moufang subset Y0, where Y0 is arbitrarily if



212 CHAPTER 3. MOUFANG SETSthe Yi are orthogonal or unitary and is as in ondition (v) of the theorem ifthe Yi are hermitian.Using Y0 we de�ne the following binary relation (denoted by v�) on X .Let x, x0 2 X . We set :x v� x0 , u(y1; y2; z)(x) = x0; for some z 2 '0f(v0; v1) 2 R00;1 \ f0g � k0g:Remark that if all Yi are orthogonal we �nd for v, v0 2 X , v v� v0 if and onlyif v = v0.If �0 6= 1 we have :x v� x0 , u((1); (0; 0); (0; �))'0 (x) = (x0); for some �0 2 Tr(�0):We hek that v� is an equivalene relation on X .If the Yi are orthogonal this is lear. Remains to onsider the ase where �i6= 1, 8i 2 I .(a) v� is reexive.This is lear as for any x 2 X , u(y1; y2; y2)(x) = x.and '0((0; 0)) = y2.(b) v� is symmetri.If x v� there exists a �0 2 Tr(�0) with u((1); (0; 0); (0; �0))'0(x) = x0.Equivalently :(u((1); (0; 0); (0; �0))'0)�1(x0) = u((1); (0; 0); (0;��0))'0(x0)= x;and we �nd x0 v� x.() v� is transitive.Let x v� x0 and x0 v� x00.This means that there exist �0, �00 2 Tr(�0) suh that :u((1); (0; 0); (0; �0))'0(x) = x0u((1); (0; 0); (0; �00))'0(x0) = x00:Hene :u((1); (0; 0); (0; �0))'0u((1); (0; 0); (0; �00))'0(x) = u((1); (0; �0 + �00))'0(x)= x00



3.16. LOCALLY CLASSICAL MOUFANG SETS 213and x v� x00.In the sequel we will denote for x 2 X its equivalene lass with respet tov� as x0 and we set V0 = fx0jx 2 Xg.As a next step we show that there exists an addition and salar multiplia-tion with elements of k0 on V0 turning it into a right k0-vetor spae.1. Addition :Let x0, y0 2 V0. Choose x 2 x0, y 2 y0 and set :x0 + y0 = (u(y1; y2; x)(y))0:We show that this is well de�ned i.e. independent of the representatives wehoose for x0 and y0. Let x0 2 x0. Then we have to show that :(u(y1; y2; x)(y))0 = (u(y1; y2; x0)(y))0:If the Yi are orthogonal Moufang sets this is lear as for every x 2 X ,x0 = fxg. Remains the ase where the Yi are not orthogonal.Let Yi be a Moufang subset as in the theorem ontaining x and y with'�1i (x) = (vi0; vi1) and '�1i (y) = (wi0; wi1). By assumption on x and x0 thereexists a �0 2 Tr(�0) suh that u((1); (0; 0); (0; �0))'0(x) = x0.Formula (3.37) shows that '0(0; �0) = 'i((0; �i)) for some �i 2 Tr(�i). Itfollows that x0 2 Yi, u((1); (0; 0); (0; �0))'0 = u((1); (0; 0); (0; �i))'i and'�1j (x0) = (vi0; vi1 + �i).Therefore we �nd :u(y1; y2; x0)(y) = (u((1); (0; 0); (vi0 ; vi1 + �i))'i(y)= u((1); (0; 0); (0; �i))'iu((1); (0; 0); (vi0; vi1))'i(y)= u((1); (0; 0); (0; �0))'0(u(y1; y2; x)(y)):Hene (u(y1; y2; x0)(y))0 = (u(y1; y2; x)(y))0.We prove that (V0;+) is an abelian group.+ is assoiative on V0.Let x0, y0, z0 2 V0, x 2 x0, y 2 y0, z 2 z0 and Yi a Moufang subset asin the theorem ontaining x, y and z. Assoiativity follows from theassoiativity of � on Ri0;1 using the isomorphism 'i.



214 CHAPTER 3. MOUFANG SETS(y2)0 is neutral element for +.This follows from the fat that 'i((0; 0)) = y2, 8i 2 I .Every x0 has an inverse for +.If x0 2 V0 and ('i((vi0; vi1))0 = x0 one heks that the inverse if x0 isgiven by ('i((�vi0;�v�i1 �f(vi0; vi0)))0.+ is ommutative on V0.Let x0, y0 2 V0, x 2 x0, y 2 y0 and Yi a Moufang subset as in theTheorem ontaining x and y.Consider the equations :u(y1; y2; y)(x) = u((1); (0; 0); (wi0 ; wi1))'i(x)= 'i(u((1); (0; 0); (wi0; wi1))((vi0; vi1)))= 'i((wi0; wi1)� (vi0; vi1))= 'i((0; f(vi0; wi0) � f(wi0; vi0))� (vi0; vi1)� (wi0; wi1))= 'i(u((1); (0; 0); (0; f(vi0 ; wi0)� f(wi0; vi0))u((1); (0; 0); (vi0 ; vi1))(wi0; wi1))= u((1); (0; 0); (0; f(vi0 ; wi0)� f(wi0; vi0))'iu((1); (0; 0); (vi0 ; vi1))'i(y)= u((1); (0; 0); (0; f(vi0 ; wi0)� f(wi0; vi0))'iu(y1; y2; x)(y)as u((1); (0; 0); (0; f(vi0 ; wi0)� f(wi0; vi0))'i = u((1); (0; 0); (ai0; ai1)) forsome (ai0; ai1) 2 Ri0;1 \f0g � ki. this shows that (u(y1; y2; x)(y))0 =(u(y1; y2; y)(x))0 and thus x0 + y0 = y0 + x0.2. Salar multipliation :Let � 2 k0 and x0 2 V0. De�ne x0� in the following way. Choose a x 2 x0and Yi suh that x 2 Yi then we set :x0� = ('(('�1i (x))0��0i ; ��0i�i('�1i (x))1��0i))0:We hek that this multipliation is well de�ned i.e. independent from therepresentative x of x0 and independent ofthe Yi ontaining x.Suppose x0 2 x0 and x0 6= x. This means that there exists a �i 2 Tr(�) suhthat '�1i (x0) = (('�1i (x))0, ('�1i (x))1 + �i).We �nd : (('�1i (x0))0��0i; ��0i�i('�1i (x0))1��0i)= (('�1i (x))0��0i ; ��0i�i(('�1i (x))1 + �i)��0i):



3.16. LOCALLY CLASSICAL MOUFANG SETS 215Therefore we �nd that ('i(('�1i (x))0��0i , ��0i�i ('�1i (x))1��0i))0 =('i(('�1i (x0))0 ��0i , ��0i�i ('�1i (x0))1 ��0i))0. Showing that the de�nition ofmultipliation with elements of k is independant from the representative xwe hoose for x0.Remains to show that the de�nition of salar multipliation is independent ofthe initial Moufang set Yi ontaining x we hoose. To prove this we supposex 2 Yi \Yj .Let ij , �ij and �ij be as in formula (3.37). For the following alulation wedistinguish two ases.First ase : The Yl are hermitian or orthonal Moufang sets.Conditions (iii) and (v) of the theorem imply that there exists a (vi0; vi1)2 '�10 (Yi) \'�10 (Yj) with vi0 6= 0.Using formula (3.37) we �nd for � 2 k0 the equations :'0((vi0�; ��vi1�)) = 'j((�0j(vi0)��0j ; 0j��0j�vi1�0j��0j))= 'i((�0i(vi0)��0i; 0i��0i�vi1�0i��0i))= 'j((�ij�0i(vi0)��0i�ij ; ij�ij0i ��0i�ij�vi1�0i�ij��0i�ij)):This yields : �ij0i ij = 0j��0i�ij = ��0j ; 8� 2 k0 (3.38)Seond ase : The Yi are unitary Moufang sets.The equations : '0((0; �0)) = 'j((0; 0j�0�0j))= 'i((0; 0i�0�0i))= 'j((0; ij�ij0i �0�0i�ij))show that : ij�ij0i = 0j�0�0i�ij = �0�0j ; 8�0 2 Tr(�0): (3.39)As Tr(�0) generates k0 as a ring this implies :��0i�ij = ��0j ; 8� 2 k0: (3.40)



216 CHAPTER 3. MOUFANG SETSWe return to the general ase.By formula (3.37) we have :'�1j (x) = (�ij(('�1i (x))0); ij(('�1i (x))1)�ij)yielding : ('�1j (x))0 = (�ij(('�1i (x)))0('�1j (x))1 = ij('�1i (x))1Using equations (3.38), (3.39) and (3.40) we have :'i((('�1i (x))0��0i ; ��0i�i('�1i (x))1��0i))= 'j((�ij(('�1i (x))0)��0i�ij ; ij��0i�ij�i('�1i (x))1��0i�ij))= 'j((�ij(('�1i (x))0)��0i�ij ; ��0i�ijij('�1i (x))1��0i�ij= 'j(('�1j (x))0��0j ; ��0j�i('�1j (x))1��0j :In this way we an onlude that the de�nition of multipliation is indepen-dent ofthe Yi ontaining x we hoose. Hene the de�nition of multipliationof vetors in V0 with elements of k0 is well de�ned. By onstrution oneeasily heks that the multipliation determines a salar multipliation on V0turning V0 into a right k0-vetor spae.Remains to de�ne a quadrati form on V0. As for i, j 2 I , 'i((0; 0i)) ='j((0; 0j)) = '0((0; 1)) we dedue that s'i(0;0i) = s'j(0;0j).Let x0 2 V0. We show that s'0(0;1) de�nes a permutation on V0 sending (x0)to a vetor of hx0i. To prove this we hoose a representative x 2 x0 and Yiontaining x.We have :s'0(0;1)(x) = s'i(0;0i)(x)= 'i((�('�1i (x))0(('�1i (x))1)�10i;�0i(('�1i (x))1)�10i)(3.41)2 x0(�((('�1i (x))1)�1)��10i ��10i0i ):As for any �i 2 Tr(�i) :s'0(0;1)'i((0; �i)) = 'i((0;�0i�i0i));



3.16. LOCALLY CLASSICAL MOUFANG SETS 217we �nd that :s'0(0;1)(x0) = x0�x0 ; for some �x0 2 k0 depending on x0:Therefore the following de�nition of q makes sense. For x0 we set :q(x0) = ���1x0 ; 8x0 2 V0Using the form q, we de�ne the form f on V0 by :q(x0 + y0) = q(x0) + q(y0) + f(x0; y0); 8x0; y0 2 V0:The fat that for i 2 I , s'0(0;1) = s'i(0;0i) and equation (3.41) show that q(x0)an be alulated in the following way. Choose a representative x 2 x0 anda Yi ontaining x.We have : q(x) = (�10i )��10i (qi(('�1i (x))0))��10i :We show that q is an anisotropi (�0;�1) quadrati form on V0 with assoi-ated (�0;�1)-sesquilinear form f .Let x0, y0, z0 and � 2 k0. Choose representatives x 2 x0, y 2 y0, z 2 z0 anda Moufang subset Yi as in the theorem ontaining x, y and z.By de�nition of addition and salar multipliation we have (('�1i (x))0 +('�1i (y))0, ('�1i (x))1 + ('�1i (y))1 �f(('�1i (x))0, ('�1i (y))0) 2 x0 + y0 and(('�1i (x))0��0i , ��0i�i ('�1i (x))1 ��0i) 2 x0�.We �nd : q(x0�) = (�10i )��10i (qi(('�1i (x)0��0i))��10i= (�10i )��10i ��0i�i��10i (qi(('�1i (x))0))��10i �= ��0(qi(('�1i (x))0))��10i �= ��0q(x0)�:where we used the fat that by formula (3.37), ��0i(�10i )��10i = (�10i )��10i��0i�i��10i , 8� 2 k0.Moreover the equations :q(x0 + y0) = (�10i )��10i (qi(('�1i (x))0 + ('�1i (y))0))��10i= (�10i )��10i (qi(x0))��1i + (�10i )��10i (qi(y0))��1i +(�10i )��10i (fi(('�1i (x))0; ('�1i (y))0))��10i ;



218 CHAPTER 3. MOUFANG SETSshow that : f(x0; y0) = (�10i )��10i (fi(('�1i (x))0; ('�1i (y))0))��10i :As :f(x0 + y0; z0) = (�10i )��10i (fi(('�1i (x))0 + ('�1i (y))0; ('�1i (z))0))��10i= (�10i )��10i (fi(('�1i (x))0; ('�1i (z))0))��10i+(�10i )��10i (fi(('�1i (y))0; ('�1i (z))0))��10i= f(x0; z0) + f(y0; z0)f(x0�; y0) = (�10i )��10i (fi(('�1i (x))0��0i; ('�1i (y))0))��10i= ��0(�10i )��10i (fi(('�1i (x))0; ('�1i (y))0))��1i= ��0f(x0; y0)f(y0; x0�) = (�10i )��10i (fi(('�1i (y))0; ('�1i (x))0���10i ))��10i= (�10i )��10i (fi(('�1i (y))0; ('�1i (x))0))��10i �= f(y0; x0)�f(x0; y0) = (�10i )��10i (fi(('�1i (x))0; ('�1i (y))0))��10i= �(�10i )��10i (fi(('�1i (y))0; ('�1i (x))0))��10i= �f(y0; x0)we onlude that q is a (�0; �)-quadrati form with assoiated (�0;�1) sesquilin-ear form f . The fat that qi is anisotropi on V i0 for every i 2 I yields thatq is anisotropi on V0.In order to onstrut a unitary Moufang set isomorphi to (X; (Ux)x2X) weonsider the vetor spae e�1k0 � V0 �e1k0 where e�1 = y1 and e1 = y2.De�ne the forms q and f on V by :q(e�1x�1 + x0 + e1x1)= �x��1x1 + q(x0)f(e�1x�1 + x0 + e1x1; e�1z�1 + z0 + e1z1)= �x��1z1 + x�1z�1 + f(x0; z0):As q is anisotropi on V0, q will be a (�0; �)-quadrati form on V of Wittindex 1 with assoiated (�0; �)-sesquilinear form f . Therefore we an on-sider the Moufang set MU(V; q; k0; �0). Choose the oordinatization ofMU(V; q; k0; �0) assoiated to the deomposition V = e�1k0 � V0 �e1k0.De�ne the map  from (X; (Ux)x2X) in the following way.Let x 2 X . Choose a Yi suh that x 2 Yi and de�ne :(x) = (x0; (�10i )��10i (('�1i (x))1)��10i ):



3.16. LOCALLY CLASSICAL MOUFANG SETS 219Using Lemma 41 we hek that � determines a Moufang set isomorphism.1.  is well de�ned map from X to MU(V; q; k; �) i.e.  maps elementsof X to points of MU(V; q; k; �) and for x 2 X , (x) is independent of theMoufang subset Yi ontaining x we hoose.Let x 2 X and hoose Yi with x 2 Yi. Following the de�nition of q on V0 we�nd : q(x0) = (�10i )��10i (qi(('�1i (x))0))��10i= �(�10i )��10i (('�1i (x))1)��10i :This shows that (x) 2 MU(V; q; k; �).Remains to prove that  is well de�ned. Suppose x 2 Yi \Yj . Using formulas(3.38), (3.39) and (3.40) we dedue :('�1j (x))1 = 0j(�10i )��10i �0j(('�1i )(x))1)��10i �0j :Equivalently :(�10i )��10i (('�1i (x))1)��10i = (�10j )��10j (('�1j (x))1)��10j ;showing that  is well de�ned.2.  de�nes a bijetion from X to the points of MU(V; q; k; �).Let (v0; v1) 2 MU(V; q; k; �). Choose a v 2 v0 and Yi ontaining v. Usingthe de�nition of q on V we �nd :q(v) = (�10i )��10i (qi(('�1i (v))0)��10i= v1:We �nd that (('�1i (v))0, 0iv�0i1 ) 2 '�1i (Yi). Remark that by de�nition of V0,('�1i (v))0 = ('�1i (v0))0, if v0 2 v0. This means that (v0; v1) determines theunique point x = '((('�1i (v))0; 0iv�0i1 )) suh that (x) = (v0; v1).3.  indues bijetions (1) from Uy1 to U(1) and (0;0) from Uy2 to U(0;0)de�ned by : (1)(u(y1; y2; x)) =  Æ u(y1; y2; x) Æ �1(0;0)(u(y2; y1; x)) =  Æ u(y2; y1; x) Æ �1:



220 CHAPTER 3. MOUFANG SETSLet u(y1; y2; x) 2 Uy1 , (z0; z1) 2 MU(V; q; k; �). Choose a Yi suh that x,�1(z0; z1) 2 Yi with 'i((�x0; �x1)) = x, 'i((�z0; 0iz�0i1 )) = �1 (z0; z1).We �nd :u(y1; y2; x)�1((z0; z1)) = u(y1; y2; x)'i((�z0; 0iz�0i1 )= 'i(u((1); (0; 0); (�x0 ; �x1)))((�z0; 0iz�0i1 ))= 'i((�x0 + �z0; �x1 + 0iz�0i1 � fi(�x0; �z0)))= (x0 + z0; (�10i )��10i �x1 + z1�(�10i )��10i (fi(�x0; �z0))��10i )= (x0 + z0; (�10i )��10i �x1 + z1 � f(x0; z0))= u((1); (0; 0); (x0; (�10i )��10i �x1))((z0; z1))= u((1); (0; 0); (x))((z0; z1)):This set of equations learly yields that (1) de�nes a bijetion from Uy1 toU(1).Similar alulations show that (0;0) de�nes a bijetion from Uy2 to U(0;0).By Lemma 41 it follows that  de�nes a Moufang set isomorphism. 2
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Chapter 4Existene and non-existene
4.1 IntrodutionIn the standard referene [32℄, J. Tits skethes a possible outline leadingto a lassi�ation of twin buildings. Having already working with Moufangbuildings in the past B. M�uherr took on the subjet with Tits' approah asstarting point. After a while he managed to write a onrete lassi�ationprogram for 2-spherial twin buildings down. To this end a lot of tehniquesand theorems of algebrai group theory (as desribed for example in [33℄) hadbeen extended. Espeially the theory on Galois ohomology. For a detaileddesription we refer to [20℄ more partiularly to Chapter 7 of this work.To omplete the lassi�ation program B. M�uhlherr still needed a lassi�a-tion of 3 types of geometries, namely twin buildings of type ~A2, ~B2 and 443.One of these types onsists of the lass of ~B2 twin buildings. The ~B2 aseseemed to be a ruial ase where a lot of work was around. One of the mainaims of this thesis was therefore to desribe all possible ~B2 twin buildingswhere the rank 2 residues are one of the quadrangles as desribed in Chapter3.To simplify notations and theory we will not give a onrete list of all thesebuildings as twin buildings. Instead we give give a desription of all Moufang223



224 CHAPTER 4. EXISTENCE AND NON-EXISTENCEbuildings of type ~B2. As under some restritions on the residues 2-spherialtwin buildings and Moufang buildings are the same objets we have there-fore also a lassi�ation of ~B2 twin buildings with some restritions on theresidues. (For a proof of the fat that in almost all ases 2-spherial twinbuildings and Moufang buildings are the same objets we refer to Chapter 2and [18℄). Moreover the tehniques used for the ~B2 ase also applies to the443 ase leading to existene ondition for twin buildings of type 443. Westart by realling some known theorems and lemmas on isomorphism andautomorphisms whih will be useful later on.4.1.1 Isomorphism and automorphisms of some quad-ranglesIn this setion we rephrase some isomorphism and automorphisms of some ofthe quadrangles desribed in Chapter 3. Most of the result in this paragraphan be found in or derived from [37℄ or in Chapter 8 in [29℄. For sake ofompleteness and as some results are not presented in [37℄ or [29℄ in the formwe want, we will give in most ases expliit proofs.Theorem 133 Let Q(E; q; k; �) be a quadrangle de�ned by a (�; �)-quadratiform q of Witt index 2. Let f be the (�; �)-hermitian form assoiated to q.Suppose that dim(E) � 5 if � = 1 and � = 1, and if k is a generalizedquaternion algebra, � is not its standard involution.A permutation g of points and lines of Q(E; q; k; �) is an automorphismof Q (E; q; k; �) if and only if there exists a onstant  2 k, a semi-lineartransformation ' with assoiated �eld automorphism � suh that :g(hx; yi) = h'(x); '(y)i; 8hx; yi 2 Q(E; q; k; �)(q(x))� = q('(x)); 8x 2 E(f(x; y))� = f('(x); '(y)); 8x; y 2 E:proof :Let g be a permutation of the points and lines of Q(E; q; k; �) preservinginidene. Theorem 8.6 in [29℄ implies that there exists a onstant  2 k,a semi-linear transformation ' with assoiated �eld automorphism � suhthat : g(hx; yi) = h'(x); '(y)i; 8hx; yi 2 Q(E; q; k; �)



4.1. INTRODUCTION 225(q(x))� = q('(x)); 8x 2 E(f(x; y))� = f('(x); '(y)); 8x; y 2 E:Conversely let ' be a semi-linear transformation with assoiated �eld iso-morphism � suh that :(q(x))� = q('(x)); 8x 2 E(f(x; y))� = f('(x); '(y)); 8x; y 2 E:Then we an de�ne the permutation g of Q(E; q; k; �) by :g(hx; yi) = h'(x); '(y)i;8hx; yi 2 Q(E; q; k; �):As inidene in Q(E; q; k; �) is ompletely de�ned in terms of f one easilyheks that g de�nes an automorphism of Q(E; q; k; �). 2Proposition 134 Let W (k) be a sympleti quadrangle de�nes over the �eldk. Then W (k) is dually isomorphi to an orthogonal quadrangle QO(E; q; k)with dim(E) = 5. Conversely every orthogonal quadrangle QO(E; q; k) withdim(E) = 5 is dually isomorphi to the sympleti quadrangle W (k).proof :Let W (k) be the sympleti quadrangle de�ned over k. We use the oor-dinatization of W (k) as desribed in setion 3.5.2. To onstrut QO(E; q; k)we reason as follows. Let E = e�2k �e�1k �e0k �e1k �e2k. De�ne theforms f and q on E by setting (x = e�2x�2+ e�1x�1 +e0� +e1x1 +e2x2 andy = e�2y�2 +e�1y�1 +e0� +e1y1 +e2y2)q(x) = �2 + x�2x2 + x�1x1f(x; y) = 2��+ x�2y2 + x2y�2 + x�1y1 + x1y�1:One easily heks that q de�nes a quadrati form on E of Witt index 2 suhthat q(x + y)= q(x) +q(y) +f(x; y), 8x; y 2 E. We an thus onsider thequadrangle QO(E; q; k). Coordinatize QO(E; q; k) using the deompositionE = e�2k �e�1k + � e0k �e1k �e2k. With respet to the oordinatization



226 CHAPTER 4. EXISTENCE AND NON-EXISTENCEwe de�ne the bijetion � from W (k) to QO(E; q; k) as follows :�((1)) = [1℄�((x)) = [(e0x;�x2)℄�((v; y)) = [v; (e0y;�y2)℄�((x;w; x0)) = [(e0x;�x2); w; (e0x0;�x02)℄�([1℄) = (1)�([v℄) = (v)�([x;w℄) = ((e0x;�x2); w)�([v; y; v0℄) = (v; (e0y;�y2); v0):By onstrution � de�nes a bijetion from the point set of W (k) to theline set of QO(E; q; k) and from the line set of W (k) to the point set ofQO(E; q; k). As � preserves inidene we see that W (k) is dually isomorphito QO(E; q; k) under �.Conversily let QO(E; q; k) be an orthogonal quadrangle de�ned in the vetorspae E suh that dim(E) = 5. Choose a oordinatization of QO(E; q; k) as-soiated to a deomposition E = e�2k� e�1k �V0 �e1k �e2k with labellingset R0;1. Without loss of generalitiy we an then assume that there exists avetor e0 with q(e0) = 1. Remarkt that this implies that R0;1 = f(e0�;��2)j� 2 kg. Consider the sympleti quadrangle W (k) oordinatizated as ex-plained in setion 3.5.2. De�ne the bijetion � from QO(E; q; k) to W (k)by : �((1)) = [1℄�((v)) = [v℄�((e0x;�x2); w)) = [x;w℄�((v; (e0y;�y2); v0)) = [v; y; v0℄�([1℄) = (1)�([(e0x;�x2)℄) = (x)�([v; (e0y;�y2)℄) = (v; y)�([(e0x;�x2); w; (e0x0;�x02)℄) = (x;w; x0):Then one easily heks that � de�nes a duality from QO(E; q; k) to W (k).2



4.1. INTRODUCTION 227Proposition 135 Let QO(E; q; k) be an orthogonal quadrangle with dim(E)= 6. Then QO(E; q; k) is dually isomorphi to a hermitian quadrangleQH(E 0; q0; k0; �0) where k0 is a quadrati Galois extension of k. Converselyevery hermitian quadrangle QH(E; q; k; �) with dim(E) = 5 is dually iso-morphi to an orthogonal quadrangle QO(E 0; q0; F ix(�)) with dim(E 0) = 6.proof :We refer to Proposition 3.4.9 of [37℄. 2Proposition 136 Let QO(E; q; k) be an orthogonal quadrangle de�ned by aquadrati form q with assoiated linear form f suh that odim(Rad(f)) = 2.Then QO(E; q; k) is isomorphi to an indi�erent quadrangle Q(k; k0; k; l0).Conversely every indi�erent quadrangle Q(k; k0; k; l0) is isomorphi to an or-thogonal quadrangle Q( �E; �q; k) and every indi�erent quadrangle Q(k; k0; l; k0)is dually isomorphi to an orthogonal quadrangle QO( �E; �q; k).proof :Let QO(E; q; k) be as in the proposition. Consider a oordinatization ofthe set assoiated to a deomposition E = e�2k � e�1k �V0 �e1k � e2kwith labelling set R0;1. Remark that then Rad(f) = V0. Let (e0; �1) 2 R0;1,de�ne the set l0 by l0 = fq(w) jw 2 Rad(f)g = fq(w0) jw0 2 V0g and denotethe sub�eld of k generated as ring by l0 as k0. Clearly l0 satis�es :(i) 10 is an additive subgroup of k0,(ii) l0�1 = l0(iii) l0�1 = l0,(iv) l0 generates k0 as a ring.(v) l0 is a vetor spae over k02Let W (k) be the sympleti quadrangle de�ned over k oordinatized as ex-plained in setion 3.5.2. The onditions on l0 ensure that we an onsider theindi�erent quadrangle Q(k; k0; k; l0) by restriting the oordinates in the o-ordinatization table for W (k) (fr. setion 131). De�ne the bijetion � fromMO(V; q; k) to Q(k; k0; k; l0) as follows (x, x0, y 2 k and (v0; v1), (v00; v01),(w0; w1) 2 R0;1) : �((1)) = (1)



228 CHAPTER 4. EXISTENCE AND NON-EXISTENCE�((x)) = (x)�(((v0; v1); y)) = (v1; y)�((x; (w0; w1); x0)) = (x; w1; x0)�([1℄) = [1℄�([(v0; v1)℄) = [v1℄�([x; (w0; w1)℄) = [x; w1℄�([(v0; v1); y; (v00; v01)℄) = [v1; y; v01℄:Clearly � de�nes in this way an isomorphism from QO(E; q; k) toQ(k; k0; k; l0).Conversily onsider an indi�erent quadrangle Q(k; k0; k; l0). Let fei0 ji 2 Igbe a base of l0, where l0 is seen as a k2-vetor spae. Put �E = �e�2k ��e�1 k ��V0 � �e1k ��e2 k where �V0 is a k-vetor spae with base fei0 ji 2 Ig. Remarkthat the onstrution of �V0 implies that we an de�ne a bijetion  from l0to �V0 in the following way. Let �v0 2 l0. Then �v0 an be written in a uniqueway as a sum Pj ej0x2j , xj 2 k. In the sequel we put :(�v0) =X ej0vj :De�ne the forms �q and �f on �E in the following way :�q(�e�2x�2 + �e�1x�1 +Pj ej0vj + �e1x1 + �e2x2)= x�2x2 + x�1x1 +P ej0v2j�f(�e�2x�2 + �e�1x�1 +Pj ej0vj + �e1x1 + �e2x2;�e�2y�2 + �e�1y�1 +Pj ej0wj + �e1x1 + �e2x2= x�2x2 + x�1x1In this way we get a quadrati form q on �E of Witt index 2 with assoiatedform �f . Therefore we an onsider the orthogonal quadrangle QO( �E; �q; k).By onstrution we have learly that odim(Rad( �f)) = 2. De�ne the bije-tion � from Q(k; k0; k; l0) to QO( �E; �q; k) in the following way :�((1)) = (1)�((x)) = (x)�(v; y) = (((v); v); y)�((x;w; x0)) = (x; ((w); w); x0)�([1℄) = [1℄



4.1. INTRODUCTION 229�([v℄) = [((v); v)℄�([x;w℄) = [x; ((w); w)℄�([v; y; v0℄) = [((v); v); y; ((v0); v0)℄:Then one easily heks that � de�nes bijetion from points and lines ofQ(k; k0; k; l0) to points and lines of QO( �E; �q; k) preserving inidene. HeneQ(k; k0; k; l0) is isomorphi to QO( �E; �q; k).For a indi�erent quadrangle of the form Q(k; k0; l; k0) we �nd by Proposition3.4.4 in [37℄ that Q(k; k0; l; k0) is dually isomorphi to Q(k0; k2; k0; l2). Bywhat we already proved we know that Q(k0; k2; k0; k2) is isomorphi to anorthogonal quadrangle QO( �E; �q; k0). Hene Q(k0; k; l; k) is dually isomorphito QO( �E; �q; k0). 2Corollary 137 If har(k) = 2 the sympleti quadrangle W (k) is isomor-phi to an orthogonal quadrangle QO(E; q; k).proof :LetW (k) be as in the orollary and onsiderW (k) as an indi�erent quadran-gle Q(k; k; k; k). Proposition 136 shows then that Q(k; k; k; k) is isomorphito an orthogonal quadrangle QO(E; q; k). Hene W (k) is also isomorphi toQO(E; q; k). 2Proposition 138 Let Q(E; q; k; �) be a quadrangle de�ned by a (�;�1)-quadrati form suh that dim(E) = 4, kis a generalized quaternion alge-bra with standard involution �. Then Q(E; q; k; �) is dually isomorphito an orthogonal quadrangle QO(E 0; q0; Z(k)) with dim(E 0) = 8 suh thatMl(QO(E 0; q0; Z(k)) onsists of non-ommutative orthogonal Moufang sets.Let Q(E; q; k; �) be as in the theorem. As k is a generalized quaternionalgebra there exist (fr [7℄ p73) i, j 2 k suh that k = Z(k) �iZ(k) �jZ(k)�jiZ(k) with if har(k) 6= 2, i2 = �0, j2 = �0, and if har(k) = 2, i2 = i+�0,j2 = �0, ij = ij + j, with �0, �0 2 Z(k) n Z(k)2. The norm funtion on k isdenoted by N . De�ne the 8-dimensionalZ(k)-vetor spae E 0 by :E 0 = e0�2Z(k)� e0�1Z(k)� V 00 � e01Z(k)� e02Z(k);



230 CHAPTER 4. EXISTENCE AND NON-EXISTENCEwith V 00 = e001Z(k) �e002Z(k) �e003Z(k) �e004Z(k) . Suppose that the formsg0, f 0 and q0 on E 0 are de�nes as follows. If x0 = e0�2x0�2 +e0�1x0�1 +x00 +e01x01+e02x02 with x00 = e001z01 + e002z02 +e003z03 +e004z04, �0 = z01 + iz02 +jz03 +lz04, y0= e0�2y0�2 +e0�1y0�1 +y00 +e01y01 +e02y02 with y00 = e001u01 + e002u02 +e003u03 +e004u04and �0 = u01 + iu02 +ju03 +lu04 we set :g0(x0; x0) = x0�2x02 + x0�1x01 +N(�0)f 0(x0; y0) = x0�2y02 + x02y0�2 + x0�1y01 + x01y0�1 + �0��0 + �0��0q(x0) = g(x0; x0) + Tr(�)= g(x0; x0) + Z(k)One easily heks that q0 de�nes a quadrati form on E 0 of Witt index2. Therefore we an onsider the quadrangle QO(E 0; q0; Z(k)). Choose aoordinatization of Q(E; q; k; �) assoiated to a deomposition E = e�2k�e�1k�V0 �e1k �e2k and oordinatize QO(E 0; q0; Z(k)) via the deompo-sition E 0 = e0�2Z(k) �e0�1Z(k) �V 00 �e01Z(k) �e02Z(k). De�ne the map �from Q(E; q; k; �) to QO(E 0; q0; Z(k)) in the following way : (x = x1 +ix2+jx3 + jix4, x0 = x01 +ix02 +jx03 +jix04 and y = y1 + iy2 +jy3 +jiy4) :�((1)) = [1℄�((x)) = [(e001x01 + e002x02 + e003x3 + e004x4;�N(x))℄�((0; v1); y) = [v1; (e001y1 + e002y2 + e003y3 + e004y4;�N(y))℄�((x; (0; w1); x0)) = [(e001x01 + e002x02 + e003x3 + e004x4;�N(x)); w1;(e001y1 + e002y2 + e003y3e004y4;�N(y))℄�([1℄) = (1)�([(0; v1)℄) = (v1)�([x; (0; v1)℄) = ((e001x1 + e002x2 + e003x3 + e004x4;�N(x)); v1)�([(0; v1); y; (0; v01)℄) = (v1; (e001y1 + e002y2 + e003y3 + e004y4;�N(y)); v01)By onstrution we see that � de�nes a bijetion from the point set ofQ(E; q; k; �) to the line set of QO(E 0; q0; Z(k)) and from the line set ofQ(E; q; k; �) to the point set of QO(E 0; q0; Z(k)) preserving inidene. Thisproves that Q(E; q; k; �) is dually isomorphi to QO(E 0; q0; Z(k)). That MlQO(E 0; q0; Z(k)) is not ommutative follows from the fat thatMl(QO(E 0; q0; Z(k)) =Mp(Q(E; q; k; �)) whereMp(Q(E; q; k; �)) is the iso-morphism lass ontaining P(k). 2



4.2. MOUFANG FOUNDATIONS 2314.2 Moufang foundations4.2.1 Integrable Moufang foundationsLet M = (mij)i;j2I be a Coxeter matrix and (�;W; S; d) be a Moufangbuilding of type M with root groups (U�)�2�, where � is a root systemof type M . Suppose the standard apartment in � is given by �0 and theisomorphism from W to �0 by 0. Let 0(1) = + 2 �0. Consider thetuple ((Rij(+))fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M)) with (ij)fi;jg= +, �ijk = 1, 8 fi; jg, fj; kg 2 E(M). It follows by the de�nition that((Rij(+))fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M)) is a Moufang founda-tion. As for every Moufang building the automorphism group ats transi-tively on the hambers (fr. Proposition 64 of Chapter 2) we see that theisomorphism lass of ((Rij(+))fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M))is independent from +. In the sequel we will therefore denote this isomor-phism lass as MoFo(�).De�nition 139 LetM = (mij)i;j2I be a Coxeter matrix and ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) a Moufang foundation of type M . Thenwe say that ((�ij)fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) is integrableif there exist a Moufang building (�;W; S; d) suh that ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) belongs to MoFo(�).A �rst result on the integrability of Moufang foundations is the followingtheorem. But �rst we give a de�nition.De�nition 140 A generalized Moufang polygon � is alled semi-pappian ifMp(�) or Ml(�) is isomorphi to a ommutative projetive Moufang set.The question of integrability of Moufang foundations in the ase where thepolygons involved are semi-pappian is solved by theorem 7.2.6 of [20℄. Werestate this theorem without proof. For the details we refer to [20℄.Theorem 141 Let M be an irreduible, 2-spherial, loally �nite Coxetermatrix. Let F be a Moufang foundation of typeM with the property that everypolygons of the Moufang foundation is semi-pappian. Then F is integrable.proof :See Theorem 7.2.6 in [20℄.



232 CHAPTER 4. EXISTENCE AND NON-EXISTENCE24.2.2 Moufang foundations and property (Ind)The following notion will be useful for proving integrability of Moufang foun-dations.De�nition 142 Suppose that F = ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),(�ijk)fi;jgfj;kg2E(M)) is a Moufang foundation. Let ' = ('ij)fi;jg2E(M), wherefor every fi; jg 2 E(M), 'ij de�nes an isomorphism from �ij to a Moufanggeneralized polygon �0ij preserving the Moufang struture. Then we denotethe Moufang foundation ((�0ij)fi;jg2E(M), ('ij(ij))fi;jg2E(M),('jk�ijk'�1ij )fi;jgfj;kg2E(M)) as '(F ).An important remark onerning this de�nition is the following lemma.Lemma 143 Let F = ((�ij)fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M))be a Moufang foundation and ' = ('ij)fi;j2E(M)g, where for every fi; jg2 E(M), 'ij de�nes an isomorphism from �ij to a Moufang polygon �0ijpreserving the Moufang struture. Then '(F ) is isomorphi to F .proof :If F and ' are as in the Lemma an isomorphism from F to '(F ) is given by('ij ; Id). 2The following de�nition is motivated by the theory exposed in [22℄.De�nition 144 Let � = (P ;L; I) be a Moufang generalized n-gon with n< 1 and x 2 P[ L. Then we say that � satis�es ondition (Ind) on �(x)if every automorphism of the indued Moufang set M�(x)(�) extends to anautomorphism of �. If ondition (Ind) is satis�ed for every panel of � wesay that � satis�es ondition (Ind).The importane of ondition (Ind) is illustrated in the following lemma.Lemma 145 Let M be a 2-spherial Coxeter matrix suh that G(M) is atree. Suppose f�ij jfi; jg 2 E(M)g is a set of Moufang polygons, ij a ham-ber in �ij , 8fi; jg 2 E(M). Assume that for every fi; jg 2 E(M) suh that



4.2. MOUFANG FOUNDATIONS 233there exists a k 2 I with fj; kg 2 E(M), �ij satis�es ondition (Ind) onevery j-panel. Then all Moufang foundations of the form '((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) with ' = ('ij)fi;jg2E(M), where every 'ijde�nes an isomorphism from �ij to a Moufang polygon �0ij, are isomorphi.proof :As every Moufang foundation F of the form ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),(�ijk)fi;jgfj;kg2E(M)) and '((�ij)fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)),with ' = ('ij)fi;jg2E(M) as in the lemma, are isomorphi the lemma will beproved if we show that all Moufang foundations ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),(�ijk)fi;jgfj;kg2E(M)) are isomorphi. Suppose ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),(�ijk)fi;jgfj;kg) and ((�ij)fi;jg2E(M), (ij)fi;jg2E(M), (� 0ijk)fi;jgfj;kg) are two Mo-ufang foundations involving �ij . Let  the identity on M . Let i, j, k 2 Iwith fi; jg 2 E(M) and fj; kg 2 E(M). The onditions on the �ij yieldthat every Moufang set isomorphism � 0ijk�1 �ijk an be extended to an iso-morphism of �ij whih we will denote by (� 0ijk�1 �ijk)� Similarly �ijk � 0ijk�1an be extended to an isomorphism of �jk whih we denote by (�ijk � 0ijk�1)�.If we put (ij ; jk) = (Id, (�ijk� 0ijk�1)�) or (ij ; jk) = ((� 0ijk�1�ijk)�; Id), ijand jk learly satisfy : �1jk � 0ijkij = �ijk:One heks that for every fi; jg fj; kg 2 E(M) we an hoose the ij and jkout the two possibilities desribed above in suh a way that ((ij)fi;jg2E(M)),) de�nes an isomorphism from ((�ij)fi;jg2E(M), (ij)fi;jg2E(M), (�ijk)fi;jgfj;kg)to ((�ij)fi;jg2E(M), (ij)fi;jg2E(M), (� 0ijk)fi;jgfj;kg). 2To end this setion we give some Proposition onerning property (Ind) inthe generalized quadrangles whih were studied in Chapter 3.Proposition 146 LetW (k) andW (k0) be two sympleti quadrangles. Choosex 2 W (k), x0 2 W (k0). Then every isomorphism from M�(x)(W (k)) toM�(x0)(W (k0)) extends to an isomorphism from W (k) to W (k0). In partiu-lar W (k) satis�es ondition (Ind).proof :Let W (k), W (k0) be sympleti quadrangle as desribed in setions 3.5.1and 3.5.2. Then we saw that for every point P and every line L in W (k),



234 CHAPTER 4. EXISTENCE AND NON-EXISTENCEM�(P )(W (k)) �=M�(L)(W (k)) �= P(k). We prove that the proposition holdsif x and x0 are both point rows. The other ases an be proved in a simi-lar way. We use the oordinatizations of W (k) and W (k0) as desribed insetion 3.5.2. Choose as generi point rows �([0℄) and �([0℄). Let � be anisomorphism from M�([0℄)(W (k)). to M�([0℄)(W (k0)). By proposition 124we see that we an assume that without loss of generality � indues a �eldisomorphism � from k to k0 suh that �((0; t)) = (0; t�), 8t 2 k. De�ne themap �� from W (k) to W (k0) by :Elements of W (k) Image under ��(1) (1)(x) (x�)(v; y) (v�; y�)(x;w; x0) (x�; w�; x0�)[1℄ [1℄[v℄ [v�℄[x;w℄ [x�; w�℄[v; y; v0℄ [v�; y�; v0�℄Then one easily heks that �� de�nes an isomorphism from W (k) to W (k0)whih extends �.This implies in partiular that for x 2 W (k) every automorphism � ofM�(x)(W (k)) extends to an automorphism of W (k). Thus in this way wesee that W (k) satis�es onidition (Ind). 2We remark that the fat that every sympleti quadrangle satsis�es on-dition (Ind) an already be found in [22℄ (fr. Proposition 1 of lo. it.). Infat it is proved in this paper that every �nite generalized polygon satis�esondition (Ind).Proposition 147 Let Q(E; q; k; �) be a generalized quadrangle de�ned by a(�; �)-quadrati form and Q(E 0; q0; k0; �0) be a generalized quadrangle de�nedby a (�0; �0)-quadrati form q0 suh that of the following ours :(i) Ml(Q(E; q; k; �)) and Ml(Q(E 0; q0; k0; �0) onsist of non-ommutativeorthogonal Moufang sets,



4.2. MOUFANG FOUNDATIONS 235(ii) Ml(Q(E; q; k; �)) and Ml(Q(E 0; q0; k0; �0)) onsist of hermitian Mo-ufang sets and dim(E) > 5,(iii) Ml(Q(E; q; k; �)) and Ml(Q(E 0; q0; k0; �0)) onsist of unitary Moufangsets with non-ommutative root groups suh that Rad(f) = 0 if har(k)= 2, k is a generalized quaternion algebra with standard involution �,where f is the (�; �)-hermitian the form assoiated to q.Suppose p is a point in Q(E; q; k; �)) and p0 a point in Q(E 0; q0; k0; �0). Thenevery isomorphism � from M�(p)(Q(E; q; k; �)) to M�(p0) (Q(E 0; q0; k0; �0))an be extended to an isomorphism from Q(E; q; k; �) to Q(E 0; q0; k0; �0).In partiular under the onditions of the proposition both Q(E; q; k; �) andQ(E 0; q0; k0; �0) satisfy ondition (Ind) on their line penils.proof :Suppose Q(E; q; k; �) and Q(E 0; q0; k0; �0) satisfy (i), (ii) or (iii), p a point inQ(E; q; k; �) and p0 a point in Q(E 0; q0; k0; �0). Throughout this proof we willuse the oordinatizations of Q(E; q; k; �) and Q(E 0; q0; k0; �0) as desribed insetion 3.5.4. Assume that these oordinatizations are assoiated to deom-positions E = e�2k � e�1k � E0 � e1k � e2k and E 0 = e0�2k0 � e0�1k0 �E 00�e01k0 � e02k0 with labelling sets R0;1 and R00;1. Let � be an isomorphismfrom M�(p)(Q(E,q,k,�)) to M�(p0)(Q(E 0,q0,k0,�0)) Without loss of generalitywe an assume p = (0), p0 = (0), �([1℄) [1℄ and �([0; (0; 0)℄) = [0; (0; 0)℄.Denote V = e�2k � E0 �e2k and V 0 = e0�2k0 �E 00 �e02k0. We use the iden-ti�ation of M(V; q; k; �) and M�((0))Q(E; q; k; �) and M(V 0; q0; k0; �0) withM�(0) Q(E 0; q0; k0; �0) as desribed in Lemma 99 of Chapter 3. Propositions127, 128 and 129 show that there exists a semi-linear transformation ' fromV to V 0 with assoiated �eld isomorphism � and a onstant  2 k suh that :�([0; (v0; v1)℄) = h'(e�2v1 + v0 + e2)i; 8(v0; v1) 2 R0;1(q(x))� = q('(x)); 8x 2 V(f(x; y))� = f('(x); '(y)); 8x; y 2 V;����1 = ���; 8� 2 k�� = ��: (4.1)De�ne the semi-linear transformation '� with assoiated �eld isomorphism� from E to E 0 in the following way :'�(e�2x�2 + e�1x�1 + x0 + e1x1 + e2x2)= e�1x��1 + e1x�1 + '(e�2x�2 + x0 + e1x1):



236 CHAPTER 4. EXISTENCE AND NON-EXISTENCELet x = e�2x�2 +e�1x�1 +x0 +e1x1 +e2x2 and y = e�2y�2 +e�1x�1 +y0+e1y1 +e2y2.We �nd : (q(x))�= (q(e�2x�2 + x0 + e2x2))� + (x��1x1)�= q('(e�2x�2 + x0 + e2x2)) + (x���1x�1 )= q('(e�2x�2 + x0 + e2x2)) + x���1x�1= q('�(x))and :(f(x; y))�= (f(e�2x�2 + x0 + e2x2; e�2y�2 + y0 + e2y2))� + (x��1y1 + x�1 �y�1)�= f('(e�2x�2 + x0 + e2x2); '(e�2y�2 + y0 + e2y2)) + x���1y�1 + x��1 ��y��1= f('(e�2x�2 + x0 + e2x2); '(e�2y�2 + y0 + e2y2)) + x���1y�1 + x��1 ��y��1= f('(e�2x�2 + x0 + e2x2); '(e�2y�2 + y0 + e2y2)) + x���1y�1 + x��1 ��y��1= f('(x); '(y));where we used the properties of  and � and ' as desribed in formula (4.1).Therefore we an de�ne the bijetion �� from Q(E; q; k; �) to Q(E 0; q0; k0; �0)if we set :��(hxi) = h'(x)i; 8hxi 2 Q(E; q; k; �)��(hx; yi) = h'(x); '(y)i;8hx; yi 2 Q(E; q; k; �) suh that x 62 hyi:As inidene in Q(E; q; k; �) and Q(E 0; q0; k0; �0) are inherited from their em-bedding in PG(E) and PG(E 0), we see that �� de�nes an isomorphism fromQ(E; q; k; �) to Q(E 0; q0; k0; �0). 2Proposition 148 Let Q(E; q; k; �) be a quadrangle de�ned by (�;�1)-quadratiform of Witt index 2 suh that k is a generalized quaternion algebra with stan-dard involution � and dim(V ) = 4. Then Q(E; q; k; �) satis�es ondition(Ind) on its point rows.Let Q(E; q; k; �) be a quadrangle as in the proposition. By Proposition138 we know that Q(E; q; k; �) is dually isomorphi to an orthogonal quad-rangle QO(E 0; q0; Z(k)) suh that Ml(QO(E 0; q0; Z(k)) onsists of a non-ommutative orthogonal Moufang set.



4.2. MOUFANG FOUNDATIONS 237Proposition 147 implies that QO(E 0; q0; Z(k)) satis�es ondition (Ind) on itsline penils. Hene Q(E; q; k; �) satis�es ondition (Ind) on its point rows.2Proposition 149 Let Q(E; q; k; �) be a quadrangle de�ned by a (�; �)- quadratiform q of Witt index 2 suh that Z(k) 6= k and if k is a generalized quaternionalgebra � is not the standard involution. Suppose that the (�; �)-hermitianform assoiated to q is given by f . If Q(E; q; k; �) satis�es ondition (Ind) onits point rows, k admits no anti-automorphism and for every automorphism of k there exists a onstant  2 k suh that :��1 = ��� = ��proof :Choose a oordinatization of Q(E; q; k; �) assoiated to a deomposition E= e�2k � e�1k �V0 �e1k � e2 k. Suppose Q(E; q; k; �) satis�es ondition(Ind) on its point rows. In partiular this means that Q(E; q; k; �) shouldsatisfy ondition (Ind) on �((0; 0)). Suppose k admits an anti-automorphism. Proposition 124 implies then that the permutation � of �([(0; 0)℄) de�nedby : �((1)) = [1℄�(((0; 0); v)) = [(0; 0); v)℄; 8v 2 kde�nes a Moufang set isomorphism. Suppose that � an be extended to anautomorphism of Q(E; q; k; �). But Theorem 133 implies that there exist anautomorphism � of k suh that  = �. This is only possible if Z(k) = kontraditing the assumption on k. Hene k an only admit automorphisms.Suppose that  is an automorphism of k. Then the permutation of �([(0; 0)℄)de�ned by : �((1)) = (1)�(((0; 0); v)) = [(0; 0); v ℄; 8v 2 kdetermines an automorphism of M�([(0;0)℄) Q(E; q; k; �) (fr. Proposition124). As Q(E; q; k; �) satis�es ondition (Ind) on its point rows Theorem



238 CHAPTER 4. EXISTENCE AND NON-EXISTENCE133 implies that there exists a onstant  2 k and a semi-linear transformationwith assoiated automorphism � of k suh that :(f(x; y))� = f('(x); '(y)); 8x; y 2 E(q(x))� = q('(x)); 8x 2 E((0; 0); v�) = ((0; 0); v):Thus we �nd � = . Let x and y 2 E suh that f(x; y) 6= 0. Then the �rstof these equations implies that for � 2 k :(f(x�; y))� = ���(f(x; y))�= ����1((f(x; y))�)= f('(x)��; '(y))= ���f('(x); '(y))and we �nd : ���1 = ���; 8� 2 k:Moreover we alulate for  :(f(x; y))���� = (f(x; y))����= (f(x; y)��)�= (f(y; x))�= f('(y); '(x))= f('(x); '(y))��= f(x; y))����implying that �� = ��. 24.3 Integrability onditions for Moufang foun-dations of type ~B24.3.1 IntrodutionDe�nition 150 Let M ~B2 the Coxeter matrix de�ned over the set I = f1, 2,3g where m12 = m23 = 4 and m13 = 2. A Coxeter matrix M isomorphi to



4.3. INTEGRABILITY CONDITIONS 239M ~B2 will be said to be of type ~B2.A root system of type ~B2 is de�ned as a root system of type M ~B2 , whereas abuilding of type ~B2 is a building of type M ~B2 . A Moufang foundation is saidto be of type ~B2 if it is of type M ~B2 .Let (�;W; S; d) be a Moufang building of type ~B2 with assoiated root groupssystem (U�)�2� ~B2 ) where � ~B2 is a root system of type ~B2. Choose a rootbase � ~B2 = f�1, �2, �3 g in � ~B2 with �m�1�2 = �m�2�3 = 4 and �m�1�3 = 2.We thus �nd that : [U��1 ; U��3℄ = 1: (4.2)Using this equation we dedue the following neessary ondition onerningintegrability of Moufang foundations of type ~B2.Let ((�ij)fi;jg2E(M); (ij)fi;jg2E(M); (�ijk)fi;jgfj;kg2E(M)) be a Moufang foun-dation of type ~B2. For every fi; jg 2 E(M) we suppose that the rootgroup struture on �ij is given by (U�kij)�kij2�ij , where �ij is a root sys-tem of type Mij . Without loss of generality we an assume �m�112�112 =�m�223�323 = 4. Suppose that this Moufang foundation is integrable. Thismeans that there exists a Moufang building (�;W; S; d) of type ~B2 and ahamber + 2 � with ((�ij)fi;jg2E(M); (ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M)) �=(Rij(+); (�ij)fi;jg2E(M); ( ��ijk)fi;jg;fj;kg2E(M) if �ij = + and ��ijk = Id, 8 fi; jg,fj, kg 2 E(M). Then this implies in partiular that after identi�ation in �every element of U�112 should ommute with every element of U�323 in the ationon �. This means in partiular that every g 2 hU��112 , U�112i whih stabilizedMR2(12)(�12) should ommute in its ation on MR2(12)(�12) with every g02 h U��323U�323 i whih stabilizesMR2(23)(�23) in its ation onMR2(12)(�12)after identi�ation under �123. Set �123 = �.We thus �nd : [g; �g0��1℄(z) = z; 8z 2 MR2(12)(�12); (4.3)8g 2 hU��112 ,U�112 i \ Stab(MR2(12)(�12) and g0 2 h U��323, U�323 i\ Stab(MR2(23)(�23). We prove the following theorem.Theorem 151 Let M = (mij)i;j2I be a Coxeter matrix of type ~B2 withm12 = 4, m23 = 4 and m13 = 2 and � a root system of type ~B2 with rootbase � = f�iji 2 Ig, suh that �m�1;�2 = �m�2;�3 = 4 and �m�1;�3 = 2. Suppose



240 CHAPTER 4. EXISTENCE AND NON-EXISTENCEthat ((�ij)fi;jg2E(M), (ij)fi;jg2E(M) (�ijk)fi;jgfj;kg2E(M)) is a Moufang founda-tion of type M suh that for every fi; jg 2 E(M), (U�kij)�kij2��i;�j de�nes aroot group system for �ij. If �12 is a unitary quadrangle Q(E; q; k; �) and�23 are unitary quadrangle Q(E 0; q0; k0; �0) and the Moufang foundation isintegrable one of the following possibilities ours :(i) MR2(12)(�12) and MR2(23)(�23) are both point rows and one of thefollowing subases ours :(i.a) �123 indues a �eld anti-isomorphism from k to k0.(i.b) k and k0 are generalized quaternion algebras with standard invo-lutions � and � and �123 de�nes a �eld isomorphism from k to k0,(ii) MR2(12)(�12) and MR2(23)(�23) are both line penils, k and k0 aregeneralized quaternion algebras with standard involutions � and �0,dim(E) = dim(E 0) = 4 andMR2(12)(�12) �= P(Z(k)) �=MR2(23)(�23)�= P(Z(k0)).If �12 is a hermitian quadrangle Q(E; q; k; �) and �23 is a unitary quadran-gle Q(E 0; q0; k0; �0) one of the following possibilities ours :(i) MR2(12)(�12) is a point row, MR2(23)(�23) is a line penil, k0 is a gen-eralized quaternion algebra with standard involution �0 and dim(E 0) = 4suh that k �= Z(k0),(ii) MR2(12)(�12) is a line penil, MR2(23)(�23) is a line penil, k0 is ageneralized quaternion algebra with standard involution �0 suh thatFix(�) �= Z(k0),(iii) MR2(12)(�12) and MR2(23)(�23) are both line penils, k0 is a general-ized quaternion algebra with standard involution �0 suh that k �= Z(k0)and dim(E) = dim(E 0) = 4.Without loss of generality we an assume using Corollary 3.12.3 and theresults from setion 3.12.2 that q is a (�;�1)-quadrati form suh that1 2 Tr(�) and similarly that q0 is a (�0;�1)-quadrati form with 1 2 Tr(�0).



4.3. INTEGRABILITY CONDITIONS 241Choose a oordinatization of Q(E; q; k; �) assoiated to the deompositionE = e�2k �e�1k �E0 �e1k �e2k with labelling set R0;1 = f(e0; e1) 2 E0�kjq(e0) + e1 = 0g. Choose similarly a oordinatization for Q(E 0; q0; k0; �0) as-soiated to the deomposition E 0 = e0�2k0 �e0�1k0 �E 00 �e01k0 �e02k0 withlabelling set R00;1 = f(e00; e01) 2 E 00�k0 jq0(e00)+e01 = 0g. Let B0 be an orderedbase of E0 and B00 be an ordered base of E 00. For the rest of this proof wewill use the onventions and notations from paragraphs 3.5.4 and 3.8.2 anddenote �123 shortly as �.First ase : �12 and �23 are unitary quadrangles.Four possibilities our.1. MR2(12) and MR2(23) are both point rows.Without loss of generality we an assume that in this ase �112 = f(1),[(0; 0)℄, ((0; 0); 0), [(0; 0); 0; (0; 0)℄, (0; (0; 0); 0) g, �212 = f[0; (0; 0)℄, (0; (0; 0); 0),[(0; 0); 0; (0; 0)℄, ((0; 0); 0), [(0; 0)℄g, �123 = f(1), [(0; 0)℄, ((0; 0); 0), [(0; 0),0,(0; 0)℄, (0; (0; 0); 0) g, �223 f[0; (0; 0)℄, (0; (0; 0); 0), [(0; 0); 0; (0; 0)℄, ((0; 0); 0),[(0; 0)℄g, MR2(12)(�12) = �([(0; 0)℄) and MR2(23) (�23) = �([(0; 0)℄). Re-mark that by these assumptions � imply that � indues a bijetion (alsodenoted by �) from k to k0 if we set :�(((0; 0); v)) = ((0; 0); �(v)); 8v 2 k:Without loss of generality we an assume that �((1)) = 1. As mentionedin setion 3.8.2 the bijetions  from P(k) to M�([(0;0)℄) Q(E; q; k; �) and  0from P(k0) to M�([(0;0)℄) with :((v)) = ((0; 0); v); 8v 2 k((1)) = (1)and :  0((v0)) = ((0; 0); v0); 8v0 2 k0 0((1)) = (1)de�ne a Moufang set isomorphisms from P(k) to M�([(0;0)℄)Q(E; q; k; �) andfrom P(k0) to M�([(0;0)℄) Q(E 0; q0; k0; �0). Proposition 124 yields then that �de�nes a (anti)-isomorphism from k to k0.Let � 2 Tr(�) and onsider the automorphism s[0;(0;�)℄s[0;(0;1)℄. Call it this g�.



242 CHAPTER 4. EXISTENCE AND NON-EXISTENCEOne easily heks that g� has as matrix representation with respet to theordered base fe�2, e�1, B0, e1, e2g :0BBBB� �� 0 0 0 00 1 0 0 00 0 IjB0j 0 00 0 0 1 00 0 0 0 ���1 1CCCCAAs : g�((0; 0); v) = ((0; 0);��v); 8v 2 kg�(1) = (1)we see that g� 2 h U��112 U�112 i \Stab(MR2(12) �12).In a omplete analogous way we de�ne for �0 2 Tr(�0) the automorphism g�0= s[0;(0;�0)℄ s[0;(0;1)℄ of QU(E 0; q0; k0; �0) suh that :g�0((0; 0); v0) = ((0; 0);��0v0); 8v0 2 k0g�0(1) = (1):We see that g�0 2 hU��123U�123 i\ Stab(MR2(23)(�23). Equation (4.3) impliesthat for � 2 Tr(�) and �0 2 Tr(�) :[g�; ��1g�0�℄((0; 0); v) = ((0; 0); v); 8v 2 k:A brief alulation gives :g��g�0��1((0; 0); v) = ((0; 0); ���1(�0�(v))��1g�0�g�((0; 0); v) = ((0; 0); ��1(�0�(�v)):Hene formula (4.3) is in this ase equivalent to :���1(�0�(v)) = ��1(�0�(�v)); 8v 2 k; 8�; T r(�); 8�0 2 Tr(�0):Two ases our :(a) � is an anti-isomorphism.



4.3. INTEGRABILITY CONDITIONS 243In this ase we �nd ���1(�0�(x)) = ��1(�0�(�x)) and equation (4.3) is satis-�ed.(b) � is an isomorphism.In this ase the equation (4.3) is equivalent to requirement that :���1(�0) = ��1(�0)�; 8� 2 Tr(�); �0 2 Tr(�0): (4.4)Suppose that Tr(�) * Z(k). Lemma 8.13 in [29℄ and Lemma 47 imply thatTr(�) generates k as a ring and Tr(�0) generates k0 as a ring. But then theequation (4.4) implies that Z(k) = k, and Z(k0) = k0 a ontradition. Heneby Lemma 8.13. in [29℄ the only possibility left is that both k and k0 aregeneralized quaternion algebra's with standard involutions � and �0.2. MR2(12)(�12) is a point row and MR2(23)(�23) is a line penil.Without loss of generality we an assume that in this ase �112 = f[0; (0; 0)℄,(0; (0; 0); 0), [(0; 0); 0; (0; 0)℄, ((0; 0); 0), [(0; 0)℄ g, �212 = f(1), [(0; 0)℄, ((0; 0); 0),[(0; 0); 0; (0; 0)℄, (0; (0; 0); 0) g, �123 = f(1), [(0; 0)℄, ((0; 0); 0), [(0; 0); 0; (0; 0)℄,(0; (0; 0); 0) g, �223 = f[0; (0; 0)℄, (0; (0; 0); 0), ((0; 0); 0), [(0; 0)℄, (0; (0; 0); 0)gR2(12) = �([(0; 0)℄) and R2(23) = �((0)). In setion 3.8.2 we saw thatM�[(0;0)℄(Q(E; q; k; �) �= P(k) and the proof of Lemma 99 shows thatM�((0))(Q(E 0; q0; k0; �0) is isomorphi toM(V 0; q0; k0; �0) with V 0 = e0�2k0 �E 00 �e02k0.As Proposition 125 shows that P(k) annot be isomorphi to the unitaryMoufang set M(V 0; k0; q0; �0) we see that this annot our.3. MR2(12)(�12) is a line penil and MR2(23)(�23) is a point row.A similar proof as for when MR2(12)(�12) is a point row and MR2(23)(�23)is a line penil shows that this annot our.4. MR2(12)(�12) and MR2(23) (�23) are both line penils.Without loss of generality we an assume that in this ase �112 = f[0; (0; 0)℄,(0; (0; 0); 0), [(0; 0); 0; (0; 0)℄, ((0; 0); 0), [(0; 0)℄ g, �212 = f (1), [(0; 0)℄, ((0; 0); 0),[(0; 0); 0; (0; 0)℄, (0; (0; 0); 0) g, �123 = f[0; (0; 0)℄, (0; (0; 0); 0), [(0; 0); 0; (0; 0)℄,((0; 0); 0), [(0; 0)℄ g, �223 = f (1), [(0; 0)℄, ((0; 0); 0), [(0; 0); 0; (0; 0)℄, (0; (0; 0); 0)g. Without loss of generality we an assume that �[0; (0; 1)℄ = [0; (0; 1)℄.Denote for z 2 k the automorphism s((0;0);z)s((0;0);1) as hz. Using the oordi-natization one alulates :hz([0; (v0; v1)℄) = [0; (�v0z�; zv1z�)℄; 8(v0; v1) 2 R0;1;hz([1℄) = [1℄:



244 CHAPTER 4. EXISTENCE AND NON-EXISTENCEHene hz 2 hU��112 , U�112i \Stab(MR2(12)(�12)). In a omplete similar waywe denote for eah z0 2 k0 the automorphism s((0;0);z0) s((0;0);1) of Q(E 0; q0; k0; �0)by hz0 .We �nd :hz0([0; (v00; v01)℄) = [0; (�v00z0;�z0v01z0)℄; 8(v00; v01) 2 R00;1;hz0([1℄) = [1℄:Hene we �nd that hz0 2 hU��123, U�123 i \Stab(MR2(23)(�23)).As � de�nes a Moufang set isomorphism we �nd that �f[0; (v0; v1)℄ j(v0; v1) 2Z(R0;1;�)g = f[0; (v00; v01)℄ j(v00; v01) 2 Z(R00;1;�) g. Denote L = Z(R0;1;�)\f0g �k and similarly L0 = Z(R00;1;�) \f0g �k0. As for every z1 2 L thevetor z0 2 V0 suh that q(z0) = �z1 is uniquely determined by z1 we seethat � de�nes a bijetion from L to L0 (also denoted by �) and a bijetionfrom Rad(f) to Rad(f 0) (also denoted by �) if we set :�[0; (z0; z1)℄ = [0; (�(z0); �(z1))℄; 8(z0; z1) 2 Z(R0;1;�):If z1 2 L we onsider z0 2 V0 suh that (z0; z1) 2 R0;1 and denote theautomorphism s[0;(z0;z1)℄ s[0;(0;1)℄ of Q(E; q; k; �) as hz1 . Using the desriptionsof the sx as desribed in setion 3.13 shows that :hz1([0; (v0; v1)℄) = [0; (�v0z1; z1v1z1)℄:By onstrution we have that hz1 2 h U��112, U�112 i \ Stab(MR2(12)(�12).Moreover applying � to the expliit formula for hz1 shows that for z1 2 L�([0; (�v0z1; z1v1z1)℄) = [0; (��(v0)�(z1); �(z1)�(v1)�(z1))℄;8(v0; v1) 2 Z(R0;1;�): (4.5)Similarly one de�nes for z01 2 L0 the automorphism hz01 as s[0;(z00;z01)℄ s[0;(0;1)℄with (z00; z01) 2 R00;1. It follows that hz01 2 hU��123, U�123 i \ Stab(MR2(23)(�23).Let z 2 L, z0 2 L0. Formula (4.3) yields that :[hz; ��1hz0�℄([0; (v0; v1)℄) = [0; (v0; v1)℄; 8(v0; v1) 2 R0;1; 8z 2 L; 8z0 2 L0:Or equivalently :hz��1hz0�([0; (v0; v1)℄) = ��1hz0�hz([0; (v0; v1)℄); 8(v0; v1) 2 R0;1:



4.3. INTEGRABILITY CONDITIONS 245We alulate using formula (4.5) for (a0; a1) 2 Z(R0;1;�) :hz��1hz0�([0; (a0; a1)℄) = hz��1([0; (��(a0)z0; z0�(a1)z0)℄)= [0; (a0��1(z0)z; z��1(z0)a1��1(z0)z)℄and by similarly we �nd :��1hz0�hz([0; (a0; a1)℄) = [0; (a0z��1(z0); ��1(z0)za1z��1(z0))℄:This means that formula (4.3) yields the following ondition :z��1(z0)a1��1(z0)z = ��1(z0)za1z��1(z0); 8a1; z 2 L; 8z0 2 L0: (4.6)But as ��1(L0) = L this shows if the Moufang foundation is integrable thefollowing should hold :z1z2�z2z1 = z2z1�z1z2; 8z1; z2; � 2 L: (4.7)If we set � = 1 it follows that :z�11 z�12 z1z2 = (z1z2z�11 z�12 )�1and equation (4.7) beomes :[z1; z2℄�[z1; z2℄�1 = �; 8z1; z2 2 L: (4.8)Suppose that Tr(�) 6� Z(k). Then we know by Lemma 8.13 and Lemma47 that as L ontains Tr(�) it generates k as a ring and by the same rea-soning it follows that L0 generates k0 as a ring. But then equation (4.6)shows that [z1; z2℄ 2 Z(k) 8 z1, z2 2 L. By Lemma 49 we see that k isa generalized quaternion algebra with standard involution �. Hene Tr(�)= Z(k) a ontradition with the assumptions. The only possibility left is thatTr(�) � Z(k). But then Lemma 8.13 in [29℄ shows that k is a generalizedquaternion algebra with standard involution �.Similar arguments show that k0 is a generalized quaternion algebra with stan-dard involution �0.As a next step we show that Rad(f) = 0 and Rad(f 0) = 0.Suppose Rad(f) 6= 0. Then there exists a �x 2 L n Tr(�). Consider L�xZ(k)(�x). Suppose that there exists a �0 2 k with ��0 �x�0 62 L�x. Let � 2 k. As��0 �x�0 2 L equation (4.8) implies that [�x; ���x�℄ ommutes with �x and ��0 �x�0.



246 CHAPTER 4. EXISTENCE AND NON-EXISTENCEThe hoie of �0 implies that �x and ��0 �x �0 generate k seen as a Z(k)-algebra.But then it follows that [�x; ���x�℄ 2 Z(k) and we �nd :���x� 2 L�x; 8� 2 k:The same reasoning as the one used to prove Lemma 123 leads to a ontra-dition. Hene Rad(f) = f0g. By similar arguments we �nd Rad(f 0) = f0g.As a next step we show that V0 = 0 and V 00 = 0. Using Proposition 129 wesee that � is indued by a semi-linear transformation ' with assoiated �eldisomorphism � suh that :�[0; (v0; v1)℄ = [0; ('(v0); v�1 )℄; 8(v0; v1) 2 R0;1��� = ���0 :We reonsider for z 2 k and z0 2 k0 the transformations hz and hz0 . Byformula (4.3 ) we know that[hz; ��1hz0�℄[0; (v0; v1)℄ = [0; (v0; v1)℄; 8(v0; v1) 2 R0;1:This leads to :hz��1hz0�[0; (v0; v1)℄ = ��1hz0�hz[0; (v0; v1)℄; 8(v0; v1) 2 R0;1:Using ' and � we have :hz��1hz0�([0; (v0; v1)℄) = hz��1[0; (�'(v0)z0�0 ; z0v�1 z0�0)℄= hz([0; (�v0z0�0��1; z0��1v1z0�0��1)℄)= [0; (v0z0�0��1z�; zz0��1v1z0�0��1z�:Similarly :��1hz0�hz([0; (v0; v1)℄) = ��1hz0([0; (�'(v0)z��; z�v�1 z��)℄)= ��1([0; (�'(v0)z��z0�0 ; z0z�v�1 z��z0�0)℄)= [0; (v0z�z0�0��1 ; z0��1zv1z�z0�0��1)℄:If V0 6= we an hoose a v0 6= 0 2 V0 and the above equation shows that :z�z0�0��1 = z0�0��1z�; 8z 2 k; 8z0 2 k0:



4.3. INTEGRABILITY CONDITIONS 247As �0��1 de�nes a �eld anti-isomorphism from k0 to k this equation yieldsthat z� 2 Z(k) ; 8z 2 k, hene Z(k) = k a ontradition. Thus we �ndV0 = 0. In a ompletely similar way one dedues that also V 00 = 0. Butthen Lemma 123 shows that MR2(12)(�12) �= P(Z(k)) and MR2(23)(�23) �=P(Z(k0)) and by Proposition 124 we �nd Z(k) �= Z(k0).Seond ase : �12 is hermitian and �34 is unitary :Let �12 = Q(E; q; k; �) and �23 = Q(E 0; q0; k0; �0). We distinguish as for the�rst ase between four possibilities.1. MR2(12)(�12) and and MR2(23)(�23) are both point rows.This would imply that P(k) �= P(k0) and hene by Proposition 124 that k �=k0, a ontradition. This situation an thus no our.2. MR2(12)(�12) is a point row and MR2(23)(�23) is a line penil.Proposition 126 shows that k0, is a generalized quaternion algebra with stan-dard involution �0 and dim(E 0) = 4.3. MR2(12)(�12) is a line penil and MR2(23)(�23) is a point row.Proposition 128 shows that dim(E) = dim(E 0) = 4, k0 is a generalized quater-nion algebra with standard involution �0 and Fix(�) �= Z(k0)4. MR2(12)(�12) and MR2(23)(�23) are both line penils.Proposition 128 implies that then dim(E 0) = 6, k0 is a generalized quaternionalgebra with standard involution �0.Suppose dim(E) > 5. Then we �nd by Propositon ?? that dim(E 0) = 6.Moreover we have that Rad(f 0) = 0 if f 0 is the form assoiated to q0. Us-ing the property we an follow the proof from above in the ase where �12and �23 where both unitary and MR2(12)(�12) and MR2(23)(�23) are bothline penils. This then leads to V 00 = 0 a ontradition. Hene dim(E) = 4and as in this aseMR2(12)(�12) �= P(Fix(�)) Proposition 126 implies thatdim(E 0) = 4. 2



248 CHAPTER 4. EXISTENCE AND NON-EXISTENCE4.4 Existene in ~B2 aseIn this setion we will give a list of integrable Moufang foundations of type~B2 where the quadrangles involved are the ones desribed in Chapter 3. Weadopt the notations as introdued in setion 4.3.1. When working with thesequadrangles we use the oordinatizations as introdued in Chapter 3. Thismeans that for quadrangles the form Q(E; q; k; �) we �x a oordinatizationassoiated to a deomposition E = e�2k �e�1k �V0 �e1k �e2k with labellingset R0;1 as desribed in Chapter 3 setion 3.5.4. For sympleti quadranglesW (k) and indi�erent quadrangles Q(k; k0; l; l0) we use the oordinatization asdesribed in setions 3.5.2 and 3.7 in Chapter 3. Moreover for quadranglesof the form Q(E; q; k; �), � 6= 1 we will assume that q is a (�;�1) quadratiform. In view of Lemma 92 this will not put any restritions. To makethe list of integrable Moufang foundations we use the following strategy.We start with a lassial or indi�erent Moufang set (X; (Ux)x2X). Subse-quently we make a list of all possible Moufang foundations ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) of type ~B2 for whih MR2(12)(�12) andMR2(23)(�23) are isomorphi to (X; (Ux)x2X). For every suh Moufangfoundation we investigate if ondition (Ind) is satis�ed on MR2(12)(�12)and MR2(23)(�23). If this is the ase we know by Lemma 145 that thereis up to isomorphism one Moufang foundation involving �12 and �23 suhthatMR2(�12)(�12) andMR2(�23)(�23) are isomorphi to (X; (Ux)x2X). Thismeans that if we �nd a Moufang foundation ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),( ~�ijk)fi;jgfj;kg2E(M)) whih is integrable then the original Moufang foundation((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) is also integrable. To on-strut integrable Moufang foundations we rely on the theory developed byB. M�uhlherr and H. Van Maldeghem as exposed in [22℄ and [23℄.De�nition 152 Let ((�ij)fi;jg2E(M); (ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) be aMoufang foundation of type ~B2. IfMR2(12)(�12) andMR2(23)(�23) are bothpoint rows we will speak about a gluing of type PP . If MR2(12)(�12) andMR2(23)(�23) are both line penils we will speak about a gluing of type LL.If MR2(12)(�12) is a point row and MR2(23)(�23) is a line penil we willspeak about a gluing of type LP . Finally ifMR2(12)(�12) is a line penil andMR2(23)(�23) is a point row we will speak about a gluing of type PL.If �12 is W (�k) we make the following onventions.If MR2(12)(�12) is point row we assume that it is M�([0℄)(W (k)).



4.4. EXISTENCE IN ~B2 CASE 249If MR2(12)(�12) is a line penil we assume that it equals M�((0))(W (k)).If �12 is a generalized quadrangle Q(E; q; k; �) we make the following on-ventions.IfMR2(12)(Q(E; q; k; �) is a point row we assume it isM�([(0;0)℄)(Q(E; q; k; �)).If MR2(12)(Q(E; q; k; �) is a line penil we assume it equalsM�((0))(Q(E; q; k; �)).Finally for �12 = Q(k; k0; l; l0) we make the following onventions.If MR2(12)(�12) is point row we assume that it is M�([0℄)(Q(k; k0; l; l0).IfMR2(12)(�12) is a line penil we assume that it equalsM�((0))(Q(k; k0; l; l0).We make the same onventions for �23.Troughout the list we will always start with a Moufang foundation((�ij)fi;jg2E(M), (ij)fi;jg2E(M), ( ~�ijk)fi;jgfj;kg2E(M)) of type ~B2 that the �ijare lassial or indi�erent quadrangles. The onventions made above onMR2(12) andMR2(23) imply that we need not expliitely to know 12 and 23.To simplify notations we will therefore denote ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),( ~�ijk)fi;jgfj;kg2E(M)) in the sequel of the setion as ((�ij)fi;jg2E(M), ( ~�ijk)fi;jgfj;kg2E(M))or even as F .We start this setion by giving some usefull Propositions onerning integra-bility.Proposition 153 Every Moufang foundation F ((Q(E; q; k; �), Q(E 0, q0, k0,�0),�123) of type PP suh that if Z(k) 6= k, �123 indues an anti-isomorphismfrom k to k0 is integrable. In partiular every Moufang foundation ((W (k),Q(E 0; q0; k0; �0),�123) of type LP is integrable, every Moufang foundation((W (k);W (k0); �123) of type LL is integrable and if har(k) = 2 every Mo-ufang foundation (W (k), Q(E, q, k, �), �123) of type PP is integrable.The onventions on Q(E; q; k; �) and Q(E 0; q0; k0; �0) show that �123 de�nesa Moufang set isomorphism from M�([(0;0)℄) Q(E; q; k; �) toM�([(0;0)℄)Q(E 0; q0; k0; �0). Without loss of generality we will assume that qand q0 are (�; 1)-quadrati forms and �123((0; 0); 1) = ((0; 0); 1). If this isnot the ase we might have to onsider for  2 k and 0 2 k0 suh that thequadrangles Q(E; q; k; �) with �� = ���1, 8� 2 k and Q(E 0; 0q0; k0; �00)with �0�00 = 0 �0�0 0�1, 8�0 2 k0 are (�; 1) and (�00 ; 1)-quadrati and�123((0; 0); 1) = ((0; 0); 1). Clearly the map '1 whih indues the identity onpoints an lines de�nes an isomorphism from Q(E; q; k; �) to Q(E; q; k; �) anda similar bijetion de�nes an isomorphism fromQ(E 0; q0; k0; �0) toQ(E 0; 0q0; k0; �0).



250 CHAPTER 4. EXISTENCE AND NON-EXISTENCESet ' = ('1; '2). As F �= '(F ) we an therefore onsider '(F ). By proposi-tion 124 we know that there exists a (anti)-isomorphism � from k to k0 suhthat : �123(((0; 0); x)) = ((0; 0); x�); 8x 2 k:Let B00 = fe00j j 2 Jg be a base of V 00 . De�ne the generalized quadrangleQ( �E,�q,k,��) in the following way. If � is an isomorphism we set �E = �e�2k��e�1k �V0 � �e1k ��e2�k where �V0 is the right k-vetor spae spanned by B00.If � de�nes an automorphism we set �E = �e�2kopp � e�1kopp � �V0 ��e1 kopp�e2kopp where �V0 is the right kopp-vetor spae spanned by B00. De�ne the(anti)-isomorphism  from k0 to k by  = �Æ ��1 Æ �0.Then E 0 is learly isomorphi to �E under ' if we set :'�(e0�2x0�2 + e0�1x0�1 +Pj e00jv00j + e01x01 + e02x02)= �e�2x0�2 + �e�1x01 +Pj e00j(v00j) + �e1x01 + �e2x02where x0i, v00j 2 k0.De�ne �� by x�� = x�1�0, 8x 2 k.The forms �g, �f and �q are given by :�g(�x; �y) = (g0('�1 (�x); '�1 (�y))) ; 8�x; �y 2 �E�f(�x; �y) = (f 0('�1 (�x); '�1 (�y))) ; 8�x; �y 2 �E�q(�x) = �g(�x; �x) + k��;1:By onstrution it follows that �q de�nes a (��; 1)-quadrati form on �E of Wittindex 2. This means that we an onsider the quadrangle Q( �E,�q,k,��). UsingTheorem 133 it is lear that ' indues an isomorphism from Q(E 0; q0; k0; �0)to Q( �E,�q,�k,��). In the sequel we will work with the oordinatization of Q( �E; �q,k,��) assoiated to the deomposition �E = �e�2k � �e�1 � �V0 � �e1k � �e2 k. Let' = (Id; '). Then the Moufang foundation '(F ) onsists of the Moufangfoundation (Q(E; q; k; �), Q( �E; �q; k; ��), ��123) of type PP where ��123 is givenby : ��123((0; 0); x) = ((0; 0); x���):We rephrase the proof of [23℄ of the integrability of '(F ). Firstly we de�nethe division ring k(t;�; ��) as follows. Its elements are given by the rationalfuntions with variable t. Multipliation is given by :x:y = xy; 8x; y 2 kx�t = tx��; 8x 2 k:



4.4. EXISTENCE IN ~B2 CASE 251By putting t� = t we extend � to an involution of k(t;�; ��). Using V0 and �V0we set W 10 = k(t;�; ��) 
V0 and W 20 = k(t;�; ��) 
 �V0 and W0 = W 10 � W 20 .Then this means that every element of w0 W0 an be written in a unique wayas Pj vj0tj +Pl �vl0 tl where vj0 2 V0 and �vl0 2 �V0. Extend the forms g and �gto a form g� on W0 by :g�(Pj vj0tj +Pi �vi0ti;Pj wj0tj ;Pi �wi0ti)=Pi;j tig(vi0; wj0) +Pi;j ti�g(�vi0; �wj0)tj :If we set q�(w0) = g�(w0)+k(t;�; ��)(�;1), it follows from the results in [23℄ thatq� de�nes an anisotropi (�; 1)-quadrati form on W0. Set W e��1k(t;�; ��)�e��1 k(t;�; ��) �W0 � e�1 k(t;�; ��) � e�2 k(t;�; ��) and extend g� to a formon W as follows : (u = e��2x�2 + e��1x�1 +u0 +e�1x1 +e�2 x2 and w = e��2y�2+e��1y�1 +w0 +e�1y1 +e�2y2 with xi, yi 2 k(t;�; ��) and u0, w0 2 W0)g�(u;w) = x��2y2 + x�2y�2 + x��1y1 + x�1x�1 + g�(u0; w0):Using g� we extend q� to W by setting :q�(w) = g(w;w) + (k(t;�; ��)�;1; 8w 2 W:In this way we see that q� de�nes a (�; 1)-quadrati form on W of Witt index2. Hene we an onsider the quadrangle Q(W ,q�,k(t;�,��),�). It is provedin [23℄ that Q(W ,q�,k(t;�; ��),�) is the quadrangle at1 of an aÆne Moufangbuilding (�;W; S; d) of type ~B2 suh that '(F ) = (Q(E; q; k; �),Q( �E; �q; k; ��),��123) 2 MoFo(�). As '(F ) is isomorphi to F this proves that F is inte-grable.Let F (W (k); Q(E 0; q0; k0; �0); �123) be a Moufang foundation of type LP .By Proposition 134 and Lemma 143 we �nd that F will be isomorphi toa Moufang foundation �F = (QO(E; q; k); Q(E 0; q0; k0; �0), ��123) of type PPwhere QO(E; q; k) is the orthogonal quadrangle dually isomorphi to W (k)as desribed in the proof of Proposition 134. By what we already proved weknow that �F is integrable proving the integrability of F .The integrability of a Moufang foundation (W (k);W (k0); �123) of type LLfollows by similar arguments.Finally let har(k) = 2. Then we know by Proposition 137 that W (k) isisomorphi to an orthogonal quadrangle QO(E; q; k). Hene every founda-tion F = (W (k), (Q(E 0; q0; k0; �0); �123) of type is isomorphi to a founda-tion �F = (QO(E; q; k),Q(E 0; q0; k0; �0), ��123)) of type PP . As we already



252 CHAPTER 4. EXISTENCE AND NON-EXISTENCEproved that �F is integrable we �nd that every Moufang foundation (W (k),Q(E 0; q0; k0; �0),�123)) is integrable. 2Proposition 154 Let har(k) 6= 2 then every Moufang foundation(W (k); Q(E 0; q0; k0; �0),�123) of type LL is integrable.Let F be a foundation as in the proposition. By Proposition 126 we anassume without loss of generality that �123 indues a �eld isomorphism fromk to k0. Consider the sympleti quadrangle W (k0). Then W (k0) is learlyisomorphi to W (k). Let '��1 be the isomorphism from W (k0) to W (k) byapplying ��1 to the oordinates of elements of W (k0). Put ' = ('��1 ; Id).Let �F be the Moufang foundation ((W (k0), Q(E 0; q0; k0; �0), Id)). The on-strution of '��1 implies that '( �F ) = F . As �F is integrable by the resultsin [23℄ we �nd that F is integrable. 2Proposition 155 Suppose k and k0 are �elds. Then every Moufang foun-dation F = (Q(E; q; k; �),Q(E 0; q0; k0; �0),�123) of type LL suh thatM�((0))(Q(E; q; k; �)) is not-ommutative is integrable. Moreover also ev-ery Moufang foundation (W (k); Q(E 0; q0; k0; �0); �123) of type PL and everyMoufang foundation (W (k),W (k0),�123) of type PP is integrable.proof :We start by reduing the three ases to one.1. Suppose �rstly that F = (Q(E; q; k; �),Q(E 0; q0; k0; �0),�123). The ondi-tions on M�((0))(Q(E; q; k; �)) yield that by Proposition 147, Q(E; q; k; �)satsis�es ondition (Ind) on �((0)), Q(E 0; q0; k0; �0) satsis�es ondition (Ind)on �((0)) and Q(E 0; q0; k0; �0) is isomorphi to Q(E; q; k; �). Suppose that theisomorphism from Q(E; q; k; �) to Q(E 0; q0; k0; �0) is given by '23. Put ' =(Id; '23). Then we �nd by onstrution that the foundation ((Q(E; q; k; �),Q(E 0; q0; k0; �0),�123))is isomorphi to '(F ) = ((Q(E; q; k; �),Q(E; q; k; �),'�123 �123)). AsQ(E; q; k; �))satis�es ondition (Ind) on �((0)), '(F ) is isomorphi to the Moufang foun-dation �F = (Q(E; q; k; �),Q(E; q; k; �),Id)).2. F = (W (k); Q(E 0; q0; k0; �0) of type PL.



4.4. EXISTENCE IN ~B2 CASE 253Similar tehniques as the ones used in the proof of Proposition 153 showthat F is isomorphi to the foundation F 0 = (W (k0); Q(E 0; q0; k0; �0) of typePL. By Proposition 134 we know that W (k0) is dually isomorphi to anorthogonal quadrangle QO( �E 0; �q0; k0). Denote the duality from W (k0) toQO( �E 0; �q0; k0) as 2. Put  = (Id; 2). Then one easily heks that �F =(F 0) = (QO( �E 0; �q0; k0), Q(E 0; q0; k0; �0),Id).3. If F = (W (k);W (k0); �123) we know by Proposition 134 that W (k) isdually isomorphi to an orthogonal quadrangle QO(E1; q1; k) and similarlyW (k0) is dually isomorphi to an orthogonal quadrangle QO(E 01, q01,k0). Sup-pose that 1 is a duality from W (k) to QO (E1; q1; k) and  01 a duality fromW (k0) to QO (E 01, q01, k0). Put  = (1; 2). Then we an replae theF by (F ) = (Q(E1; q1; k),Q(E 01; q01; k0)  01�123�11 ), a Moufang foundationof type LL. Proposition 146 implies that QO(E1; q1; k) and QO(E 01, q01,k0) satisfy ondition (Ind) on their line penils and that QO(E1; q1; k) �=QO(E 01,q01,k0). Suppose that the isomorphism from QO(E1,q1, k) is given by 23. Set  = (Id;  23). The we �nd by that F is isomorphi to  (F ) =(QO(E1; q1; k),QO(E 01; q01; k0), �123  01 �123�11 ). AsQO(E1,q1,k) andQO(E1,q1,k)satisfy ondition (Ind) on their line penils we �nd that also in this ase Fis isomorphi to the Moufang foundation �F = (QO(E1; q1; k), QO(E1; q1; k),Id).In all three ases we �nd that F is integrable if and only if �F is integrable.We rephrase a proof of the integrability of �F given in [23℄.Without loss of generality we will assume here that q is a (�; 1)-quadratiform. In view of Lemma 92 this puts no restritions on the form. (If q isa (�; �)-quadrati form then we an �nd a onstant  2 k suh that q is a(�; 1)-quadrati form. As the foundation F = (Q(E; q; k; �),Q(E; q; k; �),Id))is isomorphi to F = (Q(E; q; k; �),Q(E; q; k; �),Id)) we an work with Finstead of F .) Firstly we de�ne the division ring k(t;�; 1) in the followingway. The elements of k(t;�; 1) are the rational funtions in the variable twhere multipliation is given by :a:b = ab; 8t 2 ka�t = ta; 8a 2 kWe extend � to k(t;�; 1) by setting t� = t. In this way we onstrut a skew�eld k(t;�; 1) with involution �.



254 CHAPTER 4. EXISTENCE AND NON-EXISTENCESubsequently we hoose a oordinatization of Q(E; q; k; �) assoiated to adeomposition E = e�2k �e�1k �V0 �e1k �e2k with labelling set R0;1.Suppose that g is a �-sesquilinear form suh that q(x) = g(x)+k�;1, 8x 2 E.Let W0 = V0 
 k(t). Then every element of W0 an be written uniquely as asum P vi0ti, vi0 2 V0.We extend g and q to forms on W0 by setting :g(X vi0ti;Xwj0tj) = tig(vi0; wj0)tjq(X vi0ti) = g(X vi0ti;X vj0tj) + (k(t;�; 1))(�;1)with P vi0ti and Pwj0tj 2 W0. Then one easily heks that in this way gde�nes a � sesquilinear form and q a (�; 1)-quadrati form on W0. Moreoverit is proved in [23℄ that q is anisotropi on W0.Put W = e�2k(t) �e�1k �W0 �e1k(t) �e2k(t). We extend g and q to W inthe following way :g(e�2x�2 + e�1x�1 +X vi0ti + e1x1 + e2x2= x��2x2 + x��1x1 + g(X vi0ti); xi 2 k(t;�; 1); vi0 2 kq(x)= g(x) + (k(t;�; 1))(�;1); 8x 2 kBy onstrution q de�nes in this way a (�; 1)-quadrati form of with index 2.Therefore we an onsider the quadrangle Q(W; q; k(t;�; 1); �). It is provedin [23℄ that Q(W; q; k(t;�; 1); �) is the quadrangle at 1 of an aÆne Moufangbuilding (�;W; S; d) of type ~B2 with �F = (Q(E; q; k; �),Q(E; q; k; �),Id))2 MoFo(�). This means that �F is integrable and hene F is integrable.Proposition 156 Every Moufang foundation F= (Q(k; k0; l; l0), Q(�k, �k0, ; �l,�l0); �123) is integrable.proof :Let F be a Moufang foundation as in the proposition. As every indi�erentquadrangle is dually isomorphi to an indi�erent quadrangle we an assumewithout loss of generality that F is or type PP . Proposition 131 implies that�123 indues a �eld isomorphism from k to �k suh that for some � 2 �k :��123(l) = �l:



4.4. EXISTENCE IN ~B2 CASE 255Upon a possible re oordinatization of Q(�k,�k0,�l,�l0) we an assume that �= 1. Let Q(k; k00; l0; l00) be the indi�erent quadrangle obtained by applying��1 to the oordinates of Q(�k; �k0; �l, �l0). Then Q(k; k00; l; l00) is isomorphi toQ(�k,�k0;�l,�l0) by applying � to the oordinates of Q(k; k00; l; l00). Denote thisisomorphism by '�. Put ' = (Id; '�). By onstrution it then follows that�F = '�1(F ) = (Q(k; k0; l; l0), Q(k; k00; l; l00), Id)). As �F is integrable by theresults of [23℄ we �nd that F is integrable. 24.4.1 Case I : MR2(12)(�12) �= P(�k).Z(�k) = �kIn this setion we assume thatMR2(12)(�12) �= P(�k) with �k a �eld. Remarkthat if in this ase �12 or �23 is an indi�erent quadrangle Q(k; k0; l; l0) we�nd by Proposition 125 that l = k �= �k. But then Proposition 136 showsthat Q(k; k0; l; l0) is isomorphi to an orthogonal quadrangle. Therefore wewill not expliitly onsider the ases where �12 or �23 are indi�erent quad-rangles.Case I.1 �12 = W (k) and �23 = W (k0).Without loss of generality we an assume that �k = k in view of Proposi-tion 124.The gluing is of type PP .By proposition 124 we know that � indues a �eld isomorphism fromk to k0. As both W (k) and W (k0) satisfy ondition (Ind) on theirpoint rows (fr. Proposition 146) there is up to isomorphism only oneMoufang foundation ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M))of type PP involving W (k) and W (k0). The integrability of F followsfrom Proposition 155.The gluing is of type PL, LL or LP .A similar reasoning as for a gluing of type PP shows that the Mo-ufang foundation ((�ij)fi;jg2E(M); (ij)fi;jg2E(M); (�ijk)fi;jgfj;kg2E(M)) isintegrable.



256 CHAPTER 4. EXISTENCE AND NON-EXISTENCECase I.2 �12 = W (k) and �23 = QO(E 0; q0; k0).The gluing is of type PP .Proposition 124 implies that � indues a �eld isomorphism from k tok0. The integrability follows from Propositions 153 and 154.The gluing is of type LP .By Proposition we know that � indues a �eld isomorphism from k tok0. The integrability of the Moufang foundation follows from Proposi-tion 153.The gluing is of type PL.Proposition 127 implies that one of the following ases ours :dim(E 0) = 5, k �= k0. By Proposition 134 we have that QO(E 0; q0; k0; �0)is dually isomorphi to W (k0). Hene the Moufang foundation F isisomorphi to a Moufang foundation (W (k),W (k0), ��123) of type PP .Proposition 155 implies thus that in this ase F is integrable.dim(E 0) = 6, k �= k00, where k00 is the quadrati Galois extension of k0determined byMO(V 0; q0; k0). Proposition 135 shows that QO(E 0; q0; k0)is dually isomorphi to QH(E 00; q00; k00; �00). Hene F is isomorphito a Moufang foundation �F = (W (k); QH(E 00; q00; k00; �00) of type PP .Propositions 153 and 154 yield the integrability of F .odim(Rad(f 0)) = 2, there exists a onstant 0 2 k0 suh that the setf0q0(w0) jw0 2 Rad(f 0)g is isomorphi to k. Proposition 136 impliesthat QO(E 0; q0; k0) is isomorphi to an indi�erent quadrangle. Hene Fis isomorphi to a foundation �F involving two indi�erent quadranglesand the integrability of F follows from Proposition 156.The gluing is of type LL.Proposition 127 implies that one of the following ases ours :dim(E 0) = 5, k �= k0 and hene QO(E 0; q0; k0) is dually isomorphi toW (k0). The integrability of F follows from Proposition 153.dim(E 00) = 6 and k �= k00 with k00 the quadrati Galois extension de-termined by QO(E 0; q0; k0) as desribed in Lemma 112. In this aseQO(E 0; q0; k0) is dually isomorphi to a hermitian Moufang set QH(E 00,q00, k00, �00). The integrability of the Moufang foundation follows from



4.4. EXISTENCE IN ~B2 CASE 257Proposition 153. odim(Rad(f 0)) = 2 and there exists a onstant 02 k0 suh that the set f0q0(w0) jw0 2 Rad(f 0)g is a �eld isomorphito k. Proposition 136 shows that QO(E 0; q0; k0) is isomorphi to anindi�erent quadrangle. The integrability of F follows from Proposition156.Case I.3 �12 = W (k) and �23 = QH(E 0; q0; k0; �0).The gluing is of type PP .The integrability of F follows from Propositions 153 and 154.The gluing is of type LP .For the a proof of the integrability of F we refer to Proposition 153The gluing is of type PL.Proposition 155 shows that F is integrable in this ase.The gluing is of type LL.Proposition 128 implies that dim(E 0) = 4 and k �= Fix(�0). Proposi-tion 135 implies that then QH(E 0; q0; k0; �0) is dually isomorphi to anorthogonal quadrangle QO( �E 0, �q0,k0). Hene F is isomorphi to a Mo-ufang foundation (W (k), QO( �E 0,�q0,k0)) of type LP . Hene Proposition153 implies that F is integrable.Case I.4 �12 = W (k) and �23 = QU(E 0; q0; k0; �0).Remark that in this ase only gluings of type PL and LL are possible.The gluing is of type PL.Proposition 125 implies that dim(E 0) = 4, k0 is a generalized quater-nion algebra with standard involution �0. Proposition 138 implies thatQU(E 0; q0; k0; �0) is dually isomorphi to an orthogonal quadrangleQO(E 00; q00; k00). The integrability of the Moufang foundation followsthus from the Propositions 153. and 154.The gluing is of type LL.The same onlusions holds as for ase of a gluing of type PL.Case I.5 �12= QO(E; q; k) and �23 = QO(E 0; q0; k0).



258 CHAPTER 4. EXISTENCE AND NON-EXISTENCEThe gluing is of type PP .By Proposition we know that � indues a �eld isomorphism from k tok0 in this ase.For the integrability of F we refer to Proposition 153.The gluing is of type PL.Proposition 125 shows that one of the following ases ours:dim(E 0) = 5 and k �= k0.Proposition 134 implies that QO(E 0; q0; k0) dually isomorphi to W (k0).We an therefore refer to ase I:2.dim(E 0) = 6 and k �= k00 where k00 is the quadrati Galois extension ofk0 determined by QO(E 0; q0; k0). As in this ase QO(E 0; q0; k0) is duallyisomorphi to a hermitian quadrangle QH(E 00; q00; k00; �00) the Moufangfoundation F is isomorphi to a Moufang foundation �F = (QO(E; q; k),QH(E 00; q00; k00; �00), ��123) of type PP . The integrability of F followsfrom Proposition 153.odim(Rad(f 0)) = 2, and there exists a onstant 0 2 k0 suh that theset f0q0(w0) jw0 2 Rad(f 0)g is a �eld isomorphi to k.Proposition 136 implies that QO(E 0; q0; k0) is isomorphi to an indif-ferent quadrangle Q(k; k00; l; l00). Proposition 3.4.4 in [37℄ shows thatQ(k; k00; l; l00) is dually isomorphi to Q(k00; (k0)2; l00; (l0)2). Hene byProposition 136 we see that QO(E 0; q0; k0) is dually isomorphi to anorthogonal quadrangle Q(E 00; q00; k00). This implies that F is isomorphito a foundation �F of type PP involving two orthogonal quadrangles.The integrability of F therefore follows from Propostion 153.The gluing is of type LL.In this we �nd using Proposition 127 that odim(Rad(f))= odim(Rad(f 0)) = 2 and that there exist onstants  2 k and 02 k0 suh that fq(w) jw 2 Rad(f)g is a �eld isomorphi to the �eldf0q0(w0) jw0 2 Rad(f 0)g. Lemma 136 implies that both �12 and �23 areindi�erent Moufang sets. The integrability of the Moufang foundationfollows from Proposition 156.The gluing is of type LP .This ase is an be derived from the ase where we onsider a gluing oftype PL.Case I.6 �12 = QO(E; q; k) and �23 = QH(E 0; q0; k0).



4.4. EXISTENCE IN ~B2 CASE 259The gluing is of type PP .Proposition 124 yields k �= k0.We refer to ase I:3.The gluing is of type LP .Propositions 125, 134 and 135 imply that there are three possibilities.dim(E) = 5 and QO(E; q; k) is dually isomorphi to W (k). The inte-grability follows from Proposition 153.dim(E) = 6 and QO(E; q; k) is dually isomorphi to a hermitian quad-rangle QH(E 00; q00; k; �00). The integrability follows from Proposition153.odim(Rad(f)) = 2, there exists a onstant  2 k suh that the setfq(w) jw 2 Rad(f)g is a �eld isomorphi to k0. Proposition 136 im-plies that QO(E; q; k) is isomorphi to an indi�erent quadrangle. Henewe refer to ase I.5 for a disussion on the integrability of F .The gluing is of type PL or LL.Propositions 128 and 135imply that dim(E 0) = 4 and thatQH(E 0; q0; k0; �0)is dually isomorphi to an orthogonal quadrangle QO(E 00; q00; F ix(�0).Hene we an refer to Case I.5 for a disussion on the integrability ofF .Case I.7 �12 = QO(E; q; k) and �23 = QU(E 0; q0; k0; �0).Proposition 125 shows that only gluings of type PL and LL are possible.But then Proposition 125 shows that dim(E 0) = 4 and by Proposition 138 wehave that QU(E 0; q0; k0; �0) is dually isomorphi to an orthogonal quadrangleQO(E 00,q00,Z(k0)). This means that the Moufang foundation F is isomorphito a Moufang foundation �F = (QO(E; q; k),QO(E 00; q00; Z(k0)), ��123). For adisussion on the integrability of F we therefore refer to ase I.5.Case I.8 �12 = QH(E; q; k; �) and QH(E 0; q0; k0; �0).The gluing is of type PP .Proposition 124 implies k �= k0.The integrability of the Moufang foundation follows from Proposition153.The gluing is of type PL.Propositions 125 and 135 imply that dim(E 0) = 4, k �= Fix(�0) and



260 CHAPTER 4. EXISTENCE AND NON-EXISTENCEthat QH(E 0; q0; k0; �0) is dually isomorphi to an orthogonal quadrangleQO(E 00; q00; F ix(�0)). The integrability of F then follows from Propo-sition 153.The gluing is of type LL.Propositions 125 and 135 shows that dim(E) = dim(E 0) = 4 andFix(�) �= Fix(�0), QH(E; q; k; �) is dually isomorphi to an orthogonalquadrangle QO( �E,�q,Fix(�)) and QH(E 0; q0; k0; �0) is dually isomorphito an orthogonal quadrangle QO( �E 0, �q0, Fix(�0)). Hene F is isomor-phi to a Moufang foundation �F of type PP involvingQO( �E; �q; F ix(�))and QO( �E 0,�q0,Fix(�0)). The integrability of the Moufang foundationfollows from Propositions 153 and 154.The gluing is of type LP .We refer to the ase of a gluing of type PL.Case I.9 �12 = QH(E; q; k; �) and �23 = QU(E 0; q0; k0; �0).Remark that Proposition 124 implies that in this ase only gluings of typePL and LL are possible. Propositions 125 implies that dim(E 0) = 4. There-fore we have that QU(E 0,q0,k0,�0)) is dually isomorphi to an orthogonalquadrangle QO(E 00,q00,Z(k0)) by Proposition 138. For the integrability of theMoufang foundation we an thus refer to ase I.6.Case I.10 �12 = QU(E; q; k; �) and �23 = QU(E 0; q0; k0; �0).Remark that by Proposition 126 only a gluing of type LL is possible suhthat dim(E) = dim(E 0) = 4. Proposition 138 shows that QU(E,q,k,�)) andQU(E 0; q0,k0; �0 are both dually isomorphi to orthogonal quadrangles. Forthe integrability of the Moufang foundation we therefore refer to ase I.5.Z(k) 6= kCase I.11 �12 = QO(E; q; k) and �23 = QU(E 0; q0; k0; �0) Remark that Propo-sition 125 implies that only a gluing of type LP is possble. For the integra-bility of F we refer to the results proved in [23℄.Case I.12 �12 = QU(E; q; k; �) and �23 = QU(E 0; q0; k0; �0).



4.4. EXISTENCE IN ~B2 CASE 261The gluing is of type PP .Remark that Theorem 151 implies that if k is not a generalized quater-nion algebra with standard involution �123 indues a (anti)-isomorphismfrom k to k0. The integrability of the Moufang foundation follows fromProposition 153.The gluing is of type PL.Proposition 130 shows that this ase annot our unless Z(k) = k aontradition.The gluing is of type LL.Theorem 151 yields that the foundation an only be integrated if dim(E)= dim(E 0) = 4, k is a generalized quaternion algebra with standardinvolution and �0 is a generalized quaternion algebra with standardinvolution �0. But then we �nd that QU(E; q; k; �) is dually iso-morphi to an orthogonal quadrangle QO( �E; �q; Z(k)) and similarlyQU(E 0; q0; k0; �0) is dually isomorphi to an orthogonal quadrangleQO( �E 0,�q0, Z(k0)) suh that dim( �E) = dim(E 0) = 8. Thus F is iso-morphi to a foundation �F = (QO( �E; �q; �k),QO( �E 0,�q0, �k0), ��123)) of typePP . The integrability of F follows therefore from Proposition 153.4.4.2 Case II : MR2(12)(�12) �= MO( �V ; �q; �k)To avoid unneesary work we will avoid to rephrase the ases where we apriori know that MR2(12)(�12) is a projetive Moufang set.Case II.1 �12 = QO(E; q; k) and �23 = QO(E 0; q0; k0).The gluing is of type PP , PL or LP .As in this ase MR2(12)(�12) is isomorphi to projetive Moufang setwe refer to ase I.5.The gluing is of type LL andMR2(12)(�12) is not ommutative. Propo-sition 147 implies that QO(E; q; k) is isomorphi to QO(E 0; q0; k0) in thisase. The integrability of the foundation follows from Proposition 155.The gluing is of type LL and MR2(12)(�12) is ommutative.Remark that in this ase Lemma 120 implies that odim(Rad(f)) = 2and odim(Rad(f 0)) = 2. Hene �12 and �23 an be seen as indi�erent



262 CHAPTER 4. EXISTENCE AND NON-EXISTENCEquadrangles by Proposition 136. This means that the Moufang foun-dation F is isomorphi to a Moufang foundation of type LL involvingtwo mixed quadrangles. The integrability of F follows from Proposition156.Case II.2 �12 = QO(E; q; k) and �23= QU(E 0; q0; k0; �0).The gluing is of type PP , PL or LP we refer to ase I.7The gluing is of type LL and har(k) 6= 2.Proposition 127 implies that dim(E 0) = 4.We distinguish between two subases :�0 is the standard involution. Proposition 138 shows thatQU(E 0; q0; k0; �0)is dually isomorphi to an orthogonal quadrangle QO( �E 0; �q0; Z(k0)).This means that F is isomorphi to a Moufang foundation �F= (QO(E; q; k),Q( �E 0; �q0; Z(k0)), ��123) of type LP . For a disussion onthe integrability of F we an therefore refer to ase I.5.�0 is not the standard involution. Lemma 115 implies thatMR2(23)(�23)is isomorphi to a non-ommutative orthogonal Moufang setMO( �E 0; �q0; Z(k0)) with dim( �E 0) = 7. By Proposition 127 we �nd thatdim(E) = 7 and that q and q0 are proportional up to an isomorphism �from k to Z(k0). The integrability of F follows from the results in [23℄.The gluing is of type LL and har(k) = 2.By Proposition 127 we �nd that in this ase odim(Rad(f 0)) = 2, andk0 is a generalized quaternion algebra. This means that MR2(12)(�12)is an extended polar line. If dim(E 0) = 4 the integrability of F an beproved as above in the harateristi non 2 ase. If dim(E 0) > 4 we theintegrability of F follows from the results in [23℄.Case II.3 �12 = QO(E; q; k) and �23 = Q(k0; k00; l0; l00).The gluing is of type PL or PP .We refer to ase I .The gluing is of type LP .Proposition 131 implies that odim(Rad(f)) = 2. Hene QO(E; q; k)



4.4. EXISTENCE IN ~B2 CASE 263is an indi�erent quadrangle by Proposition 136. The integrability of Ftherefore follows from Proposition 156.CaseII.4 �12 = Q(k; ~k; l; ~l) and �23 = Q(k0; ~k0; l0; ~l0).The integrability of F follows in this ase from Proposition 156.4.4.3 Case III : MR2(12)(�12) �= MH( �V ; �q; �k; ��).To avoid unneessary work we will avoid to rephrase ases where we know apriori that MR2(12)(�12) is a projetive Moufang set.Case III.1 : �12 = QH(E; q; k; �) and �23= QH(E 0; q0; k0; �0).The gluing is of type PP , PL or LP .We refer to ase I.8.The gluing is of type LL.If dim(E) = 4, Proposition 128 shows that dim(E 0) = 4. By Proposi-tion 135 we have that QH(E; q; k; �) is dually isomorphi to an orthog-onal quadrangle QO( �E; �q; F ix(�)) and QH(E 0; q0; k0; �0) is dually iso-morphi to an orthogonal quadrangle QO( �E 0; �q0,Fix(�0)). This meansthat F is isomorphi to a foundation �F = (QO ( �E, �q, Fix(�)), QO( �E 0, �q0, Fix(�0)), ��123)) of type PP . The integrability of F followsthen from Proposition 153.If dim(E) > 5 Proposition 128 implies that dim(E 0) > 5 and bothMR2(12)(�12) and MR23(23)(�23) have non ommutative root groups.Remark that in this aseQH(E; q; k; �) is isomorphi toQH(E 0; q0; k0; �0)by Proposition 147. The integrability of F follows from Proposition155.Remark that the ase where dim(V ) = dim(V 0) = 5 is still left open.Case III.2 : �12 = QH(E; q; k; �) and �23 = QU(E 0; q0; k0; �0).The gluing is of type PP , PL or LP .We refer to I.9.The gluing is of type LL.Theorem 151 implies that in this ase dim(E) = dim(E 0) = 4, k0 is ageneralized quaternion algebra with standard involution �0 suh that



264 CHAPTER 4. EXISTENCE AND NON-EXISTENCEZ(k0) �= Fix(�). But then Proposition 135 implies that QH(E; q; k; �)is dually isomorphi to an orthogonal quadrangle QO( �E; �q; F ix(�)) andby Proposition 138 we �nd that QU(E 0; q0; k0; �0) is dually isomorphito an orthogonal quadrangle QO( �E 0; �q0, Z(k0)). This means that thefoundation F is isomorphi to a foundation �F= (QO( �E; �q; F ix(�)),QO( �E 0; �q0,Z(k0),�0) of type PP . The integrability of F then followsfrom Proposition 1534.4.4 Case IV : MR2(12)(�12) �= MU( �V ; �q; �k; ��)By Theorem 151 we an refer to ase I for a disussion on the integrabilityof F in this ase.4.4.5 Case V : MR2(12)(�12) �= P(�l; �k)As earlier mentioned we will not onsider the ases where we a priori knowthat MR2(12)(�12) is isomorphi to a projetive Moufang set.Case V.1 �12 = QO(E; q; k) and �23 = QO(E 0; q0; k0).The gluing is of type PP , PL or LP . We refer to ase I.5The gluing is of type LL.Propositions 131 and 136 show that QO(E; q; k) and QO(E 0; q0; k0) areisomorphi to indi�erent quadrangles. Thus F is isomorphi to a foun-dation of type LL involving two indi�erent quadrangles. The integra-bility of F then follows from Proposition 156.Case V.2 �12 = QO(E; q; k) and �23 = Q(k0; k00; l0; l00).The gluing is of type PP , PL. We refer to ase I:5.The gluing is of type LP .Proposition 131 and 136 yield that QO(E; q; k) is isomorphi to anindi�erent quadrangle. Hene F is isomorhpi to a Moufang foundationof type LL involving two indi�erent quadrangles. For the integrabilityof F we refer to Proposition 156.



4.5. NON-EXISTENCE IN 443 CASE 265The gluing is of type LL.By Proposition 3.4.4 in [?℄ we know that Q(k0; k00; l0; l00) is dually isomor-phi to the indi�erent quadrangle Q(k00; (k0)2; l00; (l0)2). Hene F is iso-morphi to a Moufang foundation �F (QO(E; q; k),Q(k00; (k0)2; l00; (l0)2)of type LP . The integrability of F follows then as above.Case V.3 �12 = Q(k; �k; l; �l) and �23 = Q(k0; �k0; l0; �l0). The integrability of Ffollows from Proposition 156.4.5 Non-existene in 443 aseDe�nition 157 Let M443 be the Coxeter matrix de�ned over the set I =f1; 2; 3g with m12 = m23 = 4, m13 = 3. A Coxeter matrix M isomorphi toM443 is said to be of type 443. A root system of type 443 is de�ned as a rootsystem of type M443, a building of type 443 is a building of type M443 and aMoufang foundation of type 443 is de�ned as a Moufang foundation of typeM443.In this setion we will assume that for the (�; �)-quadrati forms with � 6= 1involved � = �1. Using Lemma 92 and setion 3.12.3 we see that this doesnot put any restritions on the forms.Using similar reasonings as for the ~B2 ase we will show the non-existene ofertain Moufang foundations of type 443.Theorem 158 Let M = (mij)i;j2I with I = f1; 2; 3g a Coxeter matrix oftype 443, � a root system of type 443 with root base � = f�i ji 2 Ig suhthat �m�1;�2 = �m�2;�3 = 4 and �m�1;�3 = 3. Suppose that ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) is a Moufang foundation of type 443 wherethe for every fi; jg 2 E(M) the system (U�kij)�kij2��i�j forms a root groupssystem for �ij . Suppose �12 is a unitary quadrangle QU (E; q; k; �), �23 isa unitary quadrangle the form QU (E 0; q0; k0; �0) and �13 is a Desarguesionprojetive plane de�nes over a division ring �k, MR2(12)(Q(E; q; k; �) andMR2(23)(Q(E 0; q0; k0; �0) are both line penils, MR1(13)(�) is a line penilandMR3(13)(�) is a point row. Assume moreover thatMl(Q(E; q; k; �)) andMl(Q(E 0; q0; k0; �0)) are Moufang sets with non-ommutative root groups suhthat if k or k0 is a generalized quaternion algebra with standard involution,Rad(f) = 0 or Rad(f 0) = 0.If then ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jgfj;kg2E(M)) is integrable one ofthe following possibilities ours :



266 CHAPTER 4. EXISTENCE AND NON-EXISTENCE(i) �312 indues an anti-isomorhpism vrom k to k0, k is a generalizedquaternion algebra with standard involution � and k0 is a generalizedquaternion algebra with standard involution �0,(ii) �312 indues an isomorphism from k to k0 and both k and k0 are gener-alized quaternion algebras.proof :Choose a oordinatization of QU (E; q; k; �) assoiated to the deomposi-tion e�2k�e1k�E0�e1k�e2. Similarly we hoose a oordinatization of QU(E 0; q0; k0; �0) assoiated to the deomposition e0�2k0� e0�1k0 �E 00 �e01k0 �e02k0.The assumptions of the theorem imply that there exists a 3-dimensional right�k-vetor spae U suh that � �= PG(U). Denote the dual spae of U by U �,then U � is a right �kopp-vetor spae. Choose a base �xed base fu1, u2, u3gof U with dual base fu�1, u�2, u�3g. For the rest of the proof elements of Uof the form u1w1 + u2w3 + u3w3 will be written as the row (w1; w2; w3) andsimilarly every element of U � of the form u�1w�1 +u�2w�2 +u�3w�3 will be denotedby (w�1; w�2 ; w�3)�. Call �312 = �1, �132 = �3 and �123 = �2. Then we an as-sume without loss of generality that : �1 de�nes a Moufang set isomorphismfrom M�((1;0;0)) (PG(E)) to M�([(0;0)℄)(Q(E; q; k; �)), �2 de�nes a Moufangset isomorphism from M�((0)) (Q(E; q; k; �)) to M�((0)) (Q(E 0; q0; k0; �0)),�3 de�nes a Moufang set isomorphism from M�(h(0;1;0)(1;0;0)i) (PG(E)) toM�([(0;0)℄)(Q(E 0; q0; k0; �0)).Let P(�k) and P(�kopp) be projetive lines de�ned over �k and �kopp. Chooseanonial oordinatizations of both projetive Moufang sets. The alula-tions in setion 3.4 show that the bijetion  from P(k) to M�(h(1;0;0);(0;1;0)i)de�ned by : ((v)) = h(v; 1; 0)i; 8v 2 �k((1)) = h(1; 0; 0)idetermines a Moufang set isomorphism and similarly that the bijetion �from P(�kopp) to M�((1;0;0)) de�ned by :�((v�)) = h(0; v�; 1)�i�((1)) = h(0; 1; 0)�idetermines a Moufang set isomorphism.To simplify notations we will identify in the sequel the point set of P(k) with



4.5. NON-EXISTENCE IN 443 CASE 267the point set of M�(h(1;0;0);(0;0;1)i)(�) via  and similarly identify the pointset of P(�kopp) with the point set of M�((1;0;0))(�) via �. Without loss ofgenerality we an assume that �1((1)) = ((0; 0); 1) and �3((1)) = ((0; 0); 1).Using Theorem 124 we see that �1 de�nes a �eld (anti)-isomorphism from�kopp to k whih we also denote as �1 and is de�ned by :�1((�v�)) = ((�v�)�1); 8�v� 2 �k:In a similar way �3 de�nes a �eld (anti)-isomorphism from �k to k0 also de-noted by �3 and de�ne by :�3((�v)) = (�v�3); 8�v 2 �k:Without loss of generality we an assume that �2 ([0; (0; 1)℄) = [0; (0; 1)℄.In this ase Theorem 129 implies that the Moufang set isomorphism �2fromM�((0))(QU(E; q; k; �) toM�((0))(QU(E 0; q0; k0; �0) sends f[0; (0; �)℄j� 2Tr(�)g to f[0; (0; �0)℄j�0 2 Tr(�0g suh that :�2([0; (0; �)℄) = [0; (0; � ℄;with  a �eld isomorphism from k to k0 satisfying :�� = ��0 ; 8� 2 k:This implies that if the Moufang foundation ((�; QU(E; q; k; �),QU(E 0; q0; k0; �0),(ij)fi;jg2E(M), (�i)1�i�3) is integrable also the Moufangfoundation ((�; QU(W; q; k; �); QU(W 0; q0; k0; �0); (ij)fi;jg2E(M), (�i)1�i�3) willbe integrable where W = he�2, e�1, e1, e2i and W 0 = he0�2, e0�1, e01, e02 i.Thus there exists a Moufang building (�;W; S; d) with root groups (U�)�2�of type 443 suh that ((�; QU(W; q; k; �); QU(W 0; q0; k0; �0); (�i; 1 � i � 3))�= (Rij(+),(ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M)) with + 2 �, ij = +, �ijk= Id, 8fi; jg, fj; kg 2 E(M). Therefore we an redue the situation to thease where E0 = 0, E 00 = 0 and �2 indues a �eld isomorphism also denoteby �2 from k to k0 suh that :�2([0; (0; �)℄) = [0; (0; ��2)℄ 8[0; (0; �)℄ 2 M�((0))(QU(V; q; k; �)) (4.9)and : ���2 = ��2�0 ; 8� 2 k: (4.10)



268 CHAPTER 4. EXISTENCE AND NON-EXISTENCELet (b) 2 M�(h(010)(100)i)(�). Consider the automorphism s(b)s(1). Clearlythis de�nes an automorphism of � with matrix representation with respetto the base fu1, u2, u3g : 0� �b 0 00 �b�1 00 0 1 1A :We have that for (x�) 2 M�(100)(PG(E)), s(b) s(1) ((x�)) = (�b�1x�) ands(b) s(1) (1) = (1). Clearly s(b)s(1) de�nes an automorphism h(b) �xing anaparment in the Moufang building in whih the Moufang foundation is inte-grated. Without loss of generality we an thus assume that hb de�nes an au-tomorphism of the Moufang foundation ((�; QU(E; q; k; �); QU(E 0 ; q0; k0; �0),(ij)fi;jg2E(M), (�i; 1 � i �)).This means in partiular that hb de�nes automorphisms g�1(b) ofQU(E; q; k; �)and g�3(b) of QU(E 0; q0; k0; �0). In partiular g�1(b) will de�ne an automor-phism of M�((0)) (QU(W; q; k; �)) and g�3(b) and automorphism of M�((0))(QU (W 0, q0, k0; �0)). Without loss of generality we an assume that theapartment given by f[1℄, (1), [(0; 0)℄, ((0; 0); 0), [(0; 0); 0; (0; 0)℄, (0; (0; 0); 0),[0; (0; 0)℄, (0)g in QU(E; q; k; �) is �xed under g�1(b) and that the same apart-ment given in QU(E 0; q0; k0; �0) is �xed by g�3(b).By onstrution the automorphisms g�1(b) and g�3(b) are representations ofthe ation of hb on the whole building. If the Moufang foundation is inte-grable this implies that the ations of g�1(b) on M�((0))(QU(W; q; k; �)) andof g�3(b) on M�((0))(QU(V 0; q0; k0; �0)) should o��nide after identi�ation via�2. In other words :g�1(b)([0; (0; �)℄) = ��12 g�3(b)�2([0; (0; �)℄)); 8� 2 Tr(�):Using formula (4.9) this gives :g�1(b)([0; (0; �)℄) = ��12 g�3(b)([0; (0; ��2)℄); 8� 2 Tr(�): (4.11)We alulate the ation of g�3(b) on QU(E 0; q0; k0; �0). As hb is the globalation of s(b)s(1) on the whole building and �3 de�nes a Moufang set iso-morphism we have that g�3(b) = s�3(b)s�3(b) where a matrix representation ofs�3(b) with respet to the base fe�2, e�1, e1, e2g is given by :0BB� 0 b�3 0 0�b�3�1 0 0 00 0 0 b�3�00 0 �b�3�0�1 1CCA :



4.5. NON-EXISTENCE IN 443 CASE 269Thus g�3(b) has matrix representation :0BB� b�3 0 0 00 b�3�1 0 00 0 b�3�0 00 0 0 b�3�0�1 1CCA :And thus for [0; (0; �0)℄ 2 M�([(0)℄) QU(V 0; q0; k0; �0) we have :g�3(b)([0; (0; �0)℄) = [0; (0; b�3�0b�3�0)℄:Remains to alulate the ation of g�1(b) and translate formula (4.9). ByTheorem 133 we know that g�1(b) is indued by a semi-linear transformation' with assoiated �eld automorphism  suh that :g�1(b)hxi = h'(x)i; 8hxi 2 QU(W; q; k; �)(f(x; y))� = f('(x); '(y)); 8x; y 2 W(q(x))� = q('(x)); 8x 2 Wwhere  2 k is a onstant whih satis�es����1 = ���; 8� 2 k:This means that with respet to the ordered base fe�2, e�1, e1, e2g, g�1(b)has matrix representation :0BB� �1 0 0 00 �2 0 00 0 �3 00 0 0 �4 1CCAwith �i 2 k satisfying : ��1�4 = ���2�3 = By onstrution we know that for ((0; 0); x) 2 M�[(0;0)℄(QU(V; q; k; �) :g�1(b)(((0; 0); x)) = ((0; 0); (�b�1x��11 )�1); 8x 2 k:



270 CHAPTER 4. EXISTENCE AND NON-EXISTENCETwo ases our :First ase : �1 de�nes a �eld anti-isomorphism.Then we have :g�1(b)(((0; 0); x)) = ((0; 0); (�xb�1�1); 8x 2 k:This means that g�1(b) de�nes a linear transformation with a matrix repre-sentation of the form :0BB� z 0 0 00 zb�1 0 00 0 ((zb�1)�)�1 00 0 0 �(z�1)� 1CCAwith z 2 Z(k) and  2 k. As  satis�es ���1 = ��, 8� 2 k we �nd that  2Z(k). Consequently g�1(b) ats on the Moufang set M�((0)) (QU(W; q; k; �))by :g�1(b)([0; (0; �)℄) = [0; (0;�zz��1�)℄; 8[0; (0; �)℄ 2 M�((0))(QU(V; q; k; �)):Using property (4.10) ondition (4.11) thus beomes :�zz��1� = b�3��12 �(b�3��12 )�; 8� 2 Tr(�):As �3��12 de�nes a bijetion from �k to k this yields :��1���� 2 Z(k); 8� 2 k; 8� 2 Tr(�):If we put � = 1 in this equation we get :��� 2 Z(k); 8� 2 k:But then we have also that (1 + �)(1 + �)� = 1 + ��� +(� + ��) 2 Z(k).Therefore we �nd that Tr(�) � Z(k). Lemma 8.13 in [29℄ implies that kis a generalized quaternion algebra and � its standard involution. By sym-metri arguments one �nds that k0 is a generalized quaternion algebra withstandard involution �0. As �k is isomorphi to k and k0 it is also a generalizedquaternion algebra.Seond ase : �1 is an indues an isomorphism from �k to k.



4.5. NON-EXISTENCE IN 443 CASE 271By similar arguments as for the �rst ase one dedues that g�1(b) has a ma-trix representation with respet to the ordered base fe�2, e�1, e1, e2g of theform : 0BB� zb�1�1 0 0 00 z 0 00 0 (z�1)� 00 0 0 �(z�1b�1)�� 1CCA ;with z 2 Z(k), and  2 Z(k) as  satis�es ���1 = ��. For [0; (0; �)℄2 M�((0))(QU(V; q; k; �)) we thus �nd :g�1(b)([0; (0; �)℄) = [0; (0;�zz�(�1)�(b�1)�1�(b�1)�1�)℄; 8� 2 Tr(�):In this ase ondition (4.11) thus beomes :�zz�(�1)�b�1�1�b�1�1� = b�3��12 �(b�3��12 )� ; 8� 2 Tr(�):Thus we �nd for every b 2 �k a zb 2 Z(k) suh that :zbb�1�1�b�1�1� = b�3��12 �(b�3��12 )� ; 8� 2 Tr(�); (4.12)Inserting � = 1 in this equation givesb�3��12 �b�1� = (b�1b�3��12 )�1zband (4.12) beomes :� = b�1b�3��12 �(b�1b�3��12 ); 8b 2 �k:; (6)Suppose that if k is a generalized quaternion algebra, � is not its standardinvolution. By Lemma 47 we know that in this ase Tr(�) generates k as aring. But then (6) yields :(b�1)(b�1)��11 �3��12 2 Z(k); 8b 2 �k:By assumption �1 de�nes an isomorphism from �k to k and ��11 �3 ��12 an(anti)-automorphism of k. This means that if we put Æ = ��11 �3 ��12 then :��Æ 2 Z(k); 8� 2 k:In partiular (1 + �)(1 + �)Æ 2 Z(k)



272 CHAPTER 4. EXISTENCE AND NON-EXISTENCEleads to (� + �Æ) 2 Z(k). By then every � 2 k is solution of a quadratipolynomial P�(X) with o�eÆ��ents in Z(k), namely P�(X) = X2 �(�+�Æ)X+��Æ. Lemma 51 implies that this is only possible if k is a generalized quater-nion algebra.In any ase we thus �nd that k is a generalized quaternion algebra, henethe same is valid for �k and k0. This ompletes the proof. 2
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Appendix ANederlandstalige samenvatting
A.1 Inleiding en situeringGebouwen vershenen impliiet het eerst in 1959 toen J. Tits een meetkundigeinterpretatie gaf aan een bepaalde veel bestudeerde algebra�ishe groep (fr.[28℄). In die periode was het woord gebouw ehter nog niet oÆieelge��ntrodueerd in de abstrate en algebra��she meetkunde. Het zou een 15tal jaar duren vooraleer gebouwentheorie door het standaard werk van J.Tits [29℄ een feit werd. Dit werk heeft als voornaamste doel een volledigelassi�atie te geven van sferishe gebouwen (gebouwen met eindige diame-ter) en rang groter dan 3.Tweeling gebouwen, het vakgebied van deze thesis, dateren van een hele tijdlater. Eind jaren 80 traden nieuwe algebra��she struturen op de voorgrondals gevolg van de ontwikkelingen in de theoretishe natuurkunde. Dit warende zogenaamde Ka-Moody algebra's (fr. [16℄). Deze algebra's kunnen hetbest gezien worden als veralgemeningen van algebra��she groepen. In alge-bra��she groepentheorie gaat men er namelijk vanuit dat de dimensie van devetorruimten waarin de groepen gede�ni�eerd worden eindig dimensionaal is.Indien men deze veronderstelling laat vallen en oneidig dimensionale vetor-275



276 APPENDIX A. NEDERLANDSTALIGE SAMENVATTINGruimten toelaat verkrijgt men onder een bepaalde voorwaarde Ka-Moodyalgebra's. Gezien J. Tits er destijds in geslaagd was een suesvolle theoriete ontwikkelen die algebra��she groepen in een meetkundig perspetief stelde,was men ervan overtuigd dat een gelijkaardige theorie voor Ka-Moody al-gebra's diende opgesteld te worden.Met dit als doeleinde stelden M. Ronan en J. Tits in 1990 het begrip tweelinggebouw voor. Gezien tweeling gebouwen een veralgemening zijn van sferishegebouwen gaf J. Tits in de standaard referentie [32℄, een ruw plan van hoe eenlassi�atie van tweeling gebouwen eruit zou moeten zien. Deze besrhijvingzette B. M�uhlherr er toe aan te beginnen werken aan een lassi�atie van2 sferishe tweeling gebouwen (2 sferishe tweeling gebouwen zijn tweelinggebouwen met lokaal eindige diameter).Tijdens het shrijven van zijn proefshrift was B. M�uhlherr onrehstreeksin ontat gekomen met tehnieken die nuttig zouden blijken voor een las-si�atie. Het eerste resultaat dat een oplossing gaf voor een probleem datruiaal was om deze lassi�atie te kunnen aanvatten, werd opgelost door B.M�uhlherr en M. Ronan in [18℄. Een ander belangrijke tehniek, die volgens J.Tits zou moeten gebruikt worden, was de tehniek van Galois ohomologie.B. M�uhlherr slaagde erin in [21℄ om deze tehniek uit te breiden naar het veldvan tweeling gebouwen. Hierna bleek de theorie sterk van B. M�uhlherr sterkgenoeg ome de klassiatie van 2-sferishe tweeling gebouwen te redueren toteen lassi�atie van 3 types tweeling gebouwen : tweeling gebouwen van type~A2, ~B2 end type 443.Gezien gebouwen van type ~A2 reeds goed gekend zijn door o.a. het werkop aÆene gebouwen van H. Van Maldeghem en K. Van Steen bleven enkel detypes ~B2 and 443 over als onopgelost. Het voornaamste doel van dit proef-shrift was dan ook te werken aan deze beide types meetkunden. Naarmate detheorie vorderde dienden een aantal verwante, vaak algebra��sh gerihte vra-gen opgelost te worden. Zo was een klassi�katie van klassieke en gemengdeMoufang verzamelingen noodzakelijk een probleem dat nauw verwant leekmet Borel-Tits theorie (fr. [2℄) en de theorie van orthogonale, hermitishe enunitaire groepen en algebra��she krommen (fr. [6, 7℄). In een aantal gevallenleidde dit zelf tot een aan aantal karakterisatiestellingen (fr. Stellingen 74,101, 132).Om de uiteindelijk klassi�katie van ~B2 te bekomen met bepaalde residue's,



A.1. INLEIDING EN SITUERING 277werd gekozen om tweeling gebouwen te zien als Moufang gebouwen. (Mo-ufang gebouwen zijn gebouwen waarvoor aan hoge symmetrie eisen voldaanis.) Dit had als voordeel dat stellingen en de presentatie konden wordenvereenvoudigt. Gezien door het werk van B. M�uhlherr (fr. [18℄) en hettweede deel van dit proefshrift 2-sferishe Moufang gebouwen en tweelinggebouwen bijna altijd dezelfde zijn, legde dit geen extra beperkingen op.Dit proefshrift werd verdeeld in vier delen (Chapters).In het eerste deel worden een aantal de�nities en notaties gegeven.Het tweede deel behandelt de oplossing van twee problemen betre�ende tweel-ing gebouwen.Het derde deel beshrijft een lassi�atie van gemengde en klassieke Moufangverzamelingen.In vierde deel wordt een parti�ele lassi�atie gegeven van tweeling gebouwenvan type ~B2. Tevens wordt hier een eerste stelling bewezen die het nietbestaan van een aantal meetkunden van type 443 aantoont.De�nitiesWe vermelden in deze paragraaf de voornaamste de�nities en notaties. Alsbelangrijkste verwijzingen in deze ontext vermelden we [1℄, [20℄, [29℄,[32℄,[25℄ en [37℄.A.1.1 Coxeter matries, Coxeter systemen en wortel-systemenDe�nitie 1 Zij I een eindige verzameling. Een Coxeter matrix over I iseen symmetrishe matrix M = (mij)i;j2I zodat mij 2 N [ f1g, mkl � 2,8k; l 2 I zodat k 6= l en mii = 1, 8i 2 I .De�nitie 2 Een Coxeter matrixM = (mij)i;j2I noemt men 2 sferish indienmij <1, 8i; j 2 I . Indien M = (mij)i;j2I een Coxeter matrix is noteert metE(M) = fi; jg � I waarvoor mij � 3.De�nitie 3 Zij M = (mij)i;j een Coxeter matrix over een eindige verzamel-ing I . Een Coxeter systeem van type M is een paar (W; (si)i2I), waarbij Ween groep is met presentatie W = hsij(sisj)mij i:



278 APPENDIX A. NEDERLANDSTALIGE SAMENVATTINGStel dat (W; (si)i2I een Coxeter systeem is. Voor x 2 W de�ni�eren we l(x)dan als minfmjx = si(1)si(2) : : : si(m) ji(j) 2 I; 1 � j � mg Bovendien noemtmen elk element van de vorm wsiw�1 een spiegeling. Elke spiegeling indueerteen permutatie van W als men stelt :wsiw�1(x) = wsiw�1x; 8x 2 W:Men kan nu makkelijk bewijzen dat elke spiegeling wsiw�1, een partitie vanW in twee helften invariant laat. Deze helften noemt men wortels in W(behorend bij wsiw�1). Deze wortels noteert men met �wsiw�1 en ��wsiw�1 ,waarbij 1 2 �wsiw�1. Indien � en �� twee wortels zijn noteert men�� = ffx; ygjx; y 2 W en s�(x) = yg:Als fx; yg 2 ��, dan noemt men fx; yg ook een paneel dat ligt op ��.De�nitie 4 Zij M = (mij)i;j een Coxeter matrix over I en (W; (si)i2I) eenCoxeter systeem van typeM . Dan noemt men de verzameling van alle wortelsin W een wortelsysteem van type M .De�nitie 5 Zij M = (mij)i;j2I een Coxeter matrix over I en (W; (si)i2I eenCoxeter systeem van type M met wortelsysteem �. Twee wortels � en � vanW worden prenilpotent genoemd indien � \ � 6= ; en �� \ � � 6= ;.Indien � en � prenilpotent zijn noteert men :[�; �℄ = f 2 �j � � \ � and �  � �� \ ��g:en : (�; �) = [�; �℄ n f�; �g:A.1.2 Gebouwen en Moufang gebouwenDe�nitie 6 Zij M = (mij)i;j een Coxeter matrix over een verzameling I ,(W; (si)i2I een Coxeter systeem van typeM . Een gebouw (van type M) is eenquadruple (�;W; (si)i2I ; s) waarbij � een verzameling is, wiens elementenkamers worden genoemd, en d een funtie is van � � � naar W zodat :Bu1 d(x; y) = 1, als en slehts als x = y, 8x; y 2 �Bu2 Stel dat voor x, y 2 �, d(x; y) = w en z een kamer zodat d(y; z) = smet s 2 S dan geldt d(x; z) 2 fw;wsg. Als in het bijzonder l(ws)> l(w), dan vinden we d(x; z) = ws.



A.1. INLEIDING EN SITUERING 279Bu3 Stel x, y 2 � met d(x; y) = w. Dan bestaat er voor elke si minstens�e�en kamer z 2 � zodat d(x; z) = wsDe�nitie 7 Als (�;W; (si)i2I ; d) een gebouw is en  2 � dan noemt men eenverzameling Rsi() fx 2 �jd(x; ) 2 f1; sig een si-paneel of ook wel kortwegeen paneel in �.Het eenvoudigste voorbeeld van een gebouw van type M = (mij)i;j2Iwordt gegeven door het quadrupel (W;W; (si)s2I ; dW ) waarbij (W; (si)i2I)een Coxeter systeem is van type I en dW wordt gegeven door :dW (x; y) = x�1y; 8x; y 2 W:Noteer dit gebouw als �W .Als (�;W; (si)i2I ; d) een gebouw is van type M , dan kan men bewijzen dater deelverzamelingen � in � zijn die als gebouw isomorf zijn met �W . Zulkeverzameling noemt met een appartement van (�). Aangezien elk appart-ment � isomorf is met �W kan men tevens spreken over spiegelingen, wortel,wortelsysteem prenilpotente wortels in �.De�nitie 8 Zij M = (mij)i;j2I een Coxeter matrix over I , (W; (si)i2) eenCoxeter systeem van type M en (�;W; (si)i2; d) een gebouw van type M .Stel dat �0 een vast apartement in � is. Noteer all wortels in �0 door�0. Dan noemen we (�;W; (si)i2I ; d) een Moufang gebouw als er een family(U�)�2�0 automor�sme groepen van (�;W; (si)i2I ; d) bestaan (wortelgroepengenoemd) zodat :Mo1 Elk element u� 2 U� �xeert alle kamers van �. Stel dat � een paneelis gelegen op ��, en  een kamer van � die in � gelegen is. Dan werktU� regulier op alle kamers van � n fg.Mo2 Als f�, �g een paar prenilpotente wortels is, geldt :[U�; U�℄ � U(�;�)waarbij U(�;�) de groep is voortgebraht door U met  2 (�; �).Mo3 Voor elk element u� 2 U� nf1g bestaat er een element m(u�) 2 U��u� U�� waarvoor gelt m(u�) (�0) �0.Mo4 Stel voor u� 2 U�, n = m(u�) dan geldt voor elke wortel � 2 �0nU�n�1 = Un(�):



280 APPENDIX A. NEDERLANDSTALIGE SAMENVATTINGA.1.3 Tweeling gebouwenDe�nitie 9 Zij M = (mij)i;j2I een Coxeter matrix over I , en (W; (si)i2Ieen Coxeter systeem van type M . Een tweeling gebouw (van type M) iseen paar gebouwen (�+;W; (si)i2I ; d+), (��;W; (si)i2I , d�) voorzien van eenomplementaire aftandsfuntie d�, gaande van �+ t�� [ �� t�+ naar Wzodat (� 2 f�1; 1g, x 2 ��, y 2 ��� en d�(x; y) = w) :Tw1 d�(y; x) = w�1.Tw2 Als z een kamer is in ��� met d��(y; z) = si em l(wsi) < l(w) dangeldt dat d�(x; z) = wsi.Tw3 Voor elke si 2 S bestaat er ten minste �e�en kamer z 2 ��� zodanig datd�(x; z) = wsi.A.1.4 Moufang verzamelingenMoufang verzamelingen werden het eerst formeel ge��ntrodueerd in [32℄. Eenaantal gekende Moufang verzamelingen werden reeds voorheen bestudeerdonder een andere naam en met andere notatie. Ze kunnen het best gezienworden als de kleinst mogelijke tweeling gebouwen. Bovendien is elk Moufanggebouw samengesteld uit een groot aantal Moufang verzamelingen.De�nitie 10 EenMoufang verzameling is een verzamelingX met ten minste3 elementen, en een familie groepen (Ux)x2X (wortelgroepen genaamd) zodat :MoS1 Elke groep Ux werkt regulier op X nfxg.MoS2 Elke groep Ux stabiliseert de verzameling groepen fUyjy 2 Xg dooronjungatieDe�nitie 11 Een isomor�sme tussen twee Moufang verzamelingen(X; (Ux)x2X) en (Y; (Uy)y2Y ) is een bijetie � van X naar Y zodanig dat voorelke x 2 X en ux 2 Ux geldt dat :� Æ ux Æ ��1 2 U�(x)



A.2. ALGEMENE RESULTATEN 281A.2 Algemene resultatenA.2.1 Tweeling gebouwen en Moufang gebouwen.Door het werk van B. M�uhlherr en M. Ronan (fr. [18℄) was reeds gekenddat onder bepaalde lokale voorwaarden elk tweeling gebouwen kan gezienworden als een Moufang gebouw. In het artikel [32℄ haalt J. Tits aan datmen tevens het omgekeerde kan bewijzen, en geeft hij een aantal hints. Hijvermeldt er ehter bij dat het geen triviaal resultaat is dat enig werk vereist.Dit probleem was dan ook een uitdaging om me vertrouwd te maken met detheorie van tweeling gebouwen. De stelling luidt als volgt :Stelling 12 (Theorem 74) Zij (�;W; (si)i2I ; d) een Moufang gebouw vantype M dan kan (�;W; (si)i2I ; d) gezien worden als de helft van een tweelinggebouw, i.e. er bestaat een gebouw (��;W; (si)i2I ; d�) en een omplementaireafstandsfuntie d� zodat ((�;W; (si)i2; d), (��;W; (si)i2; d�),d�) een tweelinggebouw is.A.2.2 Lokale karakterisatie van tweeling gebouwenDe volgende stelling is het resultaat van het onderzoek verriht naar abstraktevoorstellingen van tweeling gebouwen. Dit resultaat werd tevens onafhanke-lijk gevonden door P. Abramenko en H. Van Maldeghem.(Doorheen deze paragraaf stelt � telkens een element uit de verzamelingf�1; 1g voor.)De volgende de�nitie kan tevens teruggevonden worden in [19℄.De�nitie 13 Een 1-koppeling tussen een paar gebouwen (�+;W; (si)i2I ; d+)en (��;W; (si)i2I ; d�) van hetzelfde type is een symmetrishe binaire relatieO � �+ � �� t �� ��+ zodat als voor � 2 �� en �� 2 ���, geldtdat (�; ��) 2 O, dan bevat elk paneel van �� waarop � ligt juist �e�enkamer z zodanig dat (z; ��) 62 O. Als O een 1-koppeling de�nieert tussen(�+;W; (si)i2I ; d+) en (��;W; (si)i2I ; d�) en � 2 ��, dan noteren we :o� = fy 2 ���j(�; y) 2 Og:Stel dat ((�+;W; (si)i2I ; d+), (��;W; (si)i2I ; d�) ,d�) een tweeling gebouwis. Dan de�nieert de relatie Opp met :(x; y) 2 Opp, d�(x; y) = 1



282 APPENDIX A. NEDERLANDSTALIGE SAMENVATTINGeen 1-koppeling tussen (�+;W; (si)i2I ; d+) en (��;W; (si)i2I ; d�). Men noemtdeze 1-koppeling ook de oppositie relatie tussen �+ en �� bepaald door d�.Men kan aantonen dat tweeling gebouwen tevens kunnen gede�nieerd wordenin termen van de oppositie relatie. Met andere woorden, het is voldoende derelatie Opp te kennen teneinde d� te reonstrueren.De�nitie 14 Stel datO een 1-koppeling de�nieert tussen (�+;W; (si)i2I ; d+)en (��,W ,(si)i2I , d�). Dan zeggen we dat O voldoet aan de voorwaarde Ptwvoor een kamer  2 � als :8 y 2 ���, 8 y, �y 2 o zodanig dat l(d��(y; y)) = l(d��(�y; y))= minfl(d��(z; y))jz 2 og, 8 y 2 yo met l(d�(; y)) = minfl(d�(v; ))jv 2 og geldt : d��(y; y) = d��(�y; y) = d�(; y):Het belang van voorwaarde Ptw en tweeling gebouwen wordt gegeven involgende stelling :Stelling 15 (Theorem 101) Stel dat O een dikke 1-koppeling de�nieert tussentwee gebouwen (�+;W; (si)i2I ; d+) en (��;W; (si)i2I ; d�). Dan de�nieert Oeen oppositie relatie tussen �+ en �� (i.e. er bestaat een tweeling gebouw((�+;W; (si)i2I ; d+), (��;W; (si)i2I ; d�),d� zodat Opp = O) als en slehtsals voorwaarde Ptw voldaan is voor ten minste �e�en kamer uit �+ of ��.A.3 Resultaten over Moufang verzamelingenVooraleer het resultaat neer te shrijven, geven we waar mogelijk een kortebeshrijving van de Moufang sets welke in dit proefshrift beshouwd werden.Als referentie geven we in dit kader Hoofdstuk 8 op van [29℄.De�nitie 16 Stel k een lihaam met involutie �, � 2 k en V een rehtsek-vetorruimte. Een (�; �)-hermitishe vorm is een afbeelding f van V � Vnaar k zodat : f(x�; y�) = ��f(x; y)�; 8�; � 2 k; x; y 2 Vf(x+ y; z) = f(x; y) + f(x; z); 8x; y; z 2 Vf(x; y) = f(y; x)��; 8x; y 2 VVoorts noteert men k(�;�) k=k�;� waarbij k�;� = ft� t��jt 2 kg.



A.3. RESULTATEN OVER MOUFANG VERZAMELINGEN 283De�nitie 17 Stel k een lihaam met involutie �, � 2 k en V een rehtsek-vetorruimte. Een funtie q gaande van V naar k(�;�) noemt men een (�; �)-quadratish vorm als q(x�) = ��q(x)�+k�;�, 8 � 2 k, x 2 V en indien er een(�; �)-hermitishe vorm f op V � V bestaan zodanig dat :q(x+ y) = q(x) + q(y) + (f(x; y) + k�;�:Indien q een (�; �)-quadratishe vorm is op een rehte k-vetorruimte V , kanmet bewijzen dat q�1(0) unie is van deel vetorruimten van V , welke totaalisotrope deelruimten van V worden genoemd. Door het gebruik van Zornslemma volgt bovendien dat alle maximale deelruimten in q�1(0) dezelfde di-mensie hebben, welke de Witt index van q wordt genoemd.Indien q een (�; �)-quadratishe vorm is van Witt index 2 vormen totaleisotrope deelruimten een meetkundige strutuur welke bekend staat alseen veralgemeende vierhoek, genoteerd als Q(V; q; k; �). We zullen hierniet nader ingaan op de theorie van veralgemeende vierhoeken. Voormeer informatie verwijzen we naar het standaard werk [37℄.Indien q een (�; �)-quadratishe vorm is van Witt index 1, vormende totale isotrope deelruimten een Moufang verzameling, genoteerdM(V; q; k; �).De Moufang verzamelingen van de vorm M(V; q; k; �) vormen een groteklasse van diegene die in dit werk bestudeerd worden. Ze worden in 3 klassenonderverdeeldOrthogonale Moufang verzamelingen,Moufang verzamelingen van de vorm M(V; q; k; �) met � = 1.Hermitishe Moufang verzamelingen,Moufang verzamelingen van de vorm M(V; q; k; �) met Z(k) = k en �6= 1.Unitaire Moufang verzamelingen Moufang verzamelingen van de vormM(V; q; k; �) met Z(k) 6= k.



284 APPENDIX A. NEDERLANDSTALIGE SAMENVATTINGNaast Moufang verzamelingen geassoieerd met (�; �)-quadratishe vormenvermelden we nog de twee andere klassen welke in lassi�atie opgenomenwerden.Projetive Moufang verzamelingen,genoteerd als P(k). Deze Moufang verzamelingen vertalen in feite allebepalende eigenshappen van de projetive rehte over een lihaam k.Gemengde Moufang verzamelingen,genoteerd als P(k; k0; l; l0), waarbij k en k0 twee velden in karakteristiek2 voorstellen met deelverzamelingen l en l0 die aan bepaalde voorwaar-den voldoen.De�nitie 18 Een Moufang verzameling (X; (Ux)x2X) noemt men klassiekindien (X; (Ux)x2X) isomorf is met een projetieve Moufang verzameling ofeen Moufang verzameling van de vorm M(V; q; k; �)In Hoofdstuk 3 wordt in het kader van de lassi�atie van ~B2 Moufanggebouwen, een lassi�atie gegeven van klassieke en gemengde Moufang verza-melingen. Als belangrijk resultaat dat volgt uit deze lassi�atie geven we :Stelling 19 (fr. Theorems 124, 125,126,127, 128, 129,130 en 131) Indiende dimensie van V en V 0 groter is dan 5, en indien de wortelgroepen van beideMoufang verzamelingen niet ommutatief zijn indien Z(k) 6= k, dan bestaater voor elk isomor�sme � van M(V; q; k; �) naar M(V 0; q0; k0; �0) een semi-lineare afbeelding ' met � een isomor�sme van k naar k0 en een onstante0 2 k0 zodat : �(hxi) = h'(x)i;8hxi 2 M(V; q; k; �)(f(x; y))� = 0f 0('(x); '(y)); 8x; y 2 V(q(x))� = 0q0('(x)); 8x 2 VDeze stelling vormt een uitbreiding van Borel-Tits theorie in het geval vaneen algebra��she groep van rang 1.Als gevolg van de lassi�atie en gemengde Moufang verzamelingen kon eenlokale karakterisatiestelling voor klassieke Moufang verzamelingen opgesteldworden.



A.4. ~B2 EN 443 285Stelling 20 (fr. Theorem 132) Een Moufang verzameling (X; (Ux)x2X) isvan de vorm M(V; q; k; �), met dim(V ) � 5 en als k een veralgemeendequaterniaanse algebra is, is � niet de standaard involutie, als en slehts alser twee punten y1, y2 2 X en een familie (Yi)i2I Moufang deelverzamelingenvan (X; (Ux)x2X) zodat :(i) Elke Yi is isomorf onder 'i met een Moufang setM(Vi; qi; ki; �i), waar-bij dim(Vi) � 4 als Z(ki) = ki en �i 6= 1 en �i niet gelijk is aan destandaard involutie als ki een veralgemeende quaterniaanse algebra is.Alle Yi zijn van hetzelfde type.(ii) Elke Moufang deelverzameling Yi bevat y1 en y2 alle drie de punten x1,x2 en x3.(iii) Als de Yi orthogonale Moufang verzamelingen zijn, geldt :voor elk paar i, j 2 I is de Moufang verzameling Yi \ Yj niet kommu-tatief en : Z(FixTYify1; y2g) = Z(FixTYjfy1; y2g:Als har(ki) = 2, is elke Moufang verzameling '�1i (Yj) van de vormM(Vij ; qij ; kij ; �j) waarbij Vij een deelruimte van Vj voorstelt en qij= qijVij .(iv) Als de Yi niet orthogonaal zijn, geldt :Z(StabUy1(Yi)) = Z(StabUy1(Yj)); 8i; j 2 I:(v) Als de Yi hermitishe Moufang verzamelingen zijn, bestaat er een Y0behorende tot de family (Yi)i2I , zodat voor elk paar i, j 2 I, Y0 \Yi\Yj een Moufang verzameling is met niet-kommutatieve wortelgroepen.A.4 lassi�atie van ~B2 Moufang gebouwenen het niet bestaan van Moufang gebouwenvan type 443Stel dat (�;W; (si)i2I ; d) een Moufang gebouw is van typeM = (mij)i;j2I . ZijRi() het si-paneel in � dat  bevat. Dan volgt uit de standaard theorie datde Moufang strutuur op � een strutuur indueert zodat met Ri() kan zien



286 APPENDIX A. NEDERLANDSTALIGE SAMENVATTINGals een Moufang verzameling. Noteer dergelijke Moufang verzameling metMRi(). We kunnen dan volgend begrip invoeren, waarover meer informatiekan teruggevonden worden in [32℄, [20℄ en [21℄.De�nitie 21 Zij M = (mij)i;j2I een Coxeter matrix over een verzameling I .Een Moufang fundering (van type M) is een tripel ((�ij)i;j2E(M),(ij)fi;jg2E(M) ,(�ijk)fi;jg;fj;kg2E(M)) met :MoFo1 Voor elk paar fi; jg 2 E(M) is �ij een Moufang gebouw van type(mk;l)k;l2fi;jg.MoFo2 Voor elk paar fi; jg 2 E(M), stelt ij een kamer van �ij voor en ij= ji, 8i; j 2 IMoFo3 Voor elk koppel fi; jg fj; kg 2 E(M), de�nieert �ijk een isomor�smetussen MRj(ij) en MRj(jk).Men kan aantonen dat indien (�;W; (si)i; d) een Moufang gebouw is vantype M , hiermee een isomor�e klasse van Moufang funderingen van type Morrespondeert die we noteren als MoFo(�). Moufang funderingen blekendoor [32℄, [20℄ en [21℄ essentieel teneinde een klassi�katie van Moufang gebouwente kunnen opstellen. Een rehstreeks gevolg van [18℄ was dat een Moufanggebouw volledig bepaald wordt door MoFo(�). Er volgde namelijk uit datin de meeste gevallen twee Moufang gebouwen � en �0 isomorf zijn als enslehts alsMoFo(�) =MoFo(�0). Een klassi�katie van Moufang gebouwendiende dus te beginnen met een klassi�katie van Moufang funderingen.De�nitie 22 Een Moufang fundering F = ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),(�ijk)fi;jg;fj;kg2E(M)) van typeM noemt men integreerbaar indien F 2 MoFo(�)waarbij � een Moufang gebouw van type M voorstelt.De�nitie 23 Stel M ~B2 de Coxeter matrix over f1; 2; 3g met m12 = m23 = 4en m13 = 2 en M443 de Coxeter matrix over f1; 2; 3g met m12 = m23 = 4 enm13 = 3.De�nitie 24 Idien voor een Moufang fundering F = ((�ij)fi;jg2E(M),(ij)fi;jg2E(M), (�ijk)fi;jg;fj;kg2E(M)), van typeM ~B2 ,MR2(12) enMR2(23) beidepuntenrijen zijn, noemt men F van type PP,MR2(12) enMR2(23) beide lijnenpenselen, noemt met F van type LL, MR2(12) een puntenrij enMR2(23) eenlijnenpenseel is, noemt met F van type PL, MR2(12) een lijnenpenseel enMR2(23) een puntenrij is, noemt men F van type LP .



A.4. ~B2 EN 443 287A.4.1 Niet integreerbare Moufang funderingenVolgende twee stellingen zijn ruiaal voor een lassi�atie van Moufanggebouwen van types M ~B2 en M443.Stelling 25 (fr. Theorem 151) Zij F = ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),(�ijk)fi;jg;fj;kg2E(M)) een Moufang fundering van type M ~B2 .Stel �12 = Q(E; q; k; �) en �23 = Q(E 0; q0; k0; �0), met Z(k) 6= k en Z(k0) 6=k0. Als F integreerbaar is, geldt :(i) F is van type PP en er geldt:(i:a) �123 indueert een anti-isomor�sme van k naar k0(i:b) k en k0 zijn veralgemeende quaterniaanse algebra's met standaardinvolutie � en �0 en �123 de�nieert een isomor�sme van k naar k0(ii) F is van type LL, k en k0 zijn veralgemeende quaterniaanse algebra'sen dim(E) = dim(E 0) = 4.Stelling 26 (fr. Theorem 158) Zij F = ((�ij)fi;jg2E(M), (ij)fi;jg2E(M),(�ijk)fi;jg;fj;kg2E(M)) een Moufang fundering van type M443 met m12 = m23= 4 en m13 = 3. Stel dat �12 = Q(E; q; k; �), �23 = Q(E 0; q0; k0; �0), metZ(k) 6= k, Z(k0) 6= k0 en Rad(f) = Rad(f 0) = 0 (waarbij f de vorm isgeassoieerd aan q en f 0 de vorm geassoieerd met q0) als k of k0 een veral-gemeende quaterniaanse algebra's is met standaard involutie � of �0. Als Fintegreerbaar is, treedt �e�en van volgende gevallen op :(i) �123 indueert een anti-isomor�sme tussen k en k0, k is een veralge-meende quaterniaanse algebra met standaard involutie �, k0 is een ve-ralgemeende quaterniaanse algebra met standaard involutie �0(ii) �123 indueert een isomor�sme tussen k en k0, k is een veralgemeendequaterniaanse algebra en k0 is een veralgemeende quaterniaanse algebraA.4.2 Integreerbare Moufang funderingen van typeM ~B2Gebruik makend van voorgaande stellingen kunnen de problematishe gevallenvoor de lassi�atie van ~B2 gebouwen volledig ge�elimineerd worden. Resteerdons dus nog over een lijst te geven van de integreerbare Moufang funderin-gen van type ~B2. Bij het opstellen van deze lijst werd veelvuldig gebruik



288 APPENDIX A. NEDERLANDSTALIGE SAMENVATTINGgemaakt van de resultaten van [23℄. Gezien de lengte en het tehnish karak-ter de lijst verwijzen we voor een expliiete opsomming naar paragraaf 4.4.We vermelden ehter wel de voornaamste stellingen.Stelling 27 (fr. Theorem 153) Elke Moufang fundering F = ((Q(E; q; k; �),Q(E 0; q0; k0; �0), 12, 23, �123)) van type PP met Z(k) 6= k zodanig dat �123een anti-isomor�sme de�nieert van k naar k0 is integreerbaar.Stelling 28 (fr. Theorem 155) Stel k en k0 beide velden. Dan is elkeMoufang fundering F = ((Q(E; q; k; �), Q(E 0; q0; k0; �0), 12, 23, �123)) vantype LL, zodat Ml(Q(E; q; k; �)) niet ommutatief is, integreerbaar.
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