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List of integrals of trigonometric functions

The following is a list of integrals (antiderivative functions) of trigonometric functions. For antiderivatives involving both exponential and
trigonometric functions, see List of integrals of exponential functions. For a complete list of antiderivative functions, see Lists of integrals. For the

special antiderivatives involving trigonometric functions, see Trigonometric integral.

Generally, if the function sin @ is any trigonometric function, and cos « is its derivative,

a .
/acosn:cda; = —sinnz +C
n

In all formulas the constant a is assumed to be nonzero, and C denotes the constant of integration.
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Integrands involving only sine
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/sinaa;d:c == cosazr +C
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2 4da 2 2a
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6 4a  8a3
sinar xcosax
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/( 12)(sin ba2) 2(b; — b) 2(by + ba)
s n—1 -1
/ sin” gz d = — o 20 °08A% | T / sin"2azrdz  (forn > 0)
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sin az a
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sin"az a1 —n)sin®tezx n—1J sin"?az
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/m smaa:da:——%cosa,a:+—/ L cosaz dz
2k<n ] 2k+1<n n—1-2k |
E+1 z" . kT nd .
= —_— + -1
kz:;( 1) % (n 2R cos az kzzg (-1) 5 (n—2k— 1)l sinaz
tognk  pl ™
= ——————cos8 aa:+k—) forn >0
g (e thg) (>0
/ sin az do — i(_l)n (az)2n+
z o 2n+1)-(2n+1)!
/ sinax _ sinaz a / cos ar dx
" - (n —1)zn-1 n—1 Zn-1
2 2
—4 2 —4 2
Vva gcos(b 1 ac)S( aw—l—b) +y/a zSin(b 1 aC)C( a:l:—l—b) to b*—4ac > 0
a W a W
/ sin (az?+ba+c)dz= 9 2am 9 Zam for a =0, a>0
T b*—4ac 2az+b T b*—4ac 2az+b 2
Va, [ cos S — sin c to b°—4ac <0
2 4a v 2am 2 4a v 2am
/—da; —li;a.n(ﬂ E)-}—C’
l+sinaz a 2 ¥ 4
/‘ﬂ = ita.n(ﬂ — 1) + iln‘cos(— E)’ +C
1+sinaz a 2 4 a? 4
rdzx T T ax 2 az
ol 5) s S )
/l—sinaa: COt(4 2 )+a2 s 2 +0
sin ax dx 1 T ax
/I:I:sinaa: _inrEtan(ZqE 7) +C
Integrands involving only cosine
1,
cosazx dr = P sinaz + C
2 T 1 . T 1 .
cos”axdr = — + —sin2ax + C = - + —sinazcosaz + C
2 4a 2 2a
n—1 : -1
/ cos™ ag dg = S TSMAT | / cos"? az dz (for n > 0)
na n
/zcosa:cd:c: cosaxr rsinazr +C
a?
3 2 1
/:c2 cos® azdz = % + (Z—a - g) sin 2az + % cos 2ax + C
.
/a:" cosardr = @ — %/z"_l sinaz dz
2k+1<n n—2%k—1 | 2k<n —2k |
_ kT n! n!
= ; (-1) T (n— 2k = ; cosaz + Z( pvED 7(71 29)1 sin ax
n _1)k +1 -
= ) [k AL PR —( =
B e L
tognk  pl T
= —————sin a:c+k—) forn >0
= altt (n—k)! ( 2 ( )
cosaxr (a:z:)%
dz = In|az| + —1)* +C
[ da=mlaal+ S0 5
cosazr cos azr a sinaz
./ z" T -zt n-1 ./ zn-t dz (forn71)
d
c__ —1 tan(%+ )|+
cos ar 4
/’ dz _ sin ax n—Z/ dz (forn > 1)
cos"ar a(n—1)cos”laz n—1/J cos"?az
dz 1 az
/1+cosaa: Etan7 +C
/‘7dz =—lcotﬂ+0
1 — cosax a 2
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/‘7:vd:v = Etanﬁ+lln‘cosﬁ|+0
1+cosaz a 2 a? 2
d;
/&z——c t—+—].n|sm—’+C
1 —cosaz a

/ cosax dr —a:—lta.nE+C
1+ cosaz a 2

cosax dr 1 az
——=-—z——cot —+C
1 — cosazx a 2

sin((az —a1)z)  sin((agz + a1)z)
2(a2 - a1) 2(a2 + al)

/(cos a1z)(cosazz) dr = +C (for |a1| # |az|)

Integrands involving only tangent

1 1
/ta.na:zda; = —;1n|cosa:c| +C= Zln|seca:c| +C

/ta.n2a:d:z:=tan:1:—a:+0

1
/ tan” az dz = ———— tan" ! azx — / tan™2 az dz (forn #£1)
a(n—1)
/ do = (p:c+ 1n|qs1na:c +pcosaz|)+C (for p* + g% #0)
gtanaz +p p?+

d 1
/ﬁzi;"rgmsmawicosaml—i—c

tan az dz T
/m 5 ]-'1|Slna:E:|:cos¢up|+C

Integrands involving only secant

See Integral of the secant function.

1
/secaa:d:v——]n|secaa;+tanaa:|+C——]n‘t (aa: %)‘+C=zartanh(sinax)+0
/sec2a:da: =tanz +C

1 1
/secsmd:v = Esecztanw+ Eln|seca:+tan:v| +C.

n—2

sec
/ sec” axdz =

az tanazx n—2
+ sec” 2 az dzx forn#1
a(n—1) n—1 ./ ( #1)

/dizzw—ta.nf—i-c

secz+1 2
dz
—_— =z — t— C
/seca:—l £Tco 2+

Integrands involving only cosecant

/cscaa:d:z: = ——h1|cscaa:+cota:v| +C= —1n|csca,:z:—cota:v| +C= —ln‘tan(a;)’ +C
/csc2wdm=—cotw+0

1 1 1 1
/cscsa:da:z —3 cscacotz — §1n|csc:z+cota:|+0= —3 cscacote + §1n|csc:v—cota:|+0

n—2

t -2
/ csc” ag dg = — =0 ATCNAT | T / csc” 2 az dz (forn #1)

a(n—1) n—1

N
cscz+1 cot§+1
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/ dz 2
—=—z+ —+C
cscx —1 cot%—l

Integrands involving only cotangent

1
/cota:cdcc = Eln|sinacc| +C
/cot2a:da:= —cotz—z+C

1
/ cot” ax dzx = _ﬁ cot" ! azx — / cot" 2 az dz (forn #1)
a(n —

/ dz _/ tan az dz —E_ih1|Sinaa:+cosaa:|+C
l4+cotar J tanaz+1 2 2a

dz _ tanazx dz _ 2+ 1 ]11|sina:1: cosaic|+C
1—cotaz J tanaz—1 2 2@

Integrands involving both sine and cosine

An integral that is a rational function of the sine and cosine can be evaluated using Bioche's rules.

de 1 e
= — tftan (% £ )|+
/cosaa::l:sinaa: a2 an( 2 8) +

dz

1
— = ta.n(aa: ) +C
(cos az + sin ax)? 2a T3

_ 1 ( sinz — cosz +(n—2)/ )
(cosz +sinz)* 2(n—1) \ (cosz + sinz)"1 (cosz + sinz)n2?

cos ax dx T 1 .
—————— = — + —In|sinaz + cosaz| + C
cosar +sinax 2  2a
d: 1
/M =Zz_ — Injsin az — cosaz| + C
cosar —sinar 2 2a
sin ax dz z 1 .
———— — == — —lIn|sinaz + cosaz| + C
cosar +sinar 2 2a
sinaz dz T 1 :
———— —  =--— —In|sinaz —cosaz|+ C
cos ax — sin ax 2 2a
. cosaz dz 1. 2‘w+—1 ‘ta.n ‘+C
(sinaz)(1 + cosazx) 4a 2
' cos az dx 1 cot? &% _ 1 1n|tan ﬂ‘ +C
(sinaz)(1 — cosaz) T4’ 2 2a 2
3 1
sma:z:da,: _c0t2(a"’ + )+—ln‘ta.n >|+C
(cosaz)(l+sinaz) 4a 2 4
sin az dz 1 2 (a:c il 1 . T
(cosaz)(l —sinaz) 4a 2 4 2a 2 4

/(sin az)(cosaz)dz = % sin? az + C

. _ cos((a; — a2)x) 3 cos((ay + a2)z)
/(smalz)(cosazm) dz = 2ar — @) 2a1 + a2) +C
/(sm az)(cosazx) de = o 1+ 1) n"laz+C  (forn#-1)
/(sin az)(cos" az) de = —m cos"az +C (forn # —1)
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(sin™ ! az)(cos™! azx)
a(n+m)

(sin®* az)(cos™ laz) m—

1
- a(n+m) T atm / (sin” az)(cos™ az)dz  (for m,n > 0)

A 1n|ta.na:c| +C

dz
/ (sinaz)(cos” az)  a(n — 1) cos™ ! az

1 +/ - dz (forn #£1)

(sin az)(cos"2 ax)

/ T - 1 + / dz (forn #1)
(sin™ az)(cos ax) a(n—1)sin" ! az (sin™? az)(cos az)
sin az dz 1
= +C forn #1
_/ cosaz  a(n—1)cos"lazx ( #1)
s 2
/’—sm az do = _1 sinaz + 1 111‘1;a.n(I + ﬂ)’ +C
cosazr a a 4 2
2 .
/ sin® ax dz _ sin az 1 / dz (for n # 1)
cos™ ax a(n—1)cos"lax n—1/J cos"2azx

/ sin?
1+ cos?z

tanzx
V2

t
= /2 arctangant (%) — arctangant(tan z) (this time x being any real number )

de = \/ia.rcta.nga.nt( ) — (for x in] — g,+g[)

sin” az dz sin" ! az sin™? az dz (¢ £1)
= — orn
cosazx a(n—1) cosazx
sin"t! ag n—m+42 p sin® azdz £
— orm # 1
a(m—1) cos™1 az m—1 cos™2 aqz ( # )
sin” azdz sin"! oz _ n-1 s 2azde (for m # 1)
cos™ qx a(m—1) cos™1 az m—1 cos™ 2 az
sin" ! gg sin" 2 gz de £
—_— or m n
a(n—m) cos™ 1 az f cos™ ax ( # )

cos ax dx

1

sin” ax

= +C (for n # 1)

a(n —1)sin" ! az

1
. (cos ar + ln‘ta.n —‘

/
/
/ cos? az dz
/

sinax
cos? az dz 1 cos ax dz
= ( —— +/ — (forn # 1)
sin” az —1 \gsin®!az sin® 2 az
cos"t! az _ n—m+2 p cos” axdx (fOl‘ m 7& 1)
a(m—1) sin™ ! az m—1 Bmm_2
cos” ax dx cos™ L az n=1 p cos"2azdsr
ez | dmyanie m e (form#1)
sin™ azx a(m—1) sin sin™"% oz
cos™ ! ax cos™ 2 az de
. B frcos ardr form #n
a(n—m) sin™ 1 az n— f sin™ gz ( 7& )

+ 2 . /(sm 2 az)(cos™ azx) dz (for m,n > 0)

Integrands involving both sine and tangent

1
/(sin az)(tanaz) dr = . (In |secaz + tan az| — sinaz) + C

/ tan” axdz 1 tan™! (az) +C (forn #£ 1)

sin? az B a(n—1)

Integrand involving both cosine and tangent

tan"" az + C (forn #£ —1)

/’ tan"” azdz 1
cos? az a(n+1)

Integrand involving both sine and cotangent
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cot” ax dx 1
=— cot"laz +C forn # —1
/ sin? az a(n+1) ( 7Y

Integrand involving both cosine and cotangent

t" az d 1
/ Lo AT _ tan'™az +C  (forn #1)
cos? ax a(l —n)

Integrand involving both secant and tangent

/(sec z)(tanz) dr =secz + C

Integrand involving both cosecant and cotangent

/(csc z)(cotz)dz = —cscz + C

Integrals in a quarter period

x x "T_l :—:g %%%, if n is even
2, 2
/ sm"a;da;:/ cos"zdp=q 2l .23, 4.2 if n is odd and more than 1
0 0 n2 "5 3
1, ifn=1
Integrals with symmetric limits
(4
/ sinzdz =0
_Z c 0
/ cosa:dz=2/ cosmda:=2/ cosczdr = 2sinc
—g 0 —c
/ tanzdz =0
—c
3 ad(n®n? —6
/2 2? cos? 22 g = g (forn=1,3,5...)
-2 a 24n2n?
a 3 (12 n 3 n
g @R b)) & (1) _
/__aa: sin Tda:— i _ﬂ(1_6n27r2 ) (forn=1,2,3,...)

Integral over a full circle

2T
/ sin”™ 1 gcos"zde =0 n,meZ
0

2T
/ sin®zcos®™lzde=0 @n,mcZ
0

See also

= Trigonometric integral
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