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ABSTRACT: The hydrodynamic conditions at the runner 
entrance depend to a large extent on the guide 
vanes system. Conducting experiments provides 
an opportunity to gain deeper knowledge about 
the water flow and the forces arising from it, 
which act on the blades. The numerical model for 
flow through the radial cascade segment is 
validated by verifying the results of simulations 
by comparing them with the experimentally 
obtained results. Relations between the forces 
distribution of a solitary airfoil and a cascade 
profile are derived based on parametrization. 

The effect of the change in the runner 
speed on the blade pressure distribution is 
determined through a two-dimensional model. 
The unsteady fluid flow model enables the 
determination of pressure pulsations, ie 
consideration of dynamic loads at different runner 
speeds. The results and findings from these 
studies are in favor of determining the impact of 
speed on the strength condition of the blade. 
Parametrization of the guide vane torque is 
performed. Two approaches are presented to 
calculate the most favorable position of the guide 
vane axis of rotation, which show a reduction of 
torques and consequently minimization of loads 
under different operating conditions of the guide 
vanes system. The second approach is 
implemented in software for Computational Fluid 
Dynamics (CFD) and Finite Element Analysis 
(FEA), which establishes a methodology for 
developing an appropriate design with regard for 
the strength parameters. 

KEYWORDS:  Guide vanes, variable speed, loads, CFD, 
FEA 
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1 Introduction 
In order to deal with climate change by reducing carbon dioxide emissions, the global 

and European energy systems have begun to shift to producing energy exclusively from 
sustainable and renewable sources. However, this transformation towards achieving the 
dominance of renewable energy sources over fossil fuels faces challenges arising from the 
instability of solar and wind energy sources that are not always able to meet the current energy 
demand. 

Thanks to the rapid response to variable demand, hydropower plants can balance the 
supply of energy from intermittent renewable sources and thus contribute to the stabilisation of 
the electricity grid [1]. At the same time, hydropower is the largest and most economical 
renewable energy source in the world, with a tendency to remain the most competitive and 
fastest-growing technology due to the great technical potential that is available and can be used 
[2]. Therefore, the interest in hydropower is growing and the focus is on increasing the energy 
conversion efficiency, saving energy, and enhancing reliability and longevity of the equipment. 

The highest energy efficiency is achieved at the optimal operating point of the turbine, 
defined by certain values of head and discharge [3]. But to meet the given energy demand, 
hydraulic turbines often operate outside the optimal operating point, which causes reduced 
efficiency and higher dynamic loads and stresses of the components, and the occurrence of 
vibrations. Since such variable loads can cause material breakdown (mechanical damage), there 
is a need for in-depth knowledge of the mechanical behaviour of turbine elements in different 
operating modes [4], [5]. 

Reducing dynamic loads and increasing turbine efficiency are the main goals of 
hydropower leading to the development of variable speed technology that would overcome such 
problems [6], [7]. Variable speed turbine operation is first implemented in reversible pump 
turbines that are typically designed and optimised to operate as pumps while operating in turbine 
mode with a lower efficiency. For higher efficiency in both operating modes, an adaptation of 
the speed of the machine itself was used [8]. 

The hydro-generating unit consists of a turbine connected to an electric generator. In a 
turbine whose runner rotates, the energy of the water is converted into mechanical energy of the 
rotating shaft. The turbine shaft is connected to a generator where mechanical energy is 
converted into electricity to supply consumers [9]. 

When the fluid interacts with the structural elements of the turbine, stresses occur that 
can lead to permanent deformation of the turbine components. The magnitude of the 
deformations depends on the pressure and velocity of the fluid and the properties of the material 
from which the turbine is made. If the deformations are small and almost constant over time, 
they will not significantly affect the fluid back and the focus can be shifted to the resulting 
stresses in the components, i.e. the analysis can be one-way. 

Understanding the impact of water flow on the construction of turbines is of great 
importance due to the susceptibility of the turbine elements to loads caused by the fluid stream, 
which results in possible damage to the blades. In this regard, the safe operation of hydropower 
plants requires optimised turbine components in terms of loads. The hydrodynamic conditions at 
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the runner inlet largely depend on the guide vane system, which is a circular cascade of a certain 
number of blades. The function of the guide vane system is to regulate the flow of water and thus 
the power of the turbine, as well as to ensure the axisymmetric, even distribution of water in the 
runner with minimal energy losses and to create the necessary circulation at the runner inlet. By 
optimising the guide vane shape, as well as the location of its axis of rotation, satisfactory 
strength and minimal mechanical loads on the guide vane system can be achieved. 

Conducting experiments provides an opportunity to get deeper knowledge of the fluid 
flow and the forces arising from it and acting on the blades. The main approach to studying the 
mechanical properties of turbines is based on a combination of computational and model tests. 
Given the cost of developing the model and establishing the necessary test conditions, it is often 
difficult to perform a large number of model tests. 

Relatively fast computers with affordable prices and the development of specialised 
software have led to the emergence and rapid development of Computational Fluid Dynamics 
(CFD), the application of which significantly facilitates the study of fluid flow processes in 
hydraulic turbines and their static and dynamic characteristics. 

The flow modelling of hydraulic turbines and the determination of their mechanical 
properties on the blades is a complex issue due to the need to address a number of interdependent 
factors. The real challenge is the complex approach to performance analysis and design 
optimisation, taking into account the hydraulic characteristics and strength performance of the 
guide vanes.   

The subject of the research in this thesis is the stress analysis of the hydrofoil, through 
the influencing parameters during its operation in a circular cascade and especially when used in 
guide vanes of a variable-speed Francis turbine. The need for this analysis originates from the 
stator-rotor interaction of the guide vane and the turbine runner, with the aim to predict the guide 
vanes dynamic loads taking the emerging variable speed technology into account.  

The research goals are focused on the determination of the correlation of the cascade 
geometry parameters, blade pressure distribution, rotational axis position, runner rotational 
speed, and the forces and torques as influencing stress parameters on the blade, using numerical 
and experimental investigations.  

The idea for the research in the doctoral dissertation comes from participating in the 
project HydroFLEX (Increasing the value of hydropower through increased flexibility), in the 
framework of the Horizon 2020 program of the European Commission and led by the Norwegian 
University of Science and Technology in Trondheim (NTNU). 

The doctoral dissertation is divided into eight chapters. After the short introduction of the 
thesis and definition of aims and research subject in the first chapter, the second chapter 
presents an overview of the up-to-date relevant achievements in the field, taking into account the 
theoretical, experimental and numerical research connected with the forces that have an effect on 
the guide vanes, the correlation of the vane shape and the pressure distribution on its surface. The 
variable speed of the runner on the stress performance of the guide vane system is investigated in 
order to present the situation with the current state-of-the-art. 

The third chapter presents the theoretical background of the forces acting on a hydrofoil 
(both single and in cascade), with the added forces and torques on a guide vane, which represents 
a stationary circular blade cascade and the corresponding loads. The focus is aimed at the 
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influence of the cascade geometry parameters on the pressure distribution, the interaction 
between the guide vanes and the rotational runner blades behind them. The developed calculation 
model for determination of the forces and torques on the hydrofoil - taking into account the 
discreet pressure distribution around it - is presented, implementing the governing fluid flow 
laws. 

The fourth chapter is dedicated to the conducted experimental research. The designed 
experimental test rig for measurements of the pressure distribution of a single hydrofoil and 
hydrofoil in a circular cascade segment is described. Details on the parts of the test rig – wind 
tunnel and measurement section are presented. The implemented methodology, the measurement 
system for the flow field parameters (pressure, flow velocity, and temperature), and the used 
measurement equipment are presented. Three procedures for defining the wind tunnel velocity 
profile and three approaches to discharge measurement using the experimental data are analysed. 
The concept on which the test rig is designed enables shock-free fluid flow on the hydrofoil 
when set as a part of the cascade for different cascade positions and with a free flow at the exit. 
The measurement data on the hydrofoil pressure distribution and their application on the 
developed model for force, torque, and point of attack calculations are shown. Based on all the 
acquired data, final conclusions on the influencing parameters on the pressure distribution, which 
are used for the stress analysis, are presented. 

In the fifth chapter, the numerical investigations are presented, starting with the 
modelling of a single foil and a foil in a circular cascade. The development of a 2D numerical 
model for steady-state fluid flow analysis through a guide vane system is described. The initial 
conditions and the turbulence models are presented and the model validation using experimental 
data is performed. The numerical models involve analyses for quasi-steady-state conditions 
which indicate the influence of particular stationary turbine parts on the guide vane system. The 
discharge influence is taken into account using two different spiral case designs, the influence of 
the runner and the stator-rotor interaction and the relative positions of the stay vanes, as well as 
the influence of the runner variable speed on the guide vane pressure distribution. The focus of 
the unsteady flow investigations is set on the numerical results that take into account the 
different rotational speeds of the runner and its influence on the forces and torques on the guide 
vanes as a circular cascade. The dynamic conditions are defined for the rotor-stator interaction of 
the stationary guide vanes and rotational runner blades. The pressure variations trends in time 
depending on the rotational speed are discussed. 

The guide vane stress analysis is presented in chapter six. The emphasis is set on the 
influence on the point (axis) of rotation and the vane loads using the results acquired from the 3D 
turbine model. The torque variation data led to an approach to determine the position of the 
rotational axis of the vane. The proposed methodology is implemented in a corresponding 
software code. 

The seventh chapter describes the novel methodology that has been developed for the 
hydraulic design of the spiral casing (as a component of the Francis turbine that provides the 
inlet conditions for the guide vane system), with a priority for circular cross-sections and 
transition to elliptic cross-sections. The calculation method is validated by fulfilling the set 
hydraulic performances, and comparisons of the existing with the novel design are performed. 
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Chapter eight summarises the results, the applied techniques and methodologies, as well 
as the conclusions and recommendations for further work. Generic conditions for the loads on a 
hydrofoil are set, and the stress parameters are defined for fluid flow through a circular cascade 
used as a Francis turbine guide vane system. A detailed overview is given of the entire research 
and the corresponding results, stressing the scientific contribution, the possibilities for data 
application, and recommendations for further work. 
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2 Literature review of previous relevant scientific research 

2.1 Pressure distribution 

2.1.1 Theoretical research 
The fluid flow around a hydrofoil in a cascade is closely related to the flow around the 

hydrofoil placed in an unlimited and uniform flow field. Therefore, the problem of finding the 
pressure distribution around the hydrofoil in a cascade or determining the appropriate shape of 
the hydrofoil to obtain a given pressure distribution comes down to the problem of solitary 
profile, which is solvable by applying already tested and validated methods. 

Katzoff S. and other authors [10] developed a method for determining the pressure 
distribution of a hydrofoil in a cascade in the case of two-dimensional, incompressible and 
inviscid flow, taking into account the influence of the hydrofoil itself on other hydrofoils in the 
cascade through an iterative process. For a certain angle of attack, a solution is generated that is 
used for conformal transformation. 

Allen J. H. and Spurr R. A. [11] [12] propose a method for determining the velocity 
(pressure) distribution of a given aerofoil with a slight curvature, but also for predicting the 
shape of the aerofoil at a predetermined velocity distribution. They determine the relationship 
between the aerofoil shape and the pressure distribution of the same aerofoil when set in a 
cascade, starting from the comparison between the pressure distribution for the aerofoil in a 
cascade and the solitary profile and independently treating the camber-line impact and the 
thickness distribution. 

Bohle [13] describes a modification of an existing method of inverse cascade design, 
applying a finite boundary layer calculation by the finite difference method and applying the 
potential flow theory to determine the cascade geometry. The velocity distribution on the 
pressure side of the blade is attributed to achieving the set angles in front of and behind the 
cascade. 

2.1.2 Numerical research 

A method of inverse design of 2D and 3D linear cascades through which compressible 
fluid flows has been described and validated by Daneshkah and Ghaly [14]. The ultimate goal is 
to obtain the required pressure distribution by modifying the initially generated geometry 
through an iterative process. The effectiveness of the proposed procedure has been proven by the 
successful redesign of compressor cascades and a turbine in which a certain pressure profile was 
desirable to reduce adverse effects. 

Pascoa J. C. et al. [15] presented an improved variant of the method of inverse design of 
the blade in a cascade by iteratively modifying the blade shape until a predetermined pressure 
distribution was achieved. The calculation is performed numerically, so that with each iteration 
the cross-section of the blade is modified, a new grid is generated, and the flow field is solved. 
The algorithm for generating the blade is upgraded with an expression for the distribution of the 
thickness of the aerofoil that gives more realistic camber-lines. 
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Duan Y., Zheng Q. and Jiang B. [16] also applied CFD technology to implement the 
method of inverse design of the blade in a cascade. Milder loads on the blade, i.e. flattening the 
pressure profile which reduces the pressure losses in the cascade was successfully obtained by 
modifying the design. 

2.1.3 Experimental research 

Dunavant J. C. and Erwin J. R. [17] experimentally examined cascade sections with 5 
blades in a wind tunnel at different fluid inlet angles, at different operating modes, and at 
different cascade positions. Obtaining the required camber-line at a given input parameter and 
building the aerofoil through the well-known theoretical method of superimposing the thickness 
distribution of the middle camber-line was achieved. Experimental data were used to predict 
pressure distribution profiles. 

Assassa G. and Ghany M. [18] performed experimental measurements of the pressure 
distribution of an isolated hydrofoil (NACA 0015) and a hydrofoil in a cascade under different 
flow conditions (different attack angles / different fluid flow inlet angles). Based on the 
theoretical methods, they developed a code for calculating the two-dimensional flow through the 
cascade whose results they compared with their experimental results, other experimental data, 
and other prediction methods, which showed the efficiency of the code for different flow 
conditions and cascades configurations. In this way, the relation between the geometric and 
aerodynamic parameters of the hydrofoil was reached. Additionally, they measured the velocity 
distribution behind the hydrofoils, concluding that it was symmetrical only at the zero position of 
the hydrofoil, while increasing the attack angle of the hydrofoil made the arrangement more 
asymmetric but becoming more uniform as the distance from the trailing edge of the hydrofoil 
increased [19]. 

2.2 Guide vane torque and relation to its rotation axis 
In a reversible pump-turbine, the flow is unsteady, primarily due to the viscous effects, 

i.e. the detachment of the boundary layer, the appearance of vortices and the rotor-stator 
interaction. Lipej А. [20] conducted a numerical analysis of the guide vanes’ torques in a 
reversible pump-turbine in non-stationary flow mode. The analysis during operation in turbine 
mode was made for 6 openings of the guide vane system. The comparison between the numerical 
and experimental results shows the correlation between the minimum and maximum values of 
the torque and the amplitude of the torque oscillations, which is greater for unsteady flow 
because the effect of the interaction between the runner and the guide vane system is not 
negligible. For turbine mode, the torque oscillations are smaller and changing around an average 
value, which indicates that it can be considered stationary.  

Schweiger F. and Gregori J. [21] performed experimental torque measurements on the 
guide vanes of Francis and Kaplan turbines, expressing the final results through the 
dimensionless moment coefficient. Their results show that the guide vane moment depends on 
the operating mode and the position of the blades in relation to the spiral casing. The measured 
moment for each blade was different, and the largest changes in the values were observed near 
the tooth of the spiral, i.e. from the spiral tooth to enveloping angle φ = 120°. In addition to the 
blade shape, the position of the rotation axis significantly affects the moment. Guide vanes 
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located just behind the stay vane are less loaded. Larger changes in the moment coefficient are 
observed at larger openings. There is a higher coefficient of the moment at runaway speed rather 
than at other operating conditions. The maximum moment is when the guide vane system is 
closed. Under optimal operating conditions, there is a moment of self-closing, while at runaway 
there is a tendency to open the blades. It has been observed that in terms of dynamic 
characteristics, the oscillation of the moment value is 10 times greater at runaway speed than in 
optimal operating conditions. 

Kovalev N. [22] used the experimentally obtained data on pressure distribution of 
symmetrical and asymmetrical guide vanes to determine the magnitude and direction of the 
hydrodynamic force and its point of attack for different openings of the guide vane system. It 
was concluded that the moment is the highest for a closed guide vane system; with its opening, 
the moment decreases to 0, then increases in the opposite direction, and then drops again to 0. 
Additionally, the study of 3 blade designs showed that the magnitude and direction of the 
moment depend on the blade position in relation to the spiral and the angle of the spiral tooth. 

Muntean S. et al. [23] performed numerical optimisation of the position of the rotation 
axis of the Francis turbine guide vane. The introduced optimisation criterion means minimising 
the mechanical loads of the guide vane system by obtaining a minimum value of the extreme 
moment on the blade shaft. The conditions at 4 different positions of the rotation axis, including 
the existing one, are numerically examined. The developed methodology shows that there is an 
improvement compared to the original design, i.e. the newly selected guide vane rotation axis 
provides a smaller magnitude of the moment and less load on the structure. This is performed by 
obtaining the same absolute value of the extreme (minimum-negative and maximum-positive 
moment) moments. 

Using the CFD software package, Devals and other authors [24] developed a fully 
automated numerical procedure for predicting guide vane moments. The automation of the spiral 
casing and guide vane system mesh generation, numerical simulation and data processing is 
achieved with the help of scripting. The standard k-ε model of turbulence is applied. 2D and 3D 
stationary stream flow over a wider turbine operating range are considered (9 different guide 
vane openings and different turbine speeds, including runaway speed.). Two distributors with 20 
and 24 guide vanes were tested. The results of the numerical simulations are consistent with the 
experimentally obtained results for the moment values of several selected guide vanes. 

By experimental measurements, Qifei L. and other authors [25] determined the change in 
the moment of the pump-turbine guide vane at the opening in the range of 18.4 to 100%. Among 
the conclusions drawn are: consistency of the moment coefficient with increasing openness at 
minimum, nominal, and maximum net head. For openings less than 43%, the moment of the 
guide vane has a small intensity, and, at openings greater than 43%, it begins to gradually 
increase. 

2.3 Fluid-structure interaction 
Budiman B. A. [26] and other authors used a software package for CFD calculation and 

analysis with a finite element method to predict static loads of guide vanes at different openings 
of a guide vane system with 16 blades. The specific case of static overload is also considered 
when an external object obstructs the rotational movement of the blades as a system defect. The 
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third case is the dynamic load at the moment of closing the guide vane system in the event of 
turbine failure. The guide vane has to overcome all cases. Based on the numerically obtained 
results for maximum moments and stresses, the appropriate blade material is selected. The 
strength analysis is performed on the blade-shaft system by setting the appropriate boundary 
conditions - fixing the bearings. 

Several cases of runner blade breaking have contributed to increased interest in the 
investigation of dynamic loads in hydraulic turbines, the occurrence of which is mainly due to 
the interaction between the stator and the rotor [27]. Prediction of these impacts can be done 
experimentally and numerically. Previous research has focused on Francis turbine runners, while 
a small number have examined the impact of these phenomena on guide vanes. 

Zobeiri A. and other authors [28] experimentally and numerically investigated the 
interaction between stationary parts and the rotor of a pump-turbine model with 20 stator blades, 
20 guide vanes, and 9 runner blades. Because the intensity of the impact of this interaction 
depends on the distance between the guide vane and the runner blade, i.e. from the relative 
mutual placement, the most significant are the effects that would occur at the maximum 
openness of the guide vane system when the distance is the smallest and the trailing edge of the 
guide vane is closest to the runner blade; so, the tests are made only for this operating point. 
Measurements of (fluctuations of) pressure were made with 48 pressure sensors placed in the 
channels of the stay vanes and the guide vanes and in the zone between them. The numerical 
domain includes all the turbine elements in order to take into account the unevenness of the fluid 
flow coming from the spiral casing. The standard k-ε model of turbulence is used to simulate 3D 
unsteady flow. The results of the numerical calculation are compared with the experimental data 
obtained at the measuring points in the distributor channels and they are validated. The highest 
pressure amplitude is obtained at the point closest to the runner, which indicates the influence of 
the interaction between the guide vanes and the rotating blades. 

The finite element method has also been applied by Myrvold [29] for strength analysis of 
a guide vane. Modal analysis was performed in air and water to obtain the modal shapes and 
natural frequencies of the blade. The natural frequency of the same mode in water compared to 
air is 11% lower due to the impact of the added mass. Additionally, an analysis was performed 
by applying pressure to the guide vane to calculate the deformations and the moment acting on 
the blade. The blade shaft with fixing in the bearings is also taken into account. 

2.4 Rotor-stator interaction (RSI) 
In order to achieve the safety and security of the structural elements of the Francis 

turbine, it is important to predict the response to the frequencies caused by the flow. Pulsations 
with large amplitudes lead to blade fatigue and there is a danger of their breaking after a while. 
The amplitudes depend on the flow conditions, the type of turbine, and the number of blades of 
the guide vane system and the runner. The structural behaviour will also depend on the properties 
of the material, the natural frequencies, and the stiffness caused by the flow [30]. 

According to the numerical results of Laouari and Ghenaiet [31] who simulated the non-
stationary flow through the Francis turbine by monitoring the pressure over time at several 
points, the interaction between the rotor and the stator can cause large pressure and moment 
oscillations, especially at small flows when the amplitude of the dominant frequencies is greater 
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than at the optimal operating point. The authors concluded that pressure fluctuations in the 
vaneless space also depend on the interactions between the runner and the diffuser. They also 
concluded that the RSI has an impact up to the runner. A similar conclusion is reached that the 
pressure oscillations caused by the interaction between the guide vane system and the runner 
spread to the trailing edge of the runner in the experimental and numerical studies of the high-
pressure Francis turbine in its entire operating range by Trivedi et al. [32]. 

Pressure oscillations due to RSI in Francis turbine partial load mode are the subject of 
numerical analysis by Anup KC, Thappa B. and Lee Y. [33], who monitored pressure and 
moment variations over time at selected points in the channels on the guide vane system and the 
runner. They noticed periodicity in the change of the pressure distribution of the guide vanes, as 
well as in the change of the pressure distribution and the moment of the runner blades. The 
presence of one of the dominant frequencies corresponding to the number of guide vanes is 
confirmed by simulations. 

Zhou and other authors [34] numerically analysed the pressure pulsations in the vaneless 
space between the guide vane system and the Francis turbine runner at 4 partial load operating 
modes. 3D unsteady flow through all elements of the turbine is modelled and simulated. Pressure 
oscillations are obtained at multiple monitoring points in the vaneless space. Their results show 
that the largest amplitude of the pressure oscillations in this space corresponds to the frequency 
of runner blade passing, while the next largest amplitude is the frequency of the vortex rope 
which indicates that the pressure wave originating from the vortex in the diffuser travels upwards 
in the runner and then in the vaneless space. The obtained pressure amplitudes in the monitoring 
points of the runner are of lower intensity than those in the diffuser. Also, there is not much 
difference between the pressure amplitudes in the vaneless space for different operating modes. 

Iliev et al. [35] experimentally investigated the effect of the variable speed of a Francis 
turbine model on the reduction of pressure pulsations, which are measured in the guide vanes 
channels and in the vaneless space. The pressure amplitudes are the result of the interaction of 
the rotor and the stator during different operating modes. When operating a variable-speed 
turbine at the optimum curve, the amplitudes are less or the same as when operating a 
synchronous speed at an optimum drop for the entire range. The smallest pressure pulsations 
when working with synchronous speed are obtained at a 10% lower drop than the optimum, 
which indicates that, with a slight reduction in efficiency, the speed can be adjusted to have the 
smallest pressure fluctuations in the vaneless space. 

Trivedi and other authors [36] have experimentally investigated the non-stationary 
phenomena of a Francis turbine model with varying runner speed. Characteristic frequencies and 
amplitudes of pressure over time are obtained at multiple measuring points in the vaneless space, 
runner and diffuser, where pressure sensors are placed. The measurements were performed for 
constant openness of the guide vanes, when changing the number of revolutions in the range ± 
30% of the nominal one. Four operating modes were tested. The authors concluded that the 
amplitudes of pressure fluctuations in the vaneless space and in the runner increase with the 
number of revolutions. 
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3 Theoretical foundations 

3.1 Aerofoil and radial cascade of aerofoils – concept, basic geometric 
parameters 

3.1.1 Concept of aerofoil, basic geometric parameters 

An aerofoil is a solid body that, when set in a fluid flow field or moving in a fluid 
medium, generates an aerodynamic force whose component in flow direction is very small 
compared to the flow component perpendicular to the flow. The aerofoils nomenclature is 
standardised according to NACA (National Advisory Committee for Aeronautics), which in 
1930 conducted a series of experiments on derived aerofoils [37][38]. 

The ordinates of the aerofoil are measured relative to the x-axis corresponding to the 
aerofoil chord line c, which is a straight line joining the leading and trailing edges of the aerofoil. 
The middle camber line yc (x) is obtained by connecting the centres of the inscribed circles in the 
aerofoil, i.e. it is located at half distance between the upper and lower surface, measured 
normal/perpendicular to the middle camber line itself (Figure 3-1). 

Aerofoil thickness is the distance between the upper (xu, yu) and lower contour (xl, yl), 
perpendicular to the chord line. The shape of the aerofoil is obtained by defining the middle 
camber line and symmetrically "distributing" the thickness yt (x) around it. The aerofoil leading 
edge is usually round, with a radius r0 of 2% of the chord length; the trailing edge may be 
rounded/flat or, more often, sharp. 

 
Figure 3-1. Defining an aerofoil - geometric parameters 

The coordinates of the upper contour of the aerofoil are calculated according to: 

𝑥𝑥𝑢𝑢 = 𝑥𝑥 − 𝑦𝑦𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠;     𝑦𝑦𝑢𝑢 = 𝑦𝑦𝑐𝑐 + 𝑦𝑦𝑡𝑡𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 3-1 

𝑥𝑥𝑙𝑙 = 𝑥𝑥 + 𝑦𝑦𝑡𝑡𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠;      𝑦𝑦𝑙𝑙 = 𝑦𝑦𝑐𝑐 − 𝑦𝑦𝑡𝑡𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠 3-2 

where γ = arctan (𝑑𝑑𝑦𝑦𝑐𝑐
𝑑𝑑𝑑𝑑

)59T, and the functions yc(x) and yt(x) are known for a particular family of 
NACA aerofoils. 
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Relative parameters are often used to describe the aerofoil in relation to its length l: 
maximum relative thickness (δ/l)max and its location (x/l)δ, maximum relative curvature (s/l)max 
and its location (x/l)s. The largest curve can be expressed by the angle θ between the tangent 
lines drawn from the starting and ending points of the camber line. 

Aerofoils can be symmetrical or asymmetrical. In symmetrical aerofoils, the camber line 
coincides with the chord, while asymmetric profiles are obtained by applying the relative 
thickness of the symmetrical profile, perpendicular to the camber line (Figure 3-2). 

  
Figure 3-2. Symmetrical (left) and asymmetric aerofoils (right) and their description 

through relative parameters [37] 

The aerodynamic characteristics of the aerofoil depend on its shape and the angle of 
attack α0 defined as the angle between the aerofoil chord line and the flow velocity direction. 

3.1.2 Cascades of aerofoils 

The aerofoil characteristics will change by placing it in cascades of aerofoils. Aerofoils 
cascades are integral part of turbomachines and can be either axial or radial (Figure 3-3 and 
Figure 3-4). When the axis of the cascade connecting the same points of the aerofoils is a straight 
line, the cascade is axial, and when the cascade axis is circular, it is a radial cascade. A cascade 
can be stationary or rotating around axis, and, depending on whether it is a turbine or another 
type of turbomachine, it can be accelerating and decelerating cascade, respectively. 

The length of the line (straight or circular) that coincides with the direction of the cascade 
axis between two adjacent aerofoils is called the cascade pitch t. The aerofoil position in the 
cascade is defined by the relative pitch t /l and the angle of inclination of the cascade βR which is 
defined as the angle between the axis of the cascade and the perpendicular to the chord. 

 
Figure 3-3. Axial cascade of aerofoils 
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      Figure 3-4. Circular cascade of aerofoils 

3.2 Flow around solitary aerofoil and cascade of aerofoils. Forces acting on a 
solitary aerofoil and aerofoil in a cascade 

3.2.1 Forces that acting on a solitary aerofoil and aerofoil in a cascade 

When flowing around a solitary aerofoil or flowing through a cascade of aerofoils, an 
aerodynamic (resultant) force is generated which can be divided into two components: lift force 
FL, perpendicular to the flow direction, and drag force FD, parallel to the flow direction. 

𝐹𝐹𝑅𝑅 = �𝐹𝐹𝐿𝐿2 + 𝐹𝐹𝐷𝐷2 
 
3-3 

Also, the resultant force can be represented as the sum of the normal force FN, with 
direction normal to the chord, and the axial force FA, parallel to the chord (Figure 3-5). The 
relation between these forces is through the aerofoil angle of attack α. 

𝐹𝐹𝐿𝐿 = 𝐹𝐹𝑁𝑁𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐 − 𝐹𝐹𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠𝑐𝑐 3-4 

𝐹𝐹𝐷𝐷 = 𝐹𝐹𝑁𝑁𝑠𝑠𝑠𝑠𝑠𝑠𝑐𝑐 + 𝐹𝐹𝐴𝐴𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐 3-5 

By analysing the flow around a solitary aerofoil, it is concluded that the flow away from 
the aerofoil is parallel (undisturbed) and is defined by a velocity 𝑣𝑣𝐸𝐸∞ 59T infinitely far in front of 
and behind the aerofoil, while disturbance of the fluid flow exists near the contour of the 
aerofoil. By introducing the dynamic pressure of the fluid flow at an infinite distance from the 
aerofoil 𝑞𝑞∞ = 1

2
𝜌𝜌∞𝑣𝑣𝐸𝐸∞2 , the forces (per unit width) acting on the aerofoil are defined: 

𝐹𝐹𝐷𝐷𝐸𝐸 = 𝑐𝑐𝐷𝐷𝐸𝐸
𝜌𝜌
2
𝑣𝑣∞2 𝑙𝑙 = 𝑐𝑐𝐷𝐷𝐸𝐸𝑞𝑞∞𝑙𝑙 

 
3-6 



23 
 

𝐹𝐹𝐿𝐿𝐸𝐸 = 𝑐𝑐𝐿𝐿𝐸𝐸
𝜌𝜌
2
𝑣𝑣∞2 𝑙𝑙 = 𝑐𝑐𝐿𝐿𝐸𝐸𝑞𝑞∞𝑙𝑙 
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where 𝑐𝑐𝐷𝐷𝐸𝐸 59T and 𝑐𝑐𝐿𝐿𝐸𝐸 59T are dimensionless coefficients of drag force and lift force, respectively, in a 
solitary aerofoil; they depend on the angle of attack and are determined experimentally. 

According to the theory of circulation flow of a solitary aerofoil around which inviscid 
fluid flows, the lift force acting on a unit length of the aerofoil with infinite width defined by the 
velocity circulation is 𝐹𝐹𝐿𝐿𝐸𝐸 = 𝜌𝜌Γ1𝐸𝐸𝑣𝑣𝐸𝐸∞ 59T∞. This way of determining the lift force can also be 
applied to viscous flow around solitary aerofoil if the drag force 𝐹𝐹𝐷𝐷𝐸𝐸 59T is small (small angle 𝜃𝜃𝐸𝐸 59T). 

The fluid flow through a cascade of aerofoils differs from the flow around a solitary 
aerofoil. Generally, the velocities of the fluid flow in front of and behind the cascade are 
different, as opposed to the velocities of the fluid infinitely far in front of and behind the solitary 
aerofoil which are the same. The term (fictitious) average velocity of the working fluid is used 
for a cascade of aerofoils which corresponds to the notion of the fluid velocity at an infinite 
distance from the solitary aerofoil:   𝑣𝑣∞ = 𝑣𝑣1+𝑣𝑣3

2
. 

 
Figure 3-5. Forces that act on an aerofoil set in a flow field  [39] 

The lift force acts perpendicular to the direction of the vector of the fictitious mean 
velocity of the working fluid in the aerofoils cascade. The lift force is a result of the pressure 
difference between the upper and lower surface of the aerofoil, which means that the velocities 
along the contour of the aerofoil change, i.e. there is a velocity circulation around the aerofoil Γ1. 
The elementary lift force acting on the aerofoil in a cascade is: 𝑑𝑑𝐹𝐹𝐿𝐿 = 𝜌𝜌Γ1𝐸𝐸𝑣𝑣∞𝑑𝑑𝑑𝑑59T (Figure 3-6). 

On each of the aerofoils in the cascade acts a drag force 𝑑𝑑𝐹𝐹𝐷𝐷 59T which has the same 
direction as 𝑣𝑣∞ 59T, and the same intensity and opposite direction of the force with which each 
aerofoil resists the displacement, caused by fluid particles which are drawn to the outer walls of 
the aerofoil as a result of the viscous forces. 

The elemental lift and drag forces that act on the aerofoil in a cascade are: 

𝑑𝑑𝐹𝐹𝐿𝐿 = 𝐶𝐶𝐿𝐿
𝜌𝜌
2
𝑣𝑣∞2 𝑙𝑙 = 𝐶𝐶𝐿𝐿𝑞𝑞∞𝐿𝐿𝑑𝑑𝑑𝑑  

3-8 

𝑑𝑑𝐹𝐹𝐷𝐷 = 𝐶𝐶𝐷𝐷
𝜌𝜌
2
𝑣𝑣∞2 𝑙𝑙 = 𝐶𝐶𝐷𝐷𝑞𝑞∞𝐿𝐿𝑑𝑑𝑑𝑑  

3-9 
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and the angle between the lift force and the resultant is calculated as: 

𝜃𝜃 = 𝑎𝑎𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎
𝑑𝑑𝐹𝐹𝐷𝐷
𝑑𝑑𝐹𝐹𝐿𝐿

= 𝑎𝑎𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎
𝐶𝐶𝐷𝐷
𝐶𝐶𝐿𝐿
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where its minimum value indicates the optimal relation between the drag force and the lift force 
acting on each aerofoil in the cascade. 

 
Figure 3-6. Forces acting on an aerofoil in a radial cascade, transformed in an axial 

cascade [40] 

When the drag force is small in relation to the lift force, it can be neglected, and it can be 
assumed that the boundary layer around the aerofoil is very thin, especially if it is an accelerating 
(turbine) cascade. 

The forces (per unit width) acting on the aerofoil of the cascade are: 

𝐹𝐹𝐷𝐷 = 𝑐𝑐𝐷𝐷
𝜌𝜌
2
𝑣𝑣∞2 𝑙𝑙 = 𝑐𝑐𝐷𝐷𝑞𝑞∞𝑙𝑙 
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𝐹𝐹𝐿𝐿 = 𝑐𝑐𝐿𝐿
𝜌𝜌
2
𝑣𝑣∞2 𝑙𝑙 = 𝑐𝑐𝐿𝐿𝑞𝑞∞𝑙𝑙 
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where 𝑐𝑐𝐷𝐷  and  𝑐𝑐𝐿𝐿 59T are dimensionless coefficients of drag force and lift force, respectively, for a 
aerofoil in a cascade, which depend on the angle of attack, the cascade pitch, and the inclination 
of the cascade. 

When an aerofoil for which the functional dependencies of the coefficients of lift force 
𝐶𝐶𝐿𝐿𝐸𝐸 59T and drag force 𝐶𝐶𝐷𝐷𝐸𝐸 59T from the attack angle α are known is put in a cascade, then the flow 
conditions around it, and thus the aerodynamic characteristics, will change. The deviation of CL 
from 𝐶𝐶𝐿𝐿𝐸𝐸 59T and CD from 𝐶𝐶𝐷𝐷𝐸𝐸 59T varies depending on the cascade pitch, and for 𝑎𝑎/𝐿𝐿 ≥ 1 59Tthese values 
are approximately equal to each other. The forces and moments acting on an aerofoil set in a 
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flow field come from the distribution (change) of pressure and tangential stress across its surface. 
Thereby, the pressure acts perpendicular to the surface, while the tangential stress caused by 
friction between the aerofoil and the fluid acts tangentially (parallel) to the surface of the 
aerofoil. 

Tangential stress can often be neglected, so the origin of the forces and moments arises 
from the distribution of pressure across the upper and lower surfaces of the aerofoil which is 
different for the same aerofoil placed in an unlimited fluid medium and in a cascade (Figure 3-7). 

 
Figure 3-7. Example of a Kaplan turbine blade  pressure distribution: in unlimited fluid 

medium and in a cascade [41] 

3.2.2 Influence of aerofoil cascade parameters on pressure distribution (forces) 

Influential parameters are the angle of attack, the inclination, and the cascade pitch. The 
aerodynamic properties of the aerofoil at a given angle of attack put in a cascade depend on the 
aerofoil shape - its properties as a solitary aerofoil - and from the cascade parameters (the 
relative cascade pitch and the angle of inclination). 

In an axial cascade of symmetrical aerofoils with α0=0 (shock-free inlet) and βR=0, the 
flow is symmetrical because at the corresponding points on the upper and lower surface of the 
aerofoils there are the same pressures and velocities; the velocity in front of and behind the 
cascade is the same, i.e. there is no lift force. Only drag force occurs due to flow losses in the 
cascade - there is a pressure difference between the front and behind the cascade (Figure 3-7, 
left). 
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By changing α0 (Figure 3-8, right) or βR (Figure 3-9, left) the flow is no longer 
symmetrical, i.e. there is a pressure difference between the aerofoil surfaces, which causes the 
occurrence of a lift force. The velocity in front of the cascade is not in the direction of the axis 
because α0 ≠ 0, as well as behind the cascade (there is a deflection of the fluid stream at the 
outlet Δβ2). 

 
Figure 3-8. Cascade of symmetrical aerofoils without inclination with: α0 = 0 (left) and α0 ≠ 0 

 
Figure 3-9. Cascade of symmetrical aerofoils with slope and different pitch 

The lift force increases with decreasing inclination and the relative cascade pitch, which 
can be seen in Figure 3-10, where with increasing the relative pitch of the cascade the absolute 
values of the pressures on the aerofoil surfaces also increase [42]. 
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Figure 3-10. Relative pressure distribution of an asymmetric aerofoil in an axial cascade at 

different pitches [42] 

3.2.3 Model for calculating forces and moments acting on an aerofoil 

Normal and axial forces are obtained by integrating pressure and tangential stresses. 
The elementary normal and axial forces on the upper surface are: 

𝑑𝑑𝐹𝐹𝑁𝑁𝑢𝑢
′ = −𝑝𝑝𝑢𝑢𝑑𝑑𝑙𝑙𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 − 𝜏𝜏𝑢𝑢𝑑𝑑𝑙𝑙𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 3-13 

𝑑𝑑𝐹𝐹𝐴𝐴𝑢𝑢
′ = −𝑝𝑝𝑢𝑢𝑑𝑑𝑙𝑙𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 − 𝜏𝜏𝑢𝑢𝑑𝑑𝑙𝑙𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 3-14 

while on the lower surface of the aerofoil are: 

𝑑𝑑𝐹𝐹𝑁𝑁𝑙𝑙
′ = 𝑝𝑝𝑙𝑙𝑑𝑑𝑙𝑙𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 − 𝜏𝜏𝑙𝑙𝑑𝑑𝑙𝑙𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 3-15 

𝑑𝑑𝐹𝐹𝐴𝐴𝑙𝑙
′ = 𝑝𝑝𝑙𝑙𝑑𝑑𝑙𝑙𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑙𝑙𝑑𝑑𝑙𝑙𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 3-16 

 
The total normal and axial force per unit width of the aerofoil, respectively, are obtained 

by integrating the corresponding elemental forces along the contour (curvature) of the aerofoil 
from the leading to the trailing edge (Figure 3-11): 
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𝐹𝐹𝑁𝑁′ = − � (𝑝𝑝𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)𝑑𝑑𝑙𝑙𝑢𝑢

𝑇𝑇𝐸𝐸

𝐿𝐿𝐸𝐸

+ � (𝑝𝑝𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 − 𝜏𝜏𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)𝑑𝑑𝑙𝑙𝑙𝑙

𝑇𝑇𝐸𝐸

𝐿𝐿𝐸𝐸
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𝐹𝐹𝐴𝐴′ = � (−𝑝𝑝𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃)𝑑𝑑𝑙𝑙𝑢𝑢

𝑇𝑇𝐸𝐸

𝐿𝐿𝐸𝐸

+ � (𝑝𝑝𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃)𝑑𝑑𝑙𝑙𝑙𝑙

𝑇𝑇𝐸𝐸

𝐿𝐿𝐸𝐸
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The moment of unit width around the aerofoil leading edge, on the upper and lower 
surface of the aerofoil, respectively, is: 

𝑑𝑑𝑑𝑑𝑢𝑢
′ = (𝑝𝑝𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)𝑥𝑥𝑑𝑑𝑙𝑙𝑢𝑢 + (−𝑝𝑝𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃)𝑦𝑦𝑑𝑑𝑙𝑙𝑢𝑢 3-19 

𝑑𝑑𝑑𝑑𝑙𝑙
′ = (−𝑝𝑝𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)𝑥𝑥𝑑𝑑𝑙𝑙𝑙𝑙 + (𝑝𝑝𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃)𝑦𝑦𝑑𝑑𝑙𝑙𝑙𝑙 3-20 

The moment per unit width around the leading edge of the aerofoil is: 

𝑑𝑑𝐿𝐿𝐸𝐸
′ = ∫ [(𝑝𝑝𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)𝑥𝑥 − (𝑝𝑝𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 − 𝜏𝜏𝑢𝑢𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃)𝑦𝑦]𝑑𝑑𝑙𝑙𝑢𝑢

𝑇𝑇𝐸𝐸
𝐿𝐿𝐸𝐸 + ∫ [(−𝑝𝑝𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃 −

𝑇𝑇𝐸𝐸
𝐿𝐿𝐸𝐸

𝜏𝜏𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃)𝑥𝑥 + (𝑝𝑝𝑙𝑙𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃 + 𝜏𝜏𝑙𝑙𝑐𝑐𝑐𝑐𝑠𝑠𝜃𝜃)𝑦𝑦]𝑑𝑑𝑙𝑙𝑙𝑙  
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Figure 3-11. Variables in integrating pressure and tangential stress along the aerofoil contour 

Thus, 𝑙𝑙𝑢𝑢 is the distance from the leading edge of the aerofoil to the point on the upper 
surface in which the pressure 𝑝𝑝𝑢𝑢 and the tangential stress 𝜏𝜏𝑢𝑢 are calculated, while 𝑙𝑙𝑙𝑙 is the 
distance from the leading edge of the aerofoil to the point on the lower surface in which the 
pressure 𝑝𝑝𝑙𝑙 and the tangential stress 𝜏𝜏𝑙𝑙 are calculated. For a point under consideration, the 
pressure is normal to the surface and acts at an angle θ with respect to the vertical axis, while the 
tangential (shear) stress is parallel to the surface and acts at the same angle θ with respect to the 
horizontal axis. Given that θ, x, and y are known functions of the aerofoil contour (curve) length l 
with a given shape, and 𝑝𝑝𝑢𝑢, 𝑝𝑝𝑙𝑙, 𝜏𝜏𝑢𝑢, 𝜏𝜏𝑙𝑙 are also functions of the aerofoil curve length l that can be 
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obtained experimentally, the integrals can be solved. For a given aerofoil shape that is set in a 
flow field, the problem of determining the forces and moments acting on it reduces to defining 
the functions p (s) and τ (s). 

In the case of known pressure distribution along the contour of the aerofoil placed in the 
cascade, the forces acting on it are determined by applying the procedure described above. The 
described procedure is applied to the results of the experimental research. 

3.3 Forces and moments acting on the blade of a guide vane system 

3.3.1 Stationary radial cascade of hydrofoils – guide vane system 

The work exchanged in hydraulic turbines is the result of the interaction of the fluid flow 
with the rotating radial cascade of profiles called runner or impeller, while the direction of the 
working fluid in the runner/impeller is provided by the guide vanes system that is stationary 
cascade of a hydrofoils [40], [43]. 

The guide vane system of the Francis turbine is a stationary radial cascade of hydrofoils, 
evenly distributed around the main axis of the turbine, which directs the water in the runner and 
forms as even an as possible flow field with minimal energy losses [26]. 

The guide vane system achieves the necessary hydrodynamic conditions, i.e. it provides 
the necessary circulation at the runner inlet, taking into account the assumption that the 
circulation of a free stream does not change from the guide vane outlet to the runner inlet [44]. 
This is achieved by the guide vane outlet angle designed for the optimal turbine operating point. 
Turbine operation in other modes is made possible by changing the opening of the guide vane by 
simultaneously turning the blades at the same angle around its own axis of rotation by means of 
an external control mechanism. The opening of the guide vane a0 is the smallest distance from 
the trailing edge of a blade to the surface of the adjacent blade and defines the position of the 
guide vanes in the regulation of the turbine because its change regulates the water flow through 
the turbine according to the power [9] [22]. In all operating modes of the turbine, the guide vane 
system has to provide uninterrupted flow without creating vortex structures behind the blades 
[45]. 

The basic geometric parameters of the guide vane system (Figure 3-12) are: diameter of 
the circle which connects the axes of rotation of the blades D0, number of blades z0, blade height 
b0, chord length L, maximum blade thickness δ, distance between the points where two adjacent 
blades touch in the closed position L0,  relative eccentre n0, blade shape and cascade pitch t, all 
of which constant for a given guide vane system [46] [22]. 

A variable parameter is the openness of the guide vane system that is defined as the width 
of the inter-blade channel equal to the diameter of the largest inscribed circle in the inter-blade 
space. The guide vane system openness can also be defined by the blade angle of rotation 
relative to the reference position [44]. 
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Figure 3-12. Basic geometric parameters of a guide vane radial cascade 

Proper dimensioning of the guide vane system requires knowledge of the loads - the 
blade stresses that arise from the hydrodynamic forces and moments. The magnitude and 
direction of the hydraulic forces and moments on the guide vanes caused by the water flow 
depend on their shape, position (openness), and axis of rotation [47]. The greatest loads occur 
when the guide vane system is in the closed position, so the strength calculation should be 
performed for that case. 

3.3.2 Forces and moments acting on the blade of a closed guide vane system 

In a closed guide vane system, the pressure acts evenly on the effective surface of the 
blade 𝐵𝐵0 ∙ 𝐿𝐿0 59Twhere B0 is the height of the blade and L0 is the distance between two adjacent 
blades, which is approximately equal to the cascade pitch t: 

𝐿𝐿0 ≅ 𝑎𝑎 = 𝐷𝐷0𝜋𝜋
𝑧𝑧0

  3-22 
 

On the blade, the pressure from the water net head acts on one side and the pressure in 
front of the runner on the other side. Depending on the value of the pressure before the runner, 
the following cases are possible [48]:  

a) If the guide vanes are already closed (w1 = w2 = 0), while the turbine is decelerating 
(but still operating) and the diffuser is filled with water that creates a vacuum pressure 
on the internal part of the blades equal to the difference between the water column Hd 

(Figure 3-13) and the overpressure in the runner ℎ𝑝𝑝 = 𝑢𝑢12−𝑢𝑢22

2𝑔𝑔
. The pressure difference: 

𝜌𝜌𝑎𝑎𝐻𝐻𝑛𝑛 − 𝜌𝜌𝑎𝑎�−𝐻𝐻𝑑𝑑 + ℎ𝑝𝑝� = 𝜌𝜌𝑎𝑎�𝐻𝐻𝑛𝑛 + 𝐻𝐻𝑑𝑑 − ℎ𝑝𝑝� = 𝜌𝜌𝑎𝑎 �𝐻𝐻𝑛𝑛 + 𝐻𝐻𝑑𝑑 −
𝑈𝑈12−𝑈𝑈22

2𝑔𝑔
� 59T is the 

overpressure acting on the effective surface of the blade. Therefore, the resulting 
force acting on the blade is equal to: 
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𝑃𝑃 = 𝜌𝜌𝑎𝑎 �𝐻𝐻𝑛𝑛 + 𝐻𝐻𝑑𝑑 −
𝑈𝑈12 − 𝑈𝑈22

2𝑎𝑎
�𝐵𝐵0 ∙

𝐷𝐷0𝜋𝜋
𝑧𝑧0
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b) When the turbine is already stopped (u1 = u2 = 0), but the diffuser is left filled with 
water, the overpressure from the runner does not exist (hp = 0), so the resultant force 
acting on the guide vanes is equal to: 

𝑃𝑃 = 𝜌𝜌𝑎𝑎(𝐻𝐻𝑛𝑛 + 𝐻𝐻𝑑𝑑)𝐵𝐵0 ∙
𝐷𝐷0𝜋𝜋
𝑧𝑧0
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c) When after stopping the turbine air enters the diffuser, then the vacuum pressure from 
the diffuser Hd  = 0, i.e. the resulting force on the guide vane is equal to: 

𝑃𝑃 = 𝜌𝜌𝑎𝑎𝐻𝐻𝑛𝑛𝐵𝐵0
𝐷𝐷0𝜋𝜋
𝑧𝑧0
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The greatest force and moment will be obtained in the second case, so the strength 
calculation should be performed for such an extreme case [46]. 

By introducing the dimensionless quantities - relative blade height 𝐵𝐵0��� = 𝐵𝐵0
𝐷𝐷1

59T  and relative 

diameter of the guide vanes system 𝐷𝐷0��� = 𝐷𝐷0
𝐷𝐷1

59T , the resulting force can be expressed according to 
[45]: 

𝑃𝑃 =
𝜋𝜋𝜌𝜌𝑎𝑎𝐻𝐻𝑠𝑠𝑡𝑡𝐷𝐷12𝐵𝐵0���𝐷𝐷0���

𝑧𝑧0
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while according to [22], 𝐿𝐿0���𝐵𝐵0��� = 𝐴𝐴0, а 𝐴𝐴0𝜌𝜌𝑎𝑎 = 𝐴𝐴59T, so the resultant force is: 

𝑃𝑃 = 𝜌𝜌𝑎𝑎𝐻𝐻𝑛𝑛𝐵𝐵0𝐿𝐿0 = 𝐿𝐿0���𝐵𝐵0���𝜌𝜌𝑎𝑎𝐻𝐻𝐷𝐷12 = 𝐴𝐴0𝜌𝜌𝑎𝑎𝐻𝐻𝐷𝐷12 = 𝐴𝐴𝐻𝐻𝐷𝐷12 3-27 

 
Figure 3-13.  Pressure acting on a guide vane [49] 
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The resulting force is decomposed into two components, along the x and y-axis, 
respectively [22]: 

𝑃𝑃𝑑𝑑 = 𝜌𝜌𝑎𝑎𝐻𝐻𝐵𝐵0(𝑦𝑦2 − 𝑦𝑦1) 3-28 

𝑃𝑃𝑦𝑦 = 𝜌𝜌𝑎𝑎𝐻𝐻𝐵𝐵0(𝑥𝑥1 − 𝑥𝑥2) 3-29 

where (𝑥𝑥1,𝑦𝑦1) and (𝑥𝑥2,𝑦𝑦2)  are the coordinates of the contact points at the trailing and leading 
edges of the two adjacent blades, respectively. 

The intensity of the resultant force is: 

𝑃𝑃 = �𝑃𝑃𝑑𝑑2 + 𝑃𝑃𝑦𝑦2 
3-30 
 

and the angle it intersects with the horizontal is: 

𝑐𝑐 = 𝑎𝑎𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎
𝑃𝑃𝑦𝑦
𝑃𝑃𝑑𝑑
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The coordinates of the attack point of the resultant force in a closed guide vane system 
according to a coordinate system with origin at the rotation point is: 

𝑥𝑥 =
𝑥𝑥1 + 𝑥𝑥2

2
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𝑦𝑦 =
𝑦𝑦1 + 𝑦𝑦2

2
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i.e. the resulting force will act practically in the middle of the height 𝐵𝐵0 59T, near the middle of the 
length 𝐿𝐿0 59T between two blades, at a distance 𝑥𝑥𝑧𝑧 59T from the point of rotation (Figure 3-13), which is 
called the absolute eccentre of the closed guide vane system 𝑠𝑠0 59T: 

𝑥𝑥𝑧𝑧 = 𝑠𝑠0 =
𝐿𝐿01 − 𝐿𝐿02

2
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The resulting force tends to turn the blade with a moment [47], [48]: 

𝑑𝑑𝑧𝑧 = 𝑃𝑃 ∙ 𝑥𝑥𝑧𝑧 = 𝜌𝜌𝑎𝑎𝐻𝐻𝐵𝐵0𝐿𝐿0𝑠𝑠0 3-35 

or by applying dimensionless quantities, the moment is calculated according to [45]: 

𝑑𝑑𝑧𝑧 = 𝜌𝜌𝑎𝑎𝐻𝐻𝐵𝐵0𝐿𝐿0𝑠𝑠0𝐿𝐿0 = 𝜌𝜌𝑎𝑎𝐻𝐻𝐵𝐵0
𝜋𝜋2𝐷𝐷02

𝑧𝑧02
𝑠𝑠0 =

𝜌𝜌𝑎𝑎𝐻𝐻𝑠𝑠𝑡𝑡𝜋𝜋2𝐷𝐷13𝐵𝐵0���𝐷𝐷02����

𝑧𝑧02
𝑠𝑠0 
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where n0 is the relative eccentre determined by: 

𝑠𝑠0 =
𝑠𝑠0
𝐿𝐿0

=
𝐿𝐿01 − 𝐿𝐿02

2𝐿𝐿0
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and its value is usually 0.05. According to [22],the distance between the point of attack of the 
force and the point of rotation of the blade can be represented by the reference diameter of the 
turbine, i.e. 𝑥𝑥𝑧𝑧 = 𝑘𝑘3𝐷𝐷1, and by introducing the coefficient 𝐵𝐵0 = 𝐴𝐴0𝑘𝑘3 59T, and then the coefficient =
𝐵𝐵0𝜌𝜌𝑎𝑎59T, the moment can be expressed by: 
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𝑑𝑑𝑧𝑧 = 𝑃𝑃𝑥𝑥𝑧𝑧 = 𝑃𝑃𝑘𝑘3𝐷𝐷1 = 𝐴𝐴0𝜌𝜌𝑎𝑎𝐻𝐻𝐷𝐷12𝑘𝑘3𝐷𝐷1 = 𝐵𝐵0𝜌𝜌𝑎𝑎𝐻𝐻𝐷𝐷13 = 𝐵𝐵𝐻𝐻𝐷𝐷13 3-38 

The moments of the forces along the x and y-axis are: 

𝑑𝑑𝑃𝑃𝑥𝑥 = 𝑥𝑥𝑃𝑃𝑦𝑦 3-39 

𝑑𝑑𝑃𝑃𝑦𝑦 = −𝑦𝑦𝑃𝑃𝑑𝑑 3-40 

i.e. the moment of the resultant force is determined by: 

𝑑𝑑𝑃𝑃 = 𝑑𝑑𝑃𝑃𝑥𝑥 + 𝑑𝑑𝑃𝑃𝑦𝑦 = 𝑥𝑥𝑃𝑃𝑦𝑦 − 𝑦𝑦𝑃𝑃𝑑𝑑 3-41 

It can be noticed that the dominant influence on the magnitude of the moment in a closed 
guide vane system has the position of the axis of rotation which affects the value of the relative 
eccentre [47]. 

 
Figure 3-14. Forces acting on the blade of a closed guide vane system [47] 

3.3.3 Forces and moments acting on the blade of open guide vanes 

In the open position of the guide vanes system, water flows between the guide vanes and 
the water pressure varies along the curved surface of the blade. The pressure distribution over the 
blade surfaces will depend on the local water velocity, so a force P will act on the guide vane: 

𝑃𝑃 = 𝑠𝑠� �
𝑐𝑐2

2𝑎𝑎

𝐿𝐿

0

𝑑𝑑𝑧𝑧𝑑𝑑𝑠𝑠

𝐵𝐵0

0
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where L - blade length, dz and ds are sections of the blade length, in the direction of the axis and 
perpendicular to it, respectively, c is the local velocity of the fluid flow. 

The pressure distribution (local velocity) changes depending on the opening of the guide 
vane, and thus the magnitude and direction of the resulting force. To get a complete picture of 
the guide vane loads, the calculation of the forces and moments acting should be performed for 
different openings of the guide vane system [47], [48]. 

Taking at least three blades in the considered open position, the streamlines in the inter-
blade channels and the trajectories perpendicular to them are drawn, for which flow surfaces can 
be calculated (   Figure 3-15). For a known flow corresponding to the openness, from the 
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continuity equation, the (local) velocity through the flow cross-section with an area determined 
by the normal distance between adjacent blades a' follows: 

𝑐𝑐 =
𝑄𝑄
𝑎𝑎′𝐵𝐵0
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   Figure 3-15. Forces acting on the blade in an open guide vane system [48] 

Knowing the velocity c in points of the inter-blade flow domain, by applying the 
Bernoulli equation, the corresponding pressure in those points can be determined, which will 
obtain the pressure profile (distribution) on the blade surface (Figure 3-16). For velocity c in the 
selected cross-section of the inter-blade channel, the pressure (in meters of water column) is: 

ℎ = 𝐻𝐻𝑛𝑛 −
1

2𝑎𝑎
(𝑐𝑐2 + �(𝜉𝜉𝑐𝑐2)) 
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If we neglect the hydraulic losses, i.e. ∑(𝜉𝜉𝑐𝑐2) = 0, then the pressure is: 

ℎ = 𝐻𝐻𝑛𝑛 −
𝑐𝑐2

2𝑔𝑔
      i.e.   𝑝𝑝 = 𝜌𝜌𝑎𝑎(𝐻𝐻𝑛𝑛 −

𝑐𝑐2

2𝑔𝑔
).  

3-45 

 
Figure 3-16. Pressure distribution over the blade surface [47] 
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The blade surface is divided into a number of elementary surfaces, of which in the centre 
of gravity an elemental force Pn acts whose magnitude is: 

𝑃𝑃𝑛𝑛 = 𝜌𝜌𝑎𝑎𝐵𝐵0 � ℎ𝑑𝑑𝑙𝑙

𝐿𝐿𝑛𝑛

𝐿𝐿𝑛𝑛−1
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If each elementary surface has the same length λ, a pressure force acts on each: 

𝑃𝑃𝑛𝑛 = 𝑝𝑝𝐵𝐵0𝜆𝜆 3-47 

In this way, the elemental forces acting perpendicular on the surfaces of the blade with 
length λ are determined, and they can be graphically summed into a resulting force by creating a 
polygon of forces whose intensity, direction, and location can be determined (Figure 3-16). The 
resulting force will act at a normal distance from the axis of rotation of the blade xz, and with a 
moment: 

𝑑𝑑 = 𝑠𝑠� �
𝑐𝑐2

2𝑎𝑎

𝐿𝐿

0

𝑥𝑥𝑧𝑧𝑑𝑑𝑧𝑧𝑑𝑑𝑠𝑠

𝐵𝐵0

0
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i.e.    

𝑑𝑑 = 𝑃𝑃 ∙ 𝑥𝑥𝑧𝑧 = �𝑃𝑃𝑛𝑛𝑥𝑥𝑛𝑛  
3-49 

where xn is the distance at which the elemental pressure force acts relative to the point of rotation 
of the blade. 

In this way, moments are determined for several openings of the guide vane system to 
which a certain flow corresponds (Figure 3-17). The point of rotation of the blade can then be 
determined so that the moments in the closed position and in the open position are approximately 
of the same order of magnitude. 

 
Figure 3-17. Changing the moment on the guide vane at different openings [48] 
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The total force as well as the moment must be proportional to the square of the velocity 
c2, i.e. the square of the flow Q2. The relative pressure distribution of the blade does not change 
with the change in flow. It is therefore convenient to introduce dimensionless coefficients of 
force and torque. 

The force of the blade and the torque depend on the water flow or the velocity of the flow 
in the guide vane system, which, on their part, depend on the guide vane opening, the turbine 
operating mode, the position of the axis of rotation, as well as the shape of the blades. Therefore, 
when optimising the guide vane system, it is often necessary to change the position of the axis of 
rotation and the value of the eccentric within small limits.  

In order to be able to properly dimension the guide vane mechanism, it needs to be 
known how the torque of the guide vane varies depending on the opening. As mentioned earlier, 
the resulting hydraulic force on the blades also changes the magnitude, direction, and point of 
attack with the opening. Hence, it is clear that by properly selecting the location of the blade 
shaft, the torque varies to some extent depending on the position of the blade. This variation can 
be determined according to the hydraulic calculations given above. 

3.4 Guide vane stress distribution 
Stress analyses are important in the design of hydraulic turbines, especially because of 

the tendency to make as thinner as possible blades that have better hydraulic performance, 
reduce the mass of the structure, and thus the cost. 

3.4.1 Calculation of guide vane stresses 

The guide vane is designed to withstand both the bending stress resulting from the forces 
acting perpendicular to the blade axis and the torsional stress due to the moments acting on the 
lever. 

Initial blade performance studies suggest that the guide vane is a beam supported by three 
bearings, subjected to a load q of water pressure distributed over most of the beam and a 
concentrated load P on the lever to calculate the bending stresses [22], [50].The change in the 
moment of inertia along the blade is taken into account, and the torsional stresses are neglected 
because they are small. 

The stress calculation is performed with a closed guide vane system where the loads are 
greatest because the pressure is maximum (Figure 3-18). In that case, the load distributed over 
the surface of the blade is uniform. The maximum stresses in the guide vane system are limited 
and must not exceed the allowable stress under maximum normal operating conditions (even 
distribution of the maximum load on all blades) [51]. 

Mathematical modelling of a blade as a beam does not take into account their complex 
shape, i.e. aerodynamic profile. More precise modelling of the blade is possible by applying the 
finite element method (FEM) and by modal analysis. A detailed picture of the stress changes in 
the blades can then be obtained and local changes in specific parts of the blade considered. 
Modal analysis can be used to obtain the change of natural frequencies and to analyze the forced 
vibrations in case the frequency of the forced frequency is close to one of the natural frequencies 
of the blade - resonance. 
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Figure 3-18. Strength calculation of a guide vane as a beam with even load [51] 

3.4.2 Rotor-stator interaction 

Changes can also be considered in the time domain, especially when flow disturbances 
are of interest, i.e. non-stationary phenomena that may occur in guide vanes such as rotor-stator 
interaction (RSI), pressure gradient disturbances, and vortices behind the blade. The effects of 
rotor-stator interaction (RSI) arise from flow interaction between the non-uniform flow 
distribution at the outlet of the wicket gates and the rotating runner blades passing through this 
flow i.e. pressure pulsations are caused by relative movement between the rotor and the stator 
[29], [52]. By rotating the runner blades, the water entering the runner is constantly moving. 
Thereby, the fluid velocities on the pressure and suction sides of the blade are different, causing 
vortices at the trailing edge of the blade.  

The pressure fluctuations are significantly large especially in high head Francis turbines 
as a result of the slightly high guide vane outlet velocity in relation to the small radial gap 
between the blade cascades [53].  

Figure 3-19 shows the impact of the runner blades (a) and the guide vanes on the flow 
field in the vaneless space (b), as well as their simultaneous impact (c). 

 
а) b) c) 

Figure 3-19. Impact of the runner blades and guide vanes on the vaneless space [29] 
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The unsteady flow field and the response of the structure to the forcing by the unsteady 
flow field are two aspects of RSI considered in Francis turbines [54]. 

On the runner, pressure fluctuations occur at the guide vanes passing frequency: 

𝑓𝑓𝑔𝑔𝑣𝑣 = 𝑧𝑧0𝑓𝑓𝑛𝑛 3-50 

depending on the number of guide vanes 𝑧𝑧0 and runner rotational frequency 𝑓𝑓𝑛𝑛. 
 On the stationary components upstream of the runner the pressure fluctuations occur at 

the blade passing frequency: 

𝑓𝑓𝑟𝑟𝑟𝑟 = 𝑧𝑧𝑟𝑟𝑟𝑟𝑓𝑓𝑛𝑛 3-51 

where 𝑧𝑧𝑟𝑟𝑟𝑟 is the number of runner blades.  
 The pressure fluctuations in the vaneless space propagate in all directions upstream and 

downstream. The RSI between the guide vanes and runner blades in a Francis turbine is shown in 
Figure 3-20.   

 

 
Figure 3-20. Rotor stator interaction between Francis turbine runner blades and guide 

vanes [55] 
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4 Experimental research 
After setting the theoretical foundations, it is necessary to complete the key triangle of 

science: theory-numerical part-experiment. In-depth knowledge of the flow process in the 
cascade, the pressure distribution, and the forces acting on the aerofoil that are the subject of 
research in this dissertation can be obtained through experimental tests. 

Conducting experimental research requires the preparation of an experimental system for 
measuring certain physical quantities of a constructed physical model using appropriate 
measuring equipment [56], [57]. Flow analysis in cascades continues with numerical modelling 
and simulations. The validation of the numerical model and the verification of the results of the 
numerical simulations were performed by comparison with the results of the experimental 
measurements. 

4.1 Description of an experimental system for analysis of air flow around a profile placed 
in a circular cascade   

The experimental research in this dissertation was conducted on a new purpose-designed 
experimental system installed in the Laboratory for Fluid Mechanics and Hydraulic Machines at 
the Faculty of Mechanical Engineering in Skopje. The designed experimental system consists of 
two main parts: a channel (Figure 4-1, left) and a measuring section with a circular grille of 
profiles (Figure 4-1, right). 

     
Figure 4-1. Components of the experimental system: channel and measuring section 

4.1.1 Channel  

As a part of the experimental installation, there is a horizontal pressure channel of closed 
type, made of Plexiglas, with steel construction. The cross-section of the channel is rectangular 
with dimensions - height h = 280mm and width w = 150mm, and length 10·Dh = 2m (Figure 
4-2). The airflow through the duct is provided by a centrifugal fan. At the junction between the 
pressure side of the fan and the inlet of the duct, a steel mesh with square openings (dimensions 
1mm x 1mm) is placed to calm the flow. Different modes of airflow through the duct are 
achieved by dimming the suction side of the fan. The channel is intended for measuring the 
airflow and achieving an even velocity profile at the measuring section entry. 
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Figure 4-2. Geometric parameters of the channel 

4.1.2 Measuring section with a circular cascade of profiles 

The measuring section at the outlet of the channel contains a segment of a circular 
cascade of five profiled aerodynamic blades whose axes are placed on a radius of the dividing 
diameter (Figure 4-3). The space for air inflow to the radial cascade segment is limited by 
adjustable boundary walls. The entry of airflow from the duct into the cascade is axial. The blade 
on which the pressure distribution measurements are performed on its lower and upper surface - 
measuring blade is the central blade (no. 3) in the cascade. The blades adjacent to the central 
(blades no. 2 and no. 4) are called control blades because they control the symmetry of the flow 
in the two inter blade channels formed by the central blade. The end blades (no. 1 and no. 5) are 
boundary blades that form the inlet part of the channel, and through their adjustment, a smooth 
entry of shock-free flow is provided, i.e. maximum pressure on the leading edge of the central 
blade (and control blades). 

 
Figure 4-3. Measuring section with a segment of a circular grid of five profiles 

The blade has a length of 115mm and a width of 130mm, inlet angle 7.53° and outlet 
angle 1.66°, shaft with a diameter of 30mm and centre at 40% of the length of the blade, with its 
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axis on the aerofoil camber line (Figure 4-4). The dimensions of the blade have been adopted to 
correspond to available space for the guide vanes of the Francis-99 turbine model in the 
Hydropower Laboratory of the Norwegian University of Science and Technology in Trondheim 
[58]. 

 
Figure 4-4. Basic parameters of the blade 

The construction of the blade is made to be produced with 3D printing technology 
(Figure 4-5, left). The construction concept is set to obtain a homogeneous construction, with 
internally constructed channels that connect the openings on the lower/upper surface of the blade 
and through the sleeves to provide connections for pressure measuring instruments. The profile 
has 10 measuring points on the lower side and 10 measuring points on the upper side, i.e. 20 
internal channels (with an opening of 2 mm) that lead from the measuring point to its outlet 
opening of the corresponding sleeve, Figure 4-5, right. Two front pressure gauges are placed on 
the leading edge of the blade. The measuring region of the blade covers 40 mm of the width of 
the blade, symmetrically to the blade axis. 

 

  
Figure 4-5. Process of making the blade with 3D printing (left) and its construction with 

arrangement of internal channels (right) 

To check the uniformity of the real construction (parameters according to the technical 
drawing) and the manufactured physical model [59], control of the blade geometry (Figure 4-6) 
was performed on a calibrated numerical machine - comparator, with a spherical head of 6 mm, 
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according to which the deviations are -0.1959 mm, + 0.0073 mm (Figure 4-7). As the differences 
are within tolerance, no correction or development of a new blade model was required. 

 

   
Figure 4-6.. Control of manufactured blade geometry using calibrator 

 
Figure 4-7. Results from the conducted blade geometry control 

4.2 Measurement of flow technical parameters  

In the experimental research, measuring instruments were used to measure the following 
flow parameters: pressure, flow, temperature, and the mechanical quantity: torque. 

4.2.1 Measuring the pressure 

The pressure is measured in the measuring sections of the channel and in the measuring 
points of the blade (central and control blades, separately). The pressure is measured with a set of 
10 digital sensors with a range of ± 1000 Pa and with U-tubes with manometric liquid - water. 
For each given measuring point, the corresponding digital sensor and U-tube are connected in 
parallel. The digital sensors are connected to a pressure acquisition system with the ability to 
change the sampling time, monitor the pressure values at the measuring points in real time, and 
archive the data obtained from all sensors simultaneously in a tabular overview (Figure 4-8). 
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Figure 4-8. Pressure measuring system 

For the installed pressure measuring system, test sets were performed in terms of showing 
the measured pressures and sampling time. Comparative measurements were performed by 
announcing the external gauge pressure and vacuum pressure of the simultaneously connected 12 
sensors and the U-tube. It was concluded from the testing that there are no deviations in the 
intensity of the measured pressure values over time in the sensors with each other (Figure 4-9). 

 

 

Figure 4-9. Comparative measurements for testing digital sensors 

The test for the selection of sampling time is made on the basis of the measurements of 
total air pressure in the measuring section of the duct. Figure 4-10 shows the time-averaged 
values of the measured pressure at a sampling time of 0.01s, 0.05s, 0.1s, 0.2s, and 0.5s to see the 
effect of the presence of pulsations in the flow on the created values of the measured pressure. 
Based on the measured results and their analysis using a filter with fineness 10, it was 
determined that the sampling time of 0.01s, 0.05s, 0.1s, and 0.2s give a similar trend of change of 
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the mean pressure values in the same rank in relation to the mean value unlike 0.5s; the 
conclusion is that the sampling time of 0.2s is sufficiently precise. Based on the obtained test 
results for sampling time, further, in one operating mode, the pressure is measured with digital 
sensors for a period of 5 minutes where the data acquisition is performed with a sampling time of 
0.2s. 

 
Figure 4-10. Time-averaged values of the measured total pressure by applying different sampling 

time 

The error in measuring pressure with digital sensors is determined by the method of least 
squares error through the expressions [57] [60]: 

- mean value: 

�̅�𝑥 =
1
𝑠𝑠
�𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1
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- approximate error:  

𝜈𝜈𝑖𝑖 = 𝑥𝑥𝑖𝑖 − �̅�𝑥 4-2 

- absolute mean error: 

𝜀𝜀 = �
1

𝑠𝑠 − 1
�𝜈𝜈𝑖𝑖2
𝑛𝑛

𝑖𝑖=1
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- relative mean error:  

𝜀𝜀𝑝𝑝 =
𝜀𝜀
�̅�𝑥
∙ 100 % 4-4 

 
where 𝑥𝑥𝑠𝑠 represents measured pressure value, and n is the number of measurements. 
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4.2.2 Flow measurement 

The methodology for determining the volume flow of air flowing in a duct under 
stationary conditions is based on calculation of local velocities by the measured differential 
pressures and the integration of the velocities. 

4.2.2.1 Defining a velocity profile 

To define the velocity profile, the local velocities (velocities at the measuring points) are 
calculated. To measure the velocity profile in the flow space of the channel, two measuring 
sections are placed perpendicular to the axis of the channel and at a distance of 1200 mm, i.e. 
1600 mm from the beginning of the channel. In each measuring section, there is a vertical set of 
7 (seven) Pitot tubes with predefined positions along the channel height for simultaneous 
monitoring of the speed profile. Pitot tubes are connected to digital sensors to measure pressure. 

The arrays can be translated, and their location across the width of the channel is 
monitored and controlled by a linear transducer (Figure 4-11, left). Having 7 pitot tubes 
vertically positioned, at 7 points along the channel width, the air velocity is calculated at 49 
measuring points (Figure 4-11, right) in order to more accurately determine the velocity profile. 

    
Figure 4-11. Measuring sections with pitot pipes and linear transducer (left) and 

measuring points in the channel section (right) 

Static pressure is measured through the channel walls with a digital sensor. 
Considering that the total pressure pt is the sum of the static pressure pst and the dynamic 

pressure pd of the air: 
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𝑝𝑝𝑡𝑡 = 𝑝𝑝𝑠𝑠𝑡𝑡 + 𝑝𝑝𝑡𝑡 = 𝑝𝑝𝑠𝑠𝑡𝑡 +
𝜌𝜌𝑣𝑣2

2
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the local velocity v of the air, averaged over a small area around the nose of the pitot tube, can be 
calculated as: 

𝑣𝑣 = �
2(𝑝𝑝𝑡𝑡 − 𝑝𝑝𝑠𝑠𝑡𝑡)

𝜌𝜌
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considering that the flow is compressible in the case of a small Mach number M <0.2, when the 
air compressibility is not affected. 

The density ρ of air is calculated according to the equation of state of an ideal gas: 

𝜌𝜌 =
𝑝𝑝𝑎𝑎𝑡𝑡𝑎𝑎 + 𝑝𝑝𝑠𝑠𝑡𝑡

𝑅𝑅𝑅𝑅
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where the atmospheric pressure is patm=101325Pa, and the gaseous constant of the air is 
R=287J/kgK. The temperature is measured using a resistance thermometer. 

Isolating the zone of the measurement point under consideration, the mean value of the 
indirectly measured local velocity is calculated according to the equation: 

�̅�𝑣 =
𝑣𝑣1 + 𝑣𝑣2 + ⋯+ 𝑣𝑣𝑛𝑛

𝑠𝑠
=
∑ 𝑣𝑣𝑖𝑖𝑛𝑛
𝑖𝑖=1

𝑠𝑠
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4.2.2.2 Procedure for defining the velocity profile 

Three procedures have been applied to define the velocity profile in the channel cross-
section. The first procedure (sequential method) involves measuring the local velocity at 
predefined positions (defined as a percentage of height and width) at the intersection, according 
to the standard [53]. The row of Pitot pipes is placed for a certain time in 7 points along the 
width of the channel in which the total pressure is measured. The mean values of the velocities at 
these points are calculated for different flow modes. Figure 4-12 on the left shows a horizontal 
velocity profile across the channel width, represented by local velocities in the measuring section 
of 1200 mm channel length. Taking into account that at the same time the vertical velocity 
profile is measured, a network of measuring points in the whole section can be determined, 
defined by the positions (coordinates) of the probes in the section. 

The second procedure (continuous method) consists of continuous monitoring and 
acquisition of velocity profile data, where the stopping is in the previously defined measuring 
points along the channel width; but in this case, all measured pressure values are used during the 
measurement (not only at the stopping points but also at the transition between two consecutive 
measuring points) providing a more complete view of the profile. Figure 4-12 on the right shows 
a speed profile obtained by applying this kind of speed measurement, where at the same time the 
average values of the speeds at the fixed points are given (according to the first procedure). 
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Figure 4-12. Horizontal velocity profile obtained through: mean velocities at fixed points across 

channel width (left) and semi-continuous velocity measurement (right) 

The third procedure (continuous method) consists of continuous movement of the Pitot 
tubes without stopping along the cross-section of the channel, at different speeds of movement 
given in Table 1. The measurements were performed for both measuring sections. 

Table 1. Different speeds of movement of Pitot pipes in the measuring sections of the channel 

Speed: v1 [m/s] v3 [m/s] v5 [m/s] 

Measuring section 1200 mm 0.03 0.041 0.0535 

Measuring section 1600 mm 0.009 0.021 0.044 
 
Figure 4-13 a) and b) show comparisons of the measured velocity profiles with 

continuous movement of the Pitot tubes (procedure 3) and the mean velocities at the stop points 
(procedure 1) for the central probe, for measuring cross-sections of 1200 mm and 1600 mm. 

   
Figure 4-13. Horizontal speed profile obtained by continuous measurement for cross 

section of: a) 1200 mm; b) 1600 mm 

At the same time, the speeds obtained with a lower speed of movement more accurately 
describe the shape of the velocity profile in the cross-section of the channel. 

From the comparison of the results obtained with the three procedures, it can be 
concluded that there is alignment between the results for the velocity distribution. 
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4.2.2.3 Flow rate calculation  

The obtained (measured) velocity profiles in the measuring section are used to determine 
the airflow in the closed duct in three different ways. 

The first way to determine the airflow is by discretizing the cross-section of the duct in 
which average local velocities are calculated through the first procedure of defining the velocity 
profile. Discretizing the cross-section of the duct, the air flow is calculated as the sum of the 
elementary flows Qij which are products of the mean local velocity vij and the elementary area 
Sij for the measurement point under consideration, i.e.: 

𝑄𝑄 = �𝑄𝑄𝑖𝑖𝑖𝑖 = �(𝑣𝑣𝑖𝑖𝑖𝑖𝑆𝑆𝑖𝑖𝑖𝑖) = �(𝑣𝑣𝑖𝑖𝑖𝑖 ∙
𝑤𝑤𝑖𝑖 + 𝑤𝑤𝑖𝑖+1

2
∙
ℎ𝑖𝑖 + ℎ𝑖𝑖+1

2
) 
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where i, j=1,2, ... 7 is an ordinal number of the measuring point along the width w and height h 
of the channel, respectively. 

Calculation models are set in Excel, as well as in MATLAB, whereby a flow of 
1,157m3/s and 0.622m3/s is obtained in two different operating modes. 

The second method of calculation is based on the discretization of the channel cross-
section and the application of interpolation polynomial equations that describe the profile of air 
velocities along the measuring line. By interpolating the values of the local velocities at the 
stopping points across the width of the channel (Figure 4-14), a 6th order polynomial function is 
obtained: 

𝑣𝑣 = 𝐶𝐶6𝑤𝑤6 + 𝐶𝐶5𝑤𝑤5 + 𝐶𝐶4𝑤𝑤4 + 𝐶𝐶3𝑤𝑤3 + 𝐶𝐶2𝑤𝑤2 + 𝐶𝐶1𝑤𝑤 4-10 

  
Figure 4-14. Polynomial function performed for the measured local velocities in the flow 

mode: a) 1 and b) 2 

The obtained polynomial coefficients C6, C5, C4, C3, C2, C1 and C0 are used to calculate 
the air velocity at numerous points along the channel width. With discretization as in the first 
case, the total air flow in the duct is calculated. Additionally, the polynomial equations are 
inserted in MATLAB where a 3D network of points is presented in which the velocity v is 
calculated depending on the coordinates of width w and height h in the intersection (Figure 4-
15). By applying a function for numerical integration with a trapezoidal method, the volume flow 
is calculated. Because the velocity depends on the position of the measuring point in the 
measuring section, i.e. v = f (w, h), the flow in MATLAB is calculated by the equation: 
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𝑄𝑄 = �𝑣𝑣(𝑤𝑤,ℎ)𝑑𝑑𝑤𝑤𝑑𝑑ℎ 
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The third way to determine airflow involves use of graphic software to calculate the 
volume enclosed between interpolation curves. Using graphic software, from the network of 
polynomial curves that describe the velocity profile in width and height, a curved 3D surface is 
formed whose base overlaps a volume whose value is equal to the flow (Figure 4-15). 

A comparison of the results for the volume airflow in the duct using the three calculation 
methods for two different flow modes is given in  

Table 2. 
 

   

 

 

 
 

a) b) c) 

Figure 4-15. Graphical representation of the volume in MATLAB for a) mode no. 1 and b) 
no. 2 of 1200 mm and c) in GAMBIT software for mode no. 1 

 
Table 2. Calculated volume flow values in three different ways 

Mode 
no. 

1 
Q (m3/s) 

2 
Q (m3/s) 

3 
Q (m3/s) 

Qsr 
(m3/s) 

1 
ΔQ (%) 

2 
ΔQ (%) 

3 
ΔQ (%) 

1 1.157 1.1 1.12 1.125 2.8 -2.22 -0.44 
2 0.622 0.603 0,612 0.6123 1.58 -1.52 -0.049 

 
The differences in the flow values in relation to the obtained mean value do not indicate 

compliance in the three different calculation methods. 

4.2.2.4 Average velocity calculation 

After calculating the airflow, the average velocity of the duct is calculated according to 
the obtained flow Q and the cross-sectional area of the duct A: 

𝑣𝑣𝑎𝑎𝑣𝑣𝑎𝑎 =
𝑄𝑄
𝐴𝐴

=
𝑄𝑄

𝑤𝑤 ∙ ℎ
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The obtained average velocities in the channel cross-section for the two flow modes are 
given inTable 3. 

Table 3. Calculated value of average velocity in the channel cross-section 
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Mode no. vave (m/s) 
1 26,82 
2 14,57 

 
The required position (width and height) of the Pitot tube for measuring the average 

velocity in the channel can be obtained at the intersection of the velocity profile with the mean 
velocity value. This allows further application of only one probe in a fixed position instead of the 
entire string of Pitot tubes. By analysing the location of the average velocity in relation to the 
velocity profiles, set for different measuring lines and different flow modes, it is obtained that in 
the measuring section of 1200mm the probe no.2 can be used set at 20mm width of the channel 
(Figure 4-16, left). In the measuring section of 1600 mm, the central probe (no.4) is used, placed 
in the axis of the channel (75mm width) with the intention to be used as a control probe for the 
intensity of the flow. 

4.2.2.5 Uniformity of the flow field 

The uniformity of the flow is presented for the velocity profile in the measuring cross-
sections. Evenness is stated in the core of the flow, which is symmetrical horizontally and 
vertically (Figure 4-16 on the right), i.e. it is a zone where the measuring blade is placed and 
which covers the measuring zone of the blade. According to the obtained results, at the exit of 
the channel, i.e. at the entrance to the measuring section where the grid of profiles is placed, the 
uniformity of the velocity profile is achieved. 

 
Figure 4-16. Velocity profile at measuring section at 1200mm (left) and 1600mm (right) 

4.3 Results of profile pressure distribution measurements. Determination of 
forces, moments, and attack point of the resulting force 

After achieving an even flow at the inlet in the measuring section where the 
profile/circular cascade of profiles is placed, a pressure measurement was performed on the 
surface of the profile. The results are processed in order to obtain the magnitude and direction of 
the aerodynamic forces and the coordinates of the attack point of the resultant force. 
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4.3.1 Solitary aerofoil 

The distribution of pressure on the surface of the aerofoil, around which air flows, 
depends on the angle of attack of the aerofoil, i.e. its position in the flow/stream field. The 
pressure distribution is measured at different attack angles with respect to zero, i.e. ±5°, ±10°, 
±20° и ±30° (Figure 4-17). The airofoil in the tunnel is set with the pressure surface up and the 
suction surface down. For each attack angle of the aerofoil, pressure measurements were made at 
four different flow modes. 

 
Figure 4-17. Aerofoil positions in which the pressure distribution is measured 

In case the aerofoil is set to zero position (Figure 4-18), vacuum pressure occurs on the 
upper and lower side of the aerofoil. This position of the aerofoil corresponds to the 
uninterrupted (shock-free) inlet of air stream, with the greatest pressure on the leading edge of 
the aerofoil. 

 
Figure 4-18. Aerofoil pressure distribution at zero-position  

The measured pressures in the ten points distributed along the upper and lower surface of 
the aerofoil are given in relation to the maximum achieved pressure in the respective mode, i.e. 
as relative values so that the obtained forms of pressure distribution can be comparable. Thereby, 
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the position of the measuring points is given relatively in relation to the unit length of the 
aerofoil. The relative pressure distribution on the aerofoil, i.e. unit pressure profiles, reduced to 
unit total aerofoil length for different attack angles is presented in Figure 4-19, Figure 4-20, 
Figure 4-21 and Figure 4-22. 

   
Figure 4-19. Unit pressure profile at attack angle + 5 ° (left) and -5 ° (right) 

  
Figure 4-20. Unit pressure profile at attack angle + 10 ° (left) and -10 ° (right) 

  
Figure 4-21. Unit pressure profile at attack angle + 20 ° (left) and -20 ° (right) 
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Figure 4-22. Unit pressure profile at attack angle + 30 ° (left) and -30 ° (right) 

The solitary aerofoil results demonstrate the influence of the aerofoil placement in the 
flow field on the magnitude and direction of the aerodynamic forces. 

At larger positive angles (+ 20° and + 30°) there is overpressure almost on the entire 
lower (in this case back) surface of the aerofoil where the impact point - the highest overpressure 
- occurs at about 7% of the length of the aerofoil. At an angle of +10°, there is overpressure in 
the first 30% of the aerofoil length, with the highest intensity at 7% of the profile length, as well 
as for +20° and +30°, and then leading to vacuum pressure. For these attacking angles, vacuum 
pressure occurs on the upper (front) side of the aerofoil along its entire length. Existence of 
overpressure on the lower side and vacuum pressure on the upper side will cause a positive lift 
force. 

At larger negative attack angles (-20° and -30°), there is overpressure on the entire upper 
side with an impact of 9% of the aerofoil length. At an attack angle of -10°, there is less pressure 
on the upper side with impact on the leading edge. For these negative attack angles, there is 
vacuum pressure on the entire lower (back) surface, which for -30° is with almost the same 
intensity, and for -10° and -20° is greater than 7% of the length of the aerofoil. The presence of 
overpressure on the lower side and overpressure on the upper side indicates the occurrence of a 
negative lift force. 

At small angles of ±5° there is mainly overpressure on both sides of the profile, except in 
the initial part where there is overpressure - impact on the leading edge. For +5°, the intensity of 
the pressure is higher on the upper (front) than on the lower (back) side, due to which a positive 
lift force will appear. At an attack angle of -5°, there is more vacuum pressure on the lower side, 
due to which the lift force will be negative. The induced lift force at such small attack angles will 
be less intense because there is a similar trend of pressure change between the two sides and 
without significant differences. 

From the comparison between the forms of pressure distribution for the solitary aerofoil 
for a given angle of attack, it can be seen that at different flow modes (100% - highest air flow, 
25% - lowest air flow) similar shapes of pressure profiles are obtained on pressure, both on the 
lower and on the upper surface. The differences are in the intensity of the values of the absolute 
pressures for different flow modes. Therefore, it can be concluded that the forms of pressure 
distribution remain the same for the same position (attack angle) of the aerofoil in the flow field, 
regardless of the fluid flow. Therefore, for a solitary aerofoil at a given angle of attack, unit 
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pressure profile is defined, which is the mean value of the unit pressure profiles obtained under 
different operating modes.  

For the analytical determination of the resulting aerodynamic force of the aerofoil, the 
calculation model described in Chapter 3 is applied (Chapter 3.2.3). To define a (solitary 
aerofoil) pressure function depending on the length of the aerofoil curve for a given angle of 
attack, the experimentally obtained values of pressure at the measuring points are used to obtain 
four polynomial functions p(l) each of which applies to a given segment of the aerofoil surface 
(two polynomial functions p(l) for each side of the aerofoil), Figure 4-23. At the same time, the 
aerofoil is described by polynomial functions for different intervals of curve length. 

 
Figure 4-23. Defining functions of a unit pressure profile for individual segments of the aerofoil 

length, for a given angle of attack 

After integrating according to the model for calculating forces and moments, the lift force 
(Figure 4-24), the drag force (Figure 4-25), and the moment relative to the leading edge of the 
aerofoil (Figure 4-26) are obtained for different attack angles. At positive attack angles, there is a 
positive resultant force, and, therefore, a negative moment in relation to the leading edge of the 
aerofoil and the lift force is in a positive direction. At negative attack angles, there is a negative 
resultant force and a positive moment in relation to the leading edge of the aerofoil, and a lift 
force with a negative direction. The lift force and drag force increase with increasing angle of 
attack (in both directions) relative to the zero position. 
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Figure 4-24. Change of lift force depending on the aerofoil attack angle 

 
Figure 4-25. Change of drag force depending on the aerofoil attack angle 

 
Figure 4-26. Moment change at different attack angles of the aerofoil 
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4.3.2 Aerofoil in a radial cascade 

The aerofoil is set in cascade with different pitch i.e. cascades with the following density 
are experimentally investigated:  

- Cascade with density t/L>1: the position of the aerofoil in the flow field is such that it can 
be considered as a solitary aerofoil set in a space with radial boundaries (walls); 

- Cascade with density t/L<1: the existence of the neighboring blades affects the forces 
acting on the aerofoil. 

4.3.2.1 Radial cascade with density t/L>1 

The cascade with low density t/L>1, i.e. higher pitch t is equivalent of a single airfoil in a 
radial channel. The investigation of air flow in such cascade is performed by changing the inlet 
and outlet radius of the cascade R1 и R2, so as the flow stream inlet angle α1 and consequently 
the angle β1 depending on the upper control blade position and the lower horizontal wall of the 
channel (Figure 4-27). 

 
Figure 4-27. Position of aerofoils on a lower density cascade and geometric parameters 

The fluid flow domain is defined by setting a different position of the end blades while 
the central (measuring) blade is positioned to be provided with shock-free inflow by ensuring 
highest pressure at the leading edge measuring point. Applying this procedure, shock-free inlet 
flow conditions for the aerofoil in different radial cascade configurations are provided. The low 
density radial cascade configurations examined are described by their geometric parameters 
given in Table 4. 
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Table 4. Geometrical parameters for different case position (model) 

MODEL R1 R2 a1 a2 α1 β1 
  (mm) (mm) (mm) (mm) (deg) (deg) 

SR-80 387,9 303,9 106,9 98,4 52,1 18,5 
SR-77 383,8 310,2 97,8 90,9 47,8 20,1 
SR-68 370,9 331,1 84,6 69 35,9 25,1 
SR-01 392,7 295,9 100,5 107,9 56,7 16,5 
SR-03 380,7 315,2 81 80,7 44,5 21,5 
SR-02 368,7 334 59 61 34,2 26 

 
The measured values of the aerofoil pressure distribution are given in relation to the 

maximum achieved pressure in the respective radial cascade configuration i.e. as relative values 
p/pmax, given in Figure 4-28. 

The obtained results show that the shock-free entry is achieved and that the suction side 
is more affected by the radial channel than the pressure side for which the pressure distribution is 
slightly aligned. These results are confirming the influence of the radial channel geometric 
parameters on the aerofoil pressure distribution.  

 
Figure 4-28. Aerofoil pressure distribution for different lower density radial cascade configurations 
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The law of forces distribution along the aerofoil set in a radial cascade with high pitch is 
presented in Figure 4-29. 

A big difference between the force distribution along a single aerofoil in a straight 
channel and the same aerofoil set in radial channel for shock-free inflow conditions can be noted.  
From point of view of strength analysis, higher loads are obtained by setting the aerofoil in the 
low density radial cascade because of the radial boundaries.  

The law of force distribution along the aerofoil in the radial channel is identical for every 
cascade configuration, however, there is no exact matching, but certain difference (‘layering’) 
resulting from the different geometric parameters between the configurations.  

 

 
 

Figure 4-29. Normal force distribution along the aerofoil in lower density cascade 

The magnitude of normal force Fy11 and moment M11 are determined by the developed 
calculation model presented in Chapter 3. Their dependence on the inlet and outlet radius ratio 
R1/R2 (i.e. on the cascade relative width) is shown in Figure 4-30 and Figure 4-31. 
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Figure 4-30. Aerofoil normal force magnitude for different lower density cascade relative width 

 
Figure 4-31. Aerofoil moment magnitude for different lower density cascade relative width 

By increasing the cascade relative width, the normal force and the moment are 
decreasing.  

The dependence of the magnitude of the normal force and moment acting on the aerofoil 
on the ratio of opening to aerofoil length a/l (i.e. relative opening) is given in Figure 4-32 and 
Figure 4-33. 

 
Figure 4-32. Aerofoil normal force magnitude for different relative opening of lower density cascade 
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Figure 4-33. Aerofoil moment magnitude for different relative opening of lower density cascade 

It is noted that the relative opening increment also leads to loads reduction.  
From the obtained results, it can be concluded that there is a dependency between the 

mechanical quantities Fy11 and M11, and the radial channel geometric parameters which can 
describe the different conditions.  

Taking into account the different radial cascade configurations given in Table 4, a radial 
cascade coefficient KR is introduced to describe the conditions in the cascade by its geometric 
parameters (relative width R1/R2 and relative opening a/L): 
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4-13 

A corrected normal force distribution Fy11-k can then be established by dividing the 
normal force values with the radial cascade coefficient: 

𝐹𝐹𝑦𝑦−11−𝑘𝑘 =
𝐹𝐹𝑦𝑦−11
𝐾𝐾𝑅𝑅

 
 

4-14 

The results for Fy11-k for different low density radial cascade configurations is given in 
Figure 4-34.  

Comparison between the calculated normal force distribution (solid line) and corrected 
normal force distribution (dashed line) along the aerofoil in the low density radial cascade is 
given in Figure 4-35. The value of the exponent n in the radial cascade coefficient expression is 
determined by trials to be n=0,45.  

By introducing the radial cascade coefficient, better alignment of the law of the normal 
force distribution along the aerofoil in radial cascade is achieved i.e. defining of the aerofoil 
strength conditions.  
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Figure 4-34. Corrected normal force distribution for different cascade configurations 

 
Figure 4-35. Comparison between calculated and corrected normal force distribution along the aerofoil 

set in low density radial cascade 
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4.3.2.2 Radial cascade with density t/L<1 

The pressure distribution along the profile surface in a circular cascade depends on the 
position of the profile in the flow field.  

Before measuring the pressures on the surfaces of the central blade in the cascade, the 
symmetry of the flow in the two inter-blade channels formed by the central blade was checked 
by confirming the identity of the pressure profiles of the central and control blades. At the same 
cascade pitch, the openness changes, i.e. the angle of rotation of the blades (Figure 4-36). 
Thereby, with the help of the control blades, conditions of shock-free inflow were achieved in all 
positions.  

 
Figure 4-36. Position of aerofoils in higher density cascade and geometric parameters 

Zero position 0°, three positions in the direction of opening the blades (5°, 10° and 20°) 
and two positions in the direction of closing (-5° and -10°) were examined, each with three 
different flow modes. The cascade geometric parameters for the high density radial cascade 
configurations are given in Table 5.  

Table 5. Geometrical parameters for case position-shock free inflow 

MODEL R1 R2 a1 a2 α1 α2 β1 
  (mm) (mm) (mm) (mm) (deg) (deg) (deg) 

TR-00 375,9 324,2 18,9 18,9 40,2 25,7 23,4 
TR-05 372,5 329,8 13,1 13,1 36,8 25,7 24,7 
TR-10 369 334,5 7 7 34,1 25,7 26 
TR+05 379,2 318,8 22,5 22,5 42,9 25,7 22,1 
TR+10 382,6 313,6 29 28 46,1 25,7 20,9 
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The measured pressures at the ten points distributed along the back and front surfaces of 
the central blade are given in relation to the maximum pressure at the corresponding mode 
(which in these cases is achieved at the front edge – shock-free entrance), i.e. as relative values 
so that the obtained pressure profiles be comparable. The position of the measuring points is 
given relative to the unit length of the profile. The relative pressure distribution of the profile, i.e. 
unit pressure profiles, reduced to unit total length of the profile for different openings is given in 
Figure 4-37. 

 

 

 

 

 

 

Figure 4-37. Unit pressure profiles of central blade at different openings of the higher density 
circular cascade 

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p 
/ p

m
ax

l / lmax

0°

25 GB 25 GB 50 GB 50 GB 75 GB 75 GB

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p 
/ p

m
ax

l / lmax

5°

25 GB 25 GD 50 GB 50 GD 75 GB 75 GD

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p 
/ p

m
ax

l / lmax

10°

25 GB 25 GD 50 GB 50 GD 75 GB 75 GD

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p 
/ p

m
ax

l / lmax

20°

25 GB 25 GD 50 GB 50 GD 75 GB 75 GD

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p 
/ p

m
ax

l / lmax

-5°

25 GB 25 GD 25 GB 50 GD 50 GB 75 GD

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

p 
/ p

m
ax

l / lmax

-10°

25 GB 25 GD 50 GB 50 GD 75 GB 75 GD



64 
 

The flow uniformity in the inter-blade channels is confirmed to be achieved by 
comparing the pressure on both aerofoil surfaces. An example is given in Figure 4-38 for blade 
position -10° in the cascade.   

 
Figure 4-38. Pressure distribution comparison for central and control blade 

From the comparison between the forms of pressure distribution for the central blade in 
the cascade at a given opening, it can be seen that under different flow modes similar shapes of 
pressure profiles are obtained. The differences are in the intensity of the values of the absolute 
pressures for different flow modes. 

The normal force distribution along the aerofoil in radial cascade with higher density is 
given in Figure 4-39. 
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Figure 4-39. Normal force distribution along an aerofoil in higher density radial cascade 

The results obtained show that the distance between two neighboring blades slightly 
affects the force (loads) distribution. Higher difference between the forces distribution for 
different cascade configurations is obtained on the part of the aerofoil which contributes to 
forming the interblade channel. The aerofoil overlapping length lp change according to the radial 
cascade configuration is presented in Figure 4-40.  

 
Figure 4-40. Aerofoil overlapping length variation with higher density cascade configuration 

Higher overlapping length provides more uniform flow and smaller forces (loads) on the 
aerofoil. 
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Figure 4-41. Aerofoil forces distribution dependence on overlapping length 

By using the radial cascade coefficient, corrected forces distribution along the aerofoil in 
the high density cascade is obtained (Figure 4-42) and compared to the calculated forces 
distribution, shown in Figure 4-43.  

 
Figure 4-42. Corrected normal force distribution for different high density cascade configurations 
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Figure 4-43. Comparison between calculated and corrected forces distribution along aerofoil in higher 

density cascade 

The corrected aerofoil force distribution of each high density radial cascade configuration 
are more uniform, meaning that the introduced radial cascade coefficient provides describing the 
law of aerofoil forces (loads) distribution for the experimentally investigated cascade 
configuration.  

4.3.2.3 Relation between forces distribution in radial cascade with higher density (t/L<1) and 
lower density (t/L>1)  

The difference between the radial cascade with higher density and with lower density is 
the value of the cascade pitch t which defines the density of the cascade. The corrected forces 
distribution for both cascades, which was obtained by using the introduced radial cascade 
coefficient, is shown in Figure 4-44. The mean arithmetic value of the results for each type of 
cascade is taken as a representative of the corrected forces distribution of the cascade. The 
analysis is based on the absolute values of the characteristic forces distribution.  

For the cascade with lower density (t/L>1), the dimensionless characteristic corrected 
forces distribution is derived to be: 

𝐹𝐹𝑦𝑦−11−𝑘𝑘−𝑆𝑆𝑅𝑅 =
𝑎𝑎𝑎𝑎𝑠𝑠(𝐹𝐹𝑦𝑦−11−𝑘𝑘−𝑆𝑆𝑅𝑅)1,135𝑛𝑛

𝑙𝑙11
( 𝑡𝑡𝑙𝑙𝑘𝑘

)
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while for the cascade with higher density (t/L<1), the dimensionless characteristic corrected 
forces distribution is derived: 

𝐹𝐹𝑦𝑦−11−𝑘𝑘−𝑇𝑇𝑅𝑅 =
𝑎𝑎𝑎𝑎𝑠𝑠(𝐹𝐹𝑦𝑦−11−𝑘𝑘−𝑇𝑇𝑅𝑅)𝑛𝑛

𝑙𝑙11
( 𝑡𝑡𝑙𝑙𝑘𝑘

)
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where t is the cascade pitch, l11 is the unit aerofoil chord length, lk is the effective (overlapping) 
aerofoil length, n is the exponent which for this case considered is 0,02.  

 

 
Figure 4-44. Comparison between corrected forces distribution for cascades with higher and lower 

density 

The comparison between the dimensionless characteristic corrected forces distribution for 
radial cascade with higher and lower density is presented in Figure 4-45. 

The ratio between the dimensionless characteristic corrected forces distribution for radial 
cascade with higher and lower density along the aerofoil unit chord length is: 

𝐹𝐹𝑦𝑦−11−𝑘𝑘𝑘𝑘−𝑇𝑇𝑅𝑅−𝑆𝑆𝑅𝑅 =
𝐹𝐹𝑦𝑦−11−𝑘𝑘𝑘𝑘−𝑇𝑇𝑅𝑅
𝐹𝐹𝑦𝑦−11−𝑘𝑘𝑘𝑘−𝑆𝑆𝑅𝑅
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and presented in Figure 4-46. 
The correlation between the forces distribution on the aerofoil in a cascade with higher 

and lower density is obtained by introducing the radial cascade coefficient and the cascade pitch 
which are described by the cascade geometric parameters. The dependency is an exponential 
function both in the case of comparing dimensionless forces distribution of cascades with 
different density between themselves and in case of establishing a ratio between the 
dimensionless characteristic corrected forces distribution for the different density cascades along 
the aerofoil unit chord length. 
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Figure 4-45. Comparison between dimensionless characteristic corrected forces distribution for radial 

cascade with higher and lower density 

 
Figure 4-46. Ratio between dimensionless characteristic corrected forces distribution for radial cascade 

with higher and lower density 

The derived correlations allow prediction of the aerofoil load force for different cascade 
pitch.  
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4.3.2.4 Relation between forces distribution on solitary aerofoil and aerofoil in a higher 
relative pitch cascade  

Forces Fy-11 are taken to be a (base 10) logarithm exponent: 
- For a solitary aerofoil: 

𝐹𝐹𝑦𝑦−11−𝑎𝑎𝑑𝑑𝑝𝑝−𝑂𝑂𝑆𝑆 = 10𝐹𝐹𝑦𝑦−11−𝑂𝑂𝑂𝑂  4-18 

- For a radial cascade with relative pitch t/l>1: 

𝐹𝐹𝑦𝑦−11−𝑎𝑎𝑑𝑑𝑝𝑝−𝑆𝑆𝑅𝑅−𝑘𝑘 = 10𝐹𝐹𝑦𝑦−11−𝑂𝑂𝑆𝑆−𝑘𝑘 4-19 

according to which a graph of forces distribution along the aerofoil is obtained (Figure 4-46). 
Ponder (weighted) forces on basis of the aerofoil length are defined:  

- For a solitary aerofoil: 

𝐹𝐹𝑦𝑦−11−𝑎𝑎𝑑𝑑𝑝𝑝−𝑂𝑂𝑆𝑆/𝑥𝑥11 =
𝐹𝐹𝑦𝑦−11−𝑎𝑎𝑑𝑑𝑝𝑝−𝑂𝑂𝑆𝑆

𝑥𝑥11−𝑖𝑖
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- For a radial cascade with relative pitch t/l>1: 

𝐹𝐹𝑦𝑦−11−𝑎𝑎𝑑𝑑𝑝𝑝−𝑆𝑆𝑅𝑅−𝑘𝑘/𝑥𝑥11 =
𝐹𝐹𝑦𝑦−11−𝑎𝑎𝑑𝑑𝑝𝑝−𝑆𝑆𝑅𝑅−𝑘𝑘

𝑥𝑥11−𝑖𝑖
 4-21 

And the graph for their distribution is given in  Figure 4-48Error! Reference source not found. 
left. 

The comparison of ponder (weighted) forces of solitary aerofoil and radial cascade with 
higher relative pitch is given in Figure 4-48 right. 
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Figure 4-47. Forces distribution along solitary aerofoil and aerofoil in a cascade with higher 
relative pitch 

   
Figure 4-48. Ponder forces distribution on basis of aerofoil length (left) and comparison between 

a solitary aerofoil and cascade with higher relative pitch 

The load force along the solitary aerofoil is in positive and negative direction in different 
parts of the aerofoil so intersection points with the apsis occur (zero value) which leads to more 
complicated mathematics. By applying the ponder forces along the aerofoil which are obtained 
by inserting the load force as a logarithmic function exponent and the introduced radial cascade 
coefficient, a correlation between the solitary aerofoil and the aerofoil in the cascade with higher 
relative pitch is established. 

The results show linear dependence between the load force of a solitary aerofoil and 
aerofoil in a cascade, thus the prediction of the loads on an aerofoil in a radial cascade when the 
solitary aerofoil loads are known is shown to be possible. 
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5 Numerical research 
On the one hand, experimental research of scaled models in wind tunnels or test 

installations is a more economical alternative to real-time experimental performance testing, and 
on the other hand, they play an important role in validating equations that mathematically 
describe flow processes, i.e. Navier-Stokes equations, which are so complex that no analytical 
solution can be obtained for most practical applications. 

Advances in computer technology in the 1950s led to the emergence and development of 
the CFD (Computational Fluid Dynamics) technique, which analyses fluid flow processes, heat 
transfer, and chemical reactions using computer simulations. With CFD numerical techniques, 
partial differential equations have been replaced by systems of algebraic equations that are much 
easier to solve using computers. This provides a more economical test of fluid flow systems. 

5.1 Numerical modelling of flow around a solitary profile in a wind tunnel 
Numerical modelling and simulation of two-dimensional airflow around the aerofoil in 

the channel from the experimental installation was performed. The thermo-physical properties of 
air are taken to be subjected to the law of ideal gas, i.e. temperature and pressure-dependent. 
Initial limit conditions are mass flow and inlet temperature and atmospheric outlet pressure. The 
standard k-ε model of turbulence is used to describe the turbulent flow. A boundary layer is 
placed around the aerofoil surfaces, and the numerical grid is hexagonal with pave-method 
(Figure 5-1). 

 

 
Figure 5-1. Numerical model of flow around a solitary profile in an air tunnel 

The numerical model is validated by comparing the results with the experimental data for 
the solitary aerofoil positioned at zero attack angle. The verification of the results for the upper 
and lower aerofoil surface is presented in Figure 5-1 and Figure 5-2. While most of the measured 
values show difference compared to the numerical values in acceptable range (0,5%-14%), the 
second and third measuring point show higher deviation for the lower surface pressure 
distribution.  
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Figure 5-1. Comparison of experimental and numerical results for aerofoil upper surface at 0° attack 

angle 

 
Figure 5-2. Comparison of experimental and numerical results for aerofoil lower surface at 0° attack 

angle 

The experimental and numerical values of the lift force, the drag force and the moment at 
different aerofoil positions are compared (Figure 5-3 and Figure 5-4) and show 3%-28% 
discrepancy, except for attack angles of -20° and -30° where higher deviations were obtained. 
The larger differences between the experimental and numerical results can be due to different 
actual position of the aerofoil in the experimental system compared to the exact geometric 
position in the numerical model or different airflow conditions in the channel during the 
measurement.  

At positive attack angles, there is overpressure on the lower surface of the profile and 
vacuum pressure on the upper surface, which causes a positive lift force. At negative attack 
angles, overpressure occurs on the upper surface of the profile and vacuum pressure on the lower 
surface, i.e. negative drag force. In the zero position the lift force is not zero because the profile 
is asymmetric (Figure 5-3 left). 
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Figure 5-3. Change of lift and drag force depending on the attack angle of the solitary 

aerofoil 

The drag force increases with increase of the aerofoil angle of attack from zero position 
into negative or positive direction (Figure 5-3 right). The torque acting on the aerofoil leading 
edge changes linearly depending on the angle of attack (Figure 5-4). 

 
Figure 5-4. Change of the torque acting on the aerofoil depending on the angle of attack 

5.2 Numerical modelling of the flow around the profile-blade in a radial 
cascade 

To verify the obtained results, the flow around the profiles in the cascade segment in the 
laboratory is modelled and simulated using CFD. The channel dimensions and the profiles 
position in the higher density and lower density cascade are used, which corresponds to the 
position of the profile in the turbine to achieve shock-free flow. The numeric grid is hexagonal, 
with the pave method having around 90000 cells. A boundary layer is placed around the blades 
that are subject to analysis. The initial boundary conditions are: constant inlet velocity into the 
channel with a given air temperature and atmospheric pressure at the exit of the channel. Air is 
treated as a compressible fluid whose properties change depending on the pressure and 
temperature according to the equation of state of an ideal gas. The flow is two-dimensional, 
steady and turbulent. The k-ε model is used as the turbulence model. 
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5.2.1 Radial cascade with density t/L>1 

The airflow in a radial cascade with lower density was numerically analysed for the 
model 00-68 (Figure 5-5) with geometric parameters as described in Table 4.  

 
Figure 5-5. Airflow in a lower density radial cascade (model 00-68)-velocity vectors distribution 

The numerical model is validated by comparing the numerical pressure distribution and 
the experimental results for the pressure measured in the measuring points on the upper and 
lower aerofoil surface. There is a great alignment between the numerically and experimentally 
obtained values of pressure with a discrepancy up to 7%, presented in Figure 5-6. 

 
Figure 5-6. Lower density radial cascade numerical model validation (comparison with experimental 

results) 
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5.2.2 Radial cascade with density t/L<1 

The numerical mesh for the higher density radial cascade is shown in Figure 5-7. 

 
Figure 5-7. Numerical grid- flow domain in the measuring section of the wind tunnel with 

a radial cascade segment 

The comparison between the numerical and experimentally obtained results for the 
pressure distribution along the profile - the central blade in the higher density radial cascade 
segment shows alignment (Figure 5-8) thus, the numerical model is validated with deviations 
less than 1%.  

 
Figure 5-8. Comparison of experimental and numerical results for pressure distribution over 

profile surfaces 
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5.3 Numerical modelling of fluid flow in Francis turbine guide vane system 
at different runner rotating speeds  

5.3.1 Development of a 2D numerical model 

5.3.1.1 Description of the turbine model in the laboratory 

The Francis-99 turbine model at the Hydropower Laboratory of the University of Science 
and Technology in Trondheim, Norway (NTNU), was used as the basis for the development of 
the 2D numerical model for examining the effect of variable speed on the guide vanes’ pressure 
distribution. The spiral casing and stay vanes have been retained in their original shape, while the 
guide vane shape has been replaced by the blade shape which has been experimentally examined 
in the framework of this dissertation presented in Chapter 4, maintaining the same dimensions of 
the available guide vanes space in the turbine model. The spiral casing has an inlet diameter of 
338.3 mm. The stay ring consists of 14 blades, while there are 28 guide vanes with an inlet 
diameter of 764 mm and an outlet diameter of 630 mm. As it is a two-dimensional model, a 
radial rotating cascade of flat profiles whose shape is taken from the runner blades in the Francis-
99 turbine is placed behind the guide vanes (Figure 5-9). 

 

 
Figure 5-9.  Basic parameters of the analysed 2D turbine model 

5.3.1.2 Boundary conditions and numerical grid 

A two-dimensional steady flow of water through the turbine is simulated. Constant inlet 
velocity and outlet atmospheric pressure are used as initial boundary conditions. The blades that 
are subject to analysis are blades no. 7 and 8, and in additional analyses for mutual comparisons, 
blades no. 5, 9, 21, and 22 are used (Figure 5-10). The spiral case and the stay vanes represent 
one fluid zone, while the guide vanes and the rotating cascade are separate fluid zones. The 
connection of two adjacent fluid zones between which there is a fluid passage is achieved with a 
‘mesh interface’. 
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Figure 5-10. 2D numerical model of turbine-boundary conditions 

To select an appropriate numerical grid, two grid types were tested: triangular and 
hexagonal (Figure 5-11). A boundary layer is placed around the stay vanes, the guide vanes and 
the runner blades. 

   
Figure 5-11. Triangular and hexagonal grid of a 2D turbine model 

The selection of the hexagonal grid is made based on the size of the residuals. By 
applying a triangular grid, larger residual values are obtained compared to the hexagonal grid 
(Figure 5-12), due to which the simulations are further performed with the hexagonal grid. 
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Figure 5-12. Residuals: triangular grid (left) and hexagonal grid (right) 

5.3.1.3   Validation of the numerical 2D model and selection of the turbulence model 

In order to check whether the same conditions were achieved in the experimental system 
and in the guide vanes of the turbine model, a simulation of 2D water flow through the turbine 
with empty space behind the cascade was performed, i.e. in the absence of a runner (Figure 
5-13). The simulations are made using three different turbulent models: k-ε, k-ω and k-ω SST. 
The inlet velocity is constant and the outlet is towards the atmosphere. The results obtained by 
applying different turbulence models are compared with the measured values of pressures at the 
measuring points of the blade (Figure 5-14). The comparison is made based on the pressure 
differences between the pressure and suction blade surface. The greatest alignment exists with 
the k-ε model thus it is applied in all further simulations because it best describes the flow 
through the turbine model. The highest discrepancy between the numerical and experimental 
results is less than 8%, except for the second measuring point which shows larger deviation. 

 
Figure 5-13. Pressure distribution in the flow space – 2D model of turbine without runner 
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Figure 5-14. Comparison of numerical results by using three turbulent models with 

experimentally measured pressure values 

5.3.1.4 Defining the conditions in the 2D numerical model 

According to experimental research conducted on the Francis turbine model in the NTNU 
Hydropower Laboratory, a maximum efficiency of 93.4% is achieved with a net head of 11.9m, 
a flow rate of 0.2m3/ s, and a runner speed of 333rpm.  

The guide vane position in the model of the turbine corresponds to the shock-free entry of 
water flow, i.e. the turbine operation in the optimal point. Since the two-dimensional model 
cannot represent the same 3D runner, an analysis was performed based on the numerical results 
for different inlet velocities (discharge) at a runner speed of 333.33rpm to select the inlet velocity 
at which maximum system efficiency will be achieved. For different values of the inlet velocities 
in the spiral casing in the 2D numerical model, the mass flow Qm [kg/s], the torque of the runner 
(rotating cascade) M [N] and the inlet and outlet total pressures pt1 [Pa] and pt2 [Pa] are read in 
order to calculate the efficiency of the system under different inlet conditions: 

𝜂𝜂𝑠𝑠𝑖𝑖𝑠𝑠 =
𝑃𝑃𝑡𝑡
𝑃𝑃ℎ

 
 

5-1 

where the output power of the system is 
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𝑃𝑃𝑡𝑡 = 𝑑𝑑𝑀𝑀 = 𝑑𝑑
2𝜋𝜋𝑠𝑠
60

  [𝑊𝑊] 
 

5-2 

calculated for a constant angular velocity ω = 34.9 [rad/s], i.e. a constant number of revolutions n 
= 333.33 [rpm]. 

The hydraulic power of the system is calculated according to: 

𝑃𝑃ℎ = 𝑄𝑄∆𝑝𝑝𝜂𝜂𝑠𝑠𝑖𝑖𝑠𝑠   [𝑊𝑊] 5-3 

where 𝑄𝑄 = 𝑄𝑄𝑚𝑚
𝜌𝜌

  [𝑚𝑚3/𝑠𝑠] is the water volume flow (at its constant density of ρ=998 kg/m3), а ∆𝑝𝑝 =

𝑝𝑝𝑡𝑡1 − 𝑝𝑝𝑡𝑡1   [𝑃𝑃𝑎𝑎] is the total pressure difference in the system.  
The efficiency of the system can be calculated according to the final expression: 

𝜂𝜂𝑠𝑠𝑖𝑖𝑠𝑠 =
𝑑𝑑𝑀𝑀𝜌𝜌
𝑄𝑄𝑎𝑎∆𝑝𝑝

   [−]. 
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From the obtained dependence of the system efficiency on the inlet velocity, shown 
inFigure 5-15, it is seen that the highest efficiency is achieved for a velocity of 13.6 m/s at the 
spiral casing inlet.  

 
Figure 5-15. Changing of the system performance depending on inlet velocity        

5.3.2 Influence of inlet conditions on guide vane pressure distribution  

5.3.2.1 Influence of spiral casing 

The loads on guide vanes 7 and 8 are compared for different inlet parameters achieved by 
using different spiral casings. The NTNU spiral casing and spiral casing calculated by a new 
methodology suggested in Chapter 7 are used in case without (WR) and with runner behind the 
guide vanes. 
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Figure 5-16. Guide vane pressure distribution – comparison when using different inlet conditions 

From Figure 5-16 it can be noted that the new spiral casing design offers smaller guide 
vane loads since the pressure difference is lower when no runner is presented.  

   
Figure 5-17. Guide vane pressure distribution – comparison when using different inlet 

conditions, with a runner  

From Figure 5-17 it can be noted that almost same loads are exerted on the guide vane 
surface in the presence of a runner when using different spiral casings. However, further analysis 
should be done to make a firm conclusion even though it is shown that the spiral casing design is 
an influential parameter. 

Moreover, a comparison of the velocity distribution at guide vanes inlet circumference 
when using different spiral casing and no runner is made (Figure 5-18). 
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Figure 5-18. Guide vane inlet velocity distribution for different spiral casings used 

The comparison shows that more uniform flow is achieved in one zone in front of the 
guide vanes by using the new spiral casing design. 

5.3.2.2 Influence of stay vanes 

Guide vane loads also depend on their position in relation to the stay vanes which can be 
seen from the next graph where two neighbouring guide vanes have different pressure 
distribution (Figure 5-19). 

 
Figure 5-19. Pressure distribution of guide vanes with different position in relation to the stay vanes 
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5.3.3   Analysis of the runner blade position and variable speed influence on guide vane 
pressure distribution – quasi-steady conditions 

After choosing the initial boundary conditions – constant inlet velocity of 13.6 m/s and 
atmospheric pressure at the outlet, and turbulence model – k-ε, simulations are performed for 
steady 2D water flow through the turbine in case of a static runner and a rotating runner at 5 
different speeds. Numerical simulations are performed for several runner blade positions in 
relation to the guide vane to determine its influence on the pressure distribution.  

Results are compared for the following runner speeds: ω=0, ω =27.9 rad/s, ω =31.4 rad/s, 
ω =34.9 rad/s, ω =38.4 rad/s, and ω =41.9 rad/s, i.e. ±20% and ±10% in relation to the nominal 
runner speed ω =34.9 rad/s.  

5.3.3.1 Analysis of the runner blade position relative to the guide vane 

The runner blade passing from position α=0° when it is in line with the guide vane to 
position in line with the next guide vane. This passage is divided into 5 equal parts of 2.572° 
(Figure 5-20). 

 
Figure 5-20. Runner blade position relative to the guide vane in quasi-steady state 

For all positions, the pressure distribution on the guide vane pressure side is almost the 
same for different runner speeds. However, the suction side which is more affected from the 
runner rotation has different pressure distribution at different positions. For the first position (0°), 
the difference in the guide vane pressure distribution on the suction side starts from 0.6 of the 
guide vane length when the pressure starts to decrease with runner speed. For the second position 
(2.572°), there are two crossing points, at around 0.5 and 0.9 of the guide vane length where the 
pressure changes, i.e. it increases with runner speed increment (Figure 5-21).  
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Figure 5-21. Runner speed influence on guide vane pressure distribution at positions 0° and 

2.572° 

 

  
Figure 5-22. Runner speed influence on guide vane pressure distribution at positions 5.144° and 

7.716°° 

For position 5.144°, there is one crossing point at 0.6 of the guide vane length where the 
pressure starts changing with the runner speed as in the previous position. For position 7.716°, 
there are two crossing points, at 0,4 and 0,8 of the guide vane length in between which pressure 
decreases with runner speed, and afterwards it starts increasing with runner speed. For the last 
position 10.288°, pressure decrement with runner speed starts at 0.4 of the guide vane length 
(Figure 5-22, Figure 5-23). 
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Figure 5-23. Runner speed influence on guide vane pressure distribution at position 10.288° 

The analysis is done for different runner blade positions at constant runner speed (Figure 
5-24). 

  

  
Figure 5-24. Guide vane pressure distribution at different positions for constant runner speed 

It can be seen that the pressure distribution form is deforming more for higher runner 
speeds, especially on the guide vane suction side, on the half closer to the trailing edge.  
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5.4 Numerical modelling of unsteady flow through guide vanes at different 
runner speeds 

The numerical simulations are performed for the different runner speeds with a total 
pressure at the inlet which corresponds to the same discharge, i.e. inlet velocity of 13.6 m/s and 
atmospheric pressure at the outlet. The time step for each runner speed is selected to correspond 
to 1° runner rotation.  

The measuring points from the experimental investigation are used as monitoring points 
to obtain the values of pressure over time. In addition, the guide vane torque change is being 
monitored. This allows collecting data on the pressure and torque pulsations.  

5.4.1 Inlet conditions – guide vane inlet and outlet velocity variation 

The pulsations of velocity at guide vane inlet and outlet are first considered in the 
analysis. The root mean square (RMS) for guide vane inlet and outlet velocity at different runner 
speed is shown in Figure 5-25.  

 
Figure 5-25. Guide vane inlet and outlet velocity – RMS value for different runner speed 

The RMS value negligibly varies with the runner speed thus it can be stated that the water 
discharge remains constant. 

The peak-to-peak (PtP) values relative to the RMS values of guide vane inlet and outlet 
velocity as shown in Table 6 change with the runner speed in small limits, i.e. 0.037-0.0465% for 
guide vane inlet velocity and 0.08-0.116% for guide vane outlet velocity.  

Table 6. Peak-to-peak values of guide vane inlet and outlet velocity 

n PtP/RMS-v-in PtP/RMS-v-out 
ω (rad/s) (%) (%) 
41.9 0.041128609 0.079918785 
38.4 0.039678068 0.081028271 
34.9 0.037357276 0.093128486 
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31.4 0.036904217 0.107526782 
27.9 0.046520768 0.116066431 

 
In conclusion, according to the numerical results, the velocity can be taken as a constant 

parameter.  
The velocity amplitude changes with the runner speed – the amplitude decrement, 

frequency increment, and period decrement with increasing the runner speed is observed in 
Figure 5-26. 

 
Figure 5-26. Guide vane inlet and outlet velocity variation during time 

5.4.2 Guide vane torque pulsations 

The RMS value of the guide vane torque shows ±0.3 Nm variation compared to the 
torque at the nominal runner speed thus it can be stated that it is constant (Figure 5-27 left). 
However, the PtP value of torque is changing in the interval 8.6-15% with the runner speed 
(Figure 5-27 right).  

  
Figure 5-27. RMS and PtP values of torque at different runner speeds 

It can be concluded that the guide vane torque pulsations should not be neglected due to 
the difference compared to the RMS value and their change with the runner speed. According to 
this, parametrisation of torque variations in time would help in predicting these pulsations for 
certain input parameters. 

In order to parametrise the torque variation during time, a complete Fourier series with 
sines and cosines is used: 
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𝑑𝑑(𝑎𝑎) = 𝐴𝐴1 sin(𝑀𝑀𝑎𝑎) + 𝐵𝐵1 cos(𝑀𝑀𝑎𝑎) + 𝐴𝐴2 sin(2𝑀𝑀𝑎𝑎) + 𝐵𝐵2 cos(2𝑀𝑀𝑎𝑎) 5-5 

but reduced to: 

𝑑𝑑(𝑎𝑎) = 𝐵𝐵1 cos(𝑀𝑀𝑎𝑎) + 𝐴𝐴2 sin(2𝑀𝑀𝑎𝑎) 5-6 

where coefficients B1 and A2 are calculated by integration [61]: 

𝐵𝐵1 =
1
𝜋𝜋
� 𝑑𝑑(𝑎𝑎)𝑐𝑐𝑐𝑐𝑠𝑠(𝑀𝑀𝑎𝑎)𝑑𝑑𝑎𝑎
2𝜋𝜋

0

 
5-7 

𝐴𝐴2 =
1
𝜋𝜋
� 𝑑𝑑(𝑎𝑎)𝑠𝑠𝑠𝑠𝑠𝑠(2𝑀𝑀𝑎𝑎)𝑑𝑑𝑎𝑎
2𝜋𝜋

0

 
5-8 

For each runner speed, the coefficients are calculated using the numerical data (Figure 
5-28). 

  
Figure 5-28. A2 and B1 coefficients’ variation with runner speed 

Strouhal number is defined by: 

𝑆𝑆ℎ =
𝐿𝐿

𝑢𝑢 ∙ 1
𝑅𝑅𝑡𝑡

 
 
5-9 

 

including: 

- characteristic length L such as the guide vane length;  
- the peripheral velocity calculated as: 𝑢𝑢 = 𝑅𝑅1 ∙ 𝑀𝑀     [𝑚𝑚/𝑠𝑠]  - where 𝑅𝑅1 is the runner inlet, 

𝑀𝑀 �𝑟𝑟𝑎𝑎𝑑𝑑
𝑠𝑠
� is the runner angular velocity. 

- The theoretical period calculated as:  𝑅𝑅𝑡𝑡 = 2𝜋𝜋
𝑧𝑧∙𝜔𝜔

   [𝑠𝑠] where z is the number of runner 
blades.  

The following relations are then established: 
1

�𝐴𝐴2𝑠𝑠4,5
= 𝑘𝑘1𝑆𝑆ℎ 

 
5-10 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43

A
2

(N
m

)

n (rad/s)
-2.4

-2.2

-2

-1.8

-1.6

-1.4

-1.2
25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43

B 1
(N

m
)

n (rad/s)



90 
 

𝐵𝐵1
𝑠𝑠3

= 𝑘𝑘2𝑆𝑆ℎ 
 
5-11 

from where the coefficients A2 and B1 can be evaluated by using the linear equations 
(coefficients k1 and k2, respectively) for the known Strouhal number, as given in Figure 5-29. 

  
Figure 5-29. Calculating the coefficients A2 and B1 for a given Strouhal number 

Linearization of the frequency of the numerical model, calculated as reciprocal value of 
the period, i.e. 𝑓𝑓𝑎𝑎 = 1

𝑇𝑇𝑚𝑚
[𝐻𝐻𝑧𝑧], is established by the expression: 
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�𝑆𝑆ℎ
= 𝑓𝑓(
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) 
 
5-12 

 

where 𝑣𝑣𝑜𝑜𝑢𝑢𝑡𝑡[𝑚𝑚/𝑠𝑠] is the RMS value of guide vane outlet velocity and 𝑓𝑓𝑡𝑡[𝐻𝐻𝑧𝑧] is the theoretical 
frequency. 

The dependency is given in Figure 5-30. 
 

 
Figure 5-30. Relation between the theoretical and numerical model frequency 
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The calculation is confirmed by confirming alignment between torque variation in time 
obtained only from the numerical data and obtained both numerically and theoretically, as given 
in Figure 5-31 and Figure 5-32. 

 

 

 
Figure 5-31. Guide vane torque pulsation – comparison of numerical data and calculation for 

ω=27,9 rad/s, ω=31,4 rad/s and ω=34,9 rad/s 
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Figure 5-32. Guide vane torque pulsation – comparison of numerical data and calculation 

ω=38,4 rad/s and ω=41,9 rad/s 

The guide vane pressure distribution changes over time and, for same torque values, same 
or different pressure profile can be obtained. The analysis is given for different runner speeds – 
nominal and ±20%.  
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Figure 5-33. Torque of same values at 2 different time moments for runner speed ω=27.9 rad/s 

and corresponding pressure distribution comparison 

 
Figure 5-34. Torque of same values at 2 different time moments for runner speed ω=34.9 rad/s 

 
Figure 5-35. Comparison of pressure distribution for same guide vane torque at different time 

moment at runner speed ω=34.9 rad/s 
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Figure 5-36. Torque of same values at 2 different time moments for runner speed ω=41.9 rad/s 

 
Figure 5-37. Comparison of pressure distribution for same guide vane torque at different time 

moment at runner speed ω=41.9 rad/s 

Figure 5-33, Figure 5-34, Figure 5-35, Figure 5-36 and Figure 5-37 show that same 
values of guide vane torque can be achieved at different time moments, but the guide vane 
pressure distribution may not be the same. This can be attributed to a possible difference in the 
location of the acting point (line) of the resultant hydrodynamic force.  

5.4.3 Guide vane pressure pulsations  

Pressure change during time in the first (front) measuring point located on the leading 
edge (p1) and the last measuring points closest to the trailing edge on the pressure surface (GD 
p10) and suction surface (GB p10) for runner speed of 27,9 rad/s and 41,9 rad/s is presented in 
Figure 5-38 and Figure 5-39. 
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Figure 5-38. Pressure variation during time for runner speed of 27,9 rad/s 

 
Figure 5-39. Pressure variation during time for runner speed of 41,9 rad/s 

Pressure pulsations are lowers for the leading edge measuring point for both considered 
cases of runner speed, because of the higher distance of the guide vane leading edge from the 
runner. Larger pulsations are obtained at higher runner speed.  

Larger pressure pulsations are obtained on the guide vane suction side which is more 
affected by the runner rotation since the distance between them is higher. 

Pressure pulsations in the last measuring point on the pressure and suction side, 
respectively, at ±20% of the nominal speed are shown in Figure 5-40. 
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Figure 5-40. Pressure pulsations in measuring point 10 on pressure (left) and suction side (right) 

The amplitude and the frequency are higher with higher speed.  
For the front measuring point, guide vane pressure pulsations are shown in Figure 5-41 

which also have higher amplitude and frequency at higher runner speed.  

 
Figure 5-41. Pressure pulsations in the frontal measuring point (point 1) 

Figure 5-42 shows I percentage the PtP values relative to RMS value of pressure in 10 
measuring points on the guide vane pressure and suction side, respectively, at ±20% of the 
nominal speed.  
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Figure 5-42. PtP values relative to RMS value of pressure in the measuring points along the 

guide vane pressure (left) and suction (right) side 

Larger pressure changes on guide vane pressure side are noted at higher runner speed, 
dominant in the second half of the guide vane length. Pressure changers are increasing along the 
guide vane pressure side, while up until 45% of the guide vane length, pressure pulsations on the 
suction side are increasing along the guide vane length and are larger for higher runner speed.  

For higher runner speed, there is a local decrease of pressure pulsations from 45% to 70% 
of guide vane suction side length, then continuous increase till the trailing edge. For lower runner 
speed, there is a local increase of pressure pulsations from 45% to 75% of the guide vane length, 
then the pulsations are getting smaller  

5.4.4 Guide vane strength conditions 

The load forces Fy11 along the guide vane length for the cases of fluid flow analysed Iin 
Chapter 4 and Chapter 5 are given in Figure 5-43. Comparison of loads is performed for the next 
cases:  

- Solitary aerofoil 
- Aerofoil set in a cascade with higher relative pitch  
- Aerofoil set in a cascade with lower relative pitch 
- Guide vane - without runner  
- Guide vane - without runner, with newly designed spiral casing 
- Guide vane – with non-rotating runner  
- Guide vane with runner rotating at nominal runner speed 
- Guide vane with rotating runner and newly designed spiral casing  
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Figure 5-43. Јакостна состојба на лопатка во различни услови на опструјување 

The summarizing graph shows loads decrease by reducing the cascade pitch. The loads 
additionally decrease by setting a non-rotating runner behind the guide vanes. Using the newly 
designed spiral casing contributes for further loads decrease.  
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6 Guide vane strength analysis 

6.1 Interaction between a fluid and a solid 
In the guide vane cascades in hydraulic turbines, the phenomenon of interaction between 

the fluid - water and the solid surface (FSI) of the blade occurs. This phenomenon can be 
mathematically described by the equation of motion of a solid body: 

𝑚𝑚𝑠𝑠�̈�𝑥 + 𝑑𝑑𝑠𝑠�̇�𝑥 + 𝑘𝑘𝑠𝑠𝑥𝑥 = 𝐹𝐹(𝑎𝑎) 6-1 

where ms is the mass of the body, ds is the damping, ks is the stiffness of the body, F is the force 
acting on the solid body and x is the displacement, and with the fluid flow equation: 

𝜌𝜌 �
𝜕𝜕𝑣𝑣
𝜕𝜕𝑎𝑎

+ 𝑣𝑣 ∙ ∆𝑣𝑣� = −∇𝑝𝑝 + ∇ ∙ 𝑅𝑅 + 𝑓𝑓 
 

6-2 

where ρ is the density of the fluid, v is the velocity vector, p is the pressure, T is the tensor and f 
is the mass (volume) force acting on the fluid [6]. The equation for mass conservation is: 

𝜕𝜕𝜌𝜌
𝜕𝜕𝑎𝑎

+ ∇ ∙ (𝜌𝜌𝑣𝑣) = 0 
 

6-3 

For an incompressible fluid, the Navier-Stokes equations can be written as follows: 

𝜌𝜌 �
𝜕𝜕𝜌𝜌
𝜕𝜕𝑎𝑎

+ 𝑣𝑣 ∙ ∆𝑣𝑣� = −∇𝑝𝑝 + 𝜇𝜇∇2𝑣𝑣 + 𝑓𝑓 
 

6-4 

where tv ∂∂ /  indicates unsteadiness, p∇−  is a pressure gradient, and μ is a dynamic viscosity. 
The mass conservation equation can be reduced to: 

∇ ∙ 𝑣𝑣 = 0 6-5 

Understanding the occurrence of interaction between the water and the guide vane 
requires knowledge of the static loads of the blade under different operating conditions, i.e. at 
different openings of the guide vane system [30], [62], [63]. 

6.2 Influence of the axis of rotation on the guide vane torque and static loads  
Hydraulic turbines often operate outside the optimum point to meet current energy 

demand. Thus, the static loads on the guide vanes vary with changing operating conditions. The 
structural performance of Francis turbine guide vanes depends on the intensity of the 
hydrodynamic forces and the location of the axis of rotation. 

These two parameters affect the magnitude and direction of the hydraulic torque on the 
blade. The optimal position of the axis of rotation of the blade can be determined based on the 
criteria of achieving the least possible stresses and deformations. 

6.2.1 Three-dimensional numerical model of flow through guide vanes 

To determine the influence of the axis of rotation on the hydraulic moment at different 
operating conditions of the turbine and to select its appropriate position, a numerical analysis of 



100 
 

the Francis-99 turbine model was performed, maintaining the geometry of the spiral casing, stay 
vanes, runner, and diffuser, but replacing the conductive blades with the blade shape for which 
the experimental and numerical studies in this dissertation were performed. The three-
dimensional numerical model is shown in Figure 6-1. 

 
Figure 6-1. 3D numerical model of a turbine 

Total inlet pressure and outlet pressure are used as boundary conditions. Spatial 
stationary flow is considered, using the Frozen Rotor approach to take runner rotation into 
account. The simulations are performed at the same runner speed n = 333.33 min-1. The results 
obtained from 6 different openings of the guide vanes are analysed, starting from the closed 
position (Figure 6-2, left) to its maximum opening (Figure 6-2, right). The subject of analysis is 
blade No. 1 through which the vertical axis shown in Figure 6-2 passes. 

 
Figure 6-2. Closed position (left) and maximum opening of the guide vanes (right) 

6.3 Influence of the guide vane axis of rotation on the torque  
Nine (9) positions of the axis of rotation of the guide vane were analysed, all chosen to lie 

on the camber line of the hydrofoil (Figure 6-3), starting from the initial point P0 to 25% of the 
length of the chord. 
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Figure 6-3. Analysed positions of the guide vane rotation axis 

For each guide vane opening (represented as a percentage of the maximum openness 
amax) the change of the intensity and the direction of the moment of the blade is obtained 
depending on the position of its axis of rotation (Figure 6-4).  

 
Figure 6-4. Variation of the blade torque by changing the position of the axis of rotation, for different 

openings of the guide vanes 

The position of the axis of rotation is represented relative to the maximum length (of the 
chord) of the blade. The torque is also expressed in relation to the greatest torque that appears for 
the considered openness. The dependence is linear, since, for a specific openness of the guide 
vanes, the size and direction of the force remain the same, and, by changing the position of the 
axis, the distance to the acting line of the force changes. It can be seen that the maximum 
opening moments (negative sign) for any location on the axis of rotation are obtained in the 
closed position of the guide vanes, and they decrease with increasing a0 aperture. Closing 
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moments (positive sign) for the same axis of rotation are increased by opening the guide vanes. 
The intersection of each line with the apsis give the rotation point for which the torque is zero, 
i.e. through which the resultant forces passes for a certain opening. According to this, the 
resultant force acts between 52% and 63% of the guide vane length.  

The change of the moment with opening of the guide vanes shows a different trend 
depending on the position of the axis of rotation (Figure 6-5). For axes of rotation that are up to a 
maximum of 40% of the chord length (points P1, P2, P0, P3, and P4), there is only an opening 
moment, i.e. self-closing of the guide vanes would not be ensured. 

 
Figure 6-5. Variation of the blade torque by opening the guide vanes, at different axes of rotation 

At the same time, the extreme moment that occurs in the closed position for these points, 
as well as the extreme moment that occurs in this case at the opening that corresponds to the 
optimal operating mode of the turbine (a0/amax = 0.6), are higher compared to the extremes that 
are obtained for the other axes of rotation. 

For axes located in the zone after 65% of the chord length (points R7 and R8), self-
closing is achieved, but the extreme moments are greater. Applying point P5 as the axis of 
rotation gives smaller extreme moments (except in the closed position), not self-closing, but 
approximately zero moment at larger openings. The desired trend of changing the moment by 
opening the guide vanes would be closest to the point P6 located on the guide vane camber-line, 
at 60% of the length of the chord. In this case, the moment in closed guide vanes is lower in 
intensity, and, with a small openness, a moment of zero is achieved. 

With further opening of the guide vanes, the torque increases in the closing direction and 
reaches the maximum value at the optimal operating point. Until the maximum opening of the 
blades, the moment gradually decreases with the same sign (closing) and approaches the value of 
zero. 
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6.3.1 Selection of guide vane rotation axis position 

Previous analyses of the impact of the rotation axis position show that the optimal axis is 
located between points P5 and P6, closer to point R6 due to the conditions it provides - smaller 
extreme moments and a tendency to self-closing. On the other hand, it can be seen that these 
conditions are achieved when by selecting the point of rotation a zero moment is achieved at a 
lower opening of the guide vanes. Therefore, two approaches are presented for selecting the 
appropriate position of the axis of rotation. 

6.3.1.1 Selection of the rotation axis position based on the equalisation of the extreme moments 
acting on the blade 

Having the values of the moments at different openings of the guide vanes for the axes of 
rotation P5 and P6 between which the optimal position is expected, there is an intersection 
between the lines of the extremes, i.e. one line obtained from the moments acting on the blade in 
the closed position (first extreme) and the second line obtained from the moments of openness 
0,6amax (second extreme observed for the optimal operating point), for the two selected axes of 
rotation (Figure 6-6). 

 
Figure 6-6. A point of rotation for which extreme moments of the same order of magnitude would be 

obtained 

To achieve approximately the same extreme values of the moments (in the closed 
position and in the optimal openness), the axis of rotation should be positioned on the camber-
line, at 57.8% of the length of the chord (x-coordinate). Extreme moments of ± 1.36 Nm are 
obtained. This point of rotation achieves smaller moments at all openings of the guide vanes 
(compared to those obtained at all other points of rotation considered), except in the closed 
position. This idea of equal extreme moments magnitude is suggested by Nechleba [48] as 
presented in Figure 3-17 and also implemented by Muntean et al. [23].  
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6.3.1.2 Selection of the rotation axis position based on the achievement of a zero moment at a 
small opening of the guide vanes 

A model for calculating the blade rotation point coordinates was developed which would 
provide zero moment at low opening of the guide vanes, which, according to the previous 
analysis of numerically obtained results, will cause a tendency to self-closing with increasing 
openness, as well as generally smaller moments at different working conditions. 

The intensity of the total (resultant) force FR acting on the blade at a small opening of the 
guide vanes (assuming the case 0.2amax) is calculated through its components along the x-axis Fx 
and on the y-axis Fy: 

𝐹𝐹𝑅𝑅 = �𝐹𝐹𝑑𝑑2 + 𝐹𝐹𝑦𝑦2      [𝑁𝑁] 
 

6-6 

The direction of the resultant force is determined by the angle θ with the vertical: 

𝜃𝜃 = 𝑎𝑎𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎
𝐹𝐹𝑑𝑑
𝐹𝐹𝑦𝑦

    [°] 
 

6-7 

The torque acting on the blade around the axis passing through the coordinate origin 
(parallel to the blade height) M0 is used to calculate the normal distance between the acting line 
of the resulting force and the vertical axis through the coordinate origin: 

𝑙𝑙0 =
𝑑𝑑0

𝐹𝐹𝑅𝑅
        [𝑚𝑚] 

 
6-8 

A linear equation can be defined that mathematically describes the acting line of the 
resultant force acting on the considered guide vane in the given coordinate system for the 
numerical model: 

𝑦𝑦 = 𝑐𝑐𝑎𝑎𝑎𝑎𝜃𝜃 ∙ 𝑥𝑥 +
𝑙𝑙0
𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃

 
 

6-9 

The camber-line of the hydrofoil–guide vane is represented by a second-order polynomial 
with coefficients kf1, kf2 kf3: 

𝑦𝑦 = 𝑘𝑘𝑓𝑓1𝑥𝑥2 + 𝑘𝑘𝑓𝑓2𝑥𝑥 + 𝑘𝑘𝑓𝑓3 6-10 

for the given coordinate system and for the position of the considered blade in space. 
The intersection of the two curves defines a point of rotation for which a moment zero 

would be achieved, i.e. the point through which the acting line of force passes (l0 = 0, then M = 
0), shown in Figure 6-7. 
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Figure 6-7. Point of rotation for which a moment M = 0 would be achieved at a small opening 

6.3.1.3 Comparison of results using two approaches for rotation axis position selection 

Applying the first approach gives a point popt2, and applying the second approach a 
point Popt, in the zone between points P5 and P6 (Figure 6-8). The first approach gives a more 
favourable state of changing moments by opening the guide vanes as it achieves a lower 
(extreme) moment at the optimal operating point and smaller moments at different openings, 
although at the expense of increasing the moment acting on the guide vane in a closed position. 
The two extreme moments are approximately equal in magnitude. The second approach achieves 
the required trend of changing the moment of the blade with the openness, but the intensity of the 
values is higher, which indicates that by setting a criterion for obtaining a zero moment at a 
greater openness than the given (0.2amax) the situation could be obtained as in the first 
approach. 

 
Figure 6-8. Variation of the moment with the opening of the guide vanes in the newly acquired 

blade rotation axis positions by applying two approaches 
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Using the second approach for guide vane pivot axis rotation, 15% lower torque at the 
opening corresponding to BEP is achieved, while first approach gives 25% torque decrement, 
compared to the point P6. Although the first approach gives more accurate results in selecting the 
optimal position of the rotation axis, the second approach would be more practical to apply - 
after redefining the openness that requires zero moment - due to the direct calculation and the 
possibility of implementation in CFD and FEA software. 

6.3.2 Impact of rotation axis on the guide vane static loads 

The provided methods of calculating rotation axis position are aimed at obtaining the 
lowest possible stresses and deformations of the guide vane. Prediction of blade strength 
behaviour can be performed by simulating the interaction between fluid and solid surface, using 
numerically calculated hydrodynamic forces to solve equations of solid body mechanics [64] 
[65]. 

Using software based on the finite element method, the impact of changing the position 
of the rotation axis on the stress distribution and deformation of the guide vane is analysed. The 
already obtained optimal position of the axis of rotation through the first approach is used and 
compared to points P5 and P6, as well as the original point P0. For that purpose, a numerical 
model of a guide vane with a shaft and bearings has been developed, which is tested using the 
finite element method.  

6.3.2.1 Numerical model of guide vane for strength analysis 

To develop the numerical model, the previously considered guide vane is used, and a 
shaft is added to obtain a more accurate strength analysis. A model shaft is used according to the 
model in the NTNU Hydropower Laboratory. 

The number of cells in the numerical grid is selected after conducting a mesh 
independence test of the numerical solution (Figure 6-9). 

 
Figure 6-9. Test for the independence of the numerical solution from the grid 

0

50000

100000

150000

200000

250000

300000

350000

0 50000 100000 150000 200000 250000 300000 350000 400000 450000 500000 550000

M
ax

im
um

 V
on

-M
ise

s 
St

re
ss

 (P
a)

No. of cells (-)



107 
 

All simulations are performed with the same type of grid, with about 200,000 cells. The 
boundary conditions used are: fixed support (support D) and frictionless support (supports F and 
E), shown in Figure 6-10. 

 
Figure 6-10. Boundary conditions (left) and numerical grid (right) 

The variable load, i.e. the pressure distribution obtained from the CFD simulations of the 
water flow through the guide vanes is transferred to the solid surface of the blade to perform the 
strength analysis.  

6.3.2.2 Comparison of strength analyses results 

The state of stresses and deformations is obtained for a shaft blade whose axis is 
positioned through points P0, P6, and Popt, respectively. The strength analyses refer to the guide 
vanes openness which corresponds to the optimal operating point where the second extreme 
moment is observed. The stress distribution of the blade (Figure 6-11) shows a decrease in the 
value of the maximum stress by changing the shaft axis from the initial position P0 to position 
P6, which in previous analyses indicated a lower moment in the optimal opening on the guide 
vanes. The maximum stress is further reduced by changing the shaft position from point P6 to 
point Popt determined by the criterion for obtaining extreme moments of the same magnitude. In 
all three cases, the critical zones are the contact surfaces of the blade with the shaft.  

Figure 6-12 shows the total deformation of the blade for the three positions on the shaft 
axis. The value of maximum deformation is higher for the initial pivot axis P0 compared to the 
axis P6 and Popt. Moving the pivot axis from P6 to Popt gives 28% lower value of the maximum 
deformation.  
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Figure 6-11. Distribution of stresses in the guide vane for different positions of the shaft 

   
Figure 6-12. Deformations of guide vanes for different positions of the shaft axis 

6.4 Influence of variable speed on static loads of the blade 
Using the three-dimensional model, simulations were performed at different runner 

speeds, ± 20% of the nominal speed. It can be noticed that pressure profiles are obtained that 
differ in shape and intensity, which is especially pronounced on the guide vane suction side 
which is more exposed to the impact of the presence of the runner. According to the results, the 
pressure on the back surface increases with the number of revolutions which gives higher 
pressure difference between the guide vane surfaces. Consequently the guide vane torque 
increases with runner speed rise (Table 7). In this case, the torque at the nominal speed is 1.25% 
smaller than at +20% of the nominal speed, and 1,45% higher than at -20% of the nominal speed. 
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Figure 6-13. Pressure profiles at different rotational speeds 

Table 7. Guide vane torque for different runner speed 

Runner speed 
n (rad/s) 

Guide vane torque 
M (Nm) 

27.9 -7.516 
34.9 -7.609 
41.9 -7.72 

After transferring the pressure distribution to the guide vane, at different rotational 
speeds, an analysis was performed with the FEA method at the same axis of rotation. It can be 
concluded that in this case the value of the maximum stress and the maximum total deformation 
increase with the number of revolutions rise. The maximum stress at the nominal speed is 1.43% 
smaller than at +20% of the nominal speed, and 1,21% higher than at -20% of the nominal speed. 
The maximum total deformation at the nominal speed is 1.27% smaller than at +20% of the 
nominal speed, and 1,51% higher than at -20% of the nominal speed. 

 

 

 

Figure 6-14. Guide vane stress distribution for different rotational speeds 
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Figure 6-15. Deformations of the guide vane at different rotational speeds 

6.5 Automated software implementation 
To determine the position of the axis of rotation, the calculation described above for 

achieving zero moment at low aperture is implemented in MATLAB and ANSYS Workbench. 
The shape of the guide vane is defined in MATLAB by equations of the upper and lower 
contours. 
By applying transformations (translations and rotations), the position of the blade in the 
coordinate system is obtained. MATLAB code has been adapted to be called by a Python script 
and to communicate with ANSYS Workbench. MATLAB script is created as a function with 
extension * .m that can receive input parameters and give output parameters - output parameter = 
function (input parameter). 

A function is used to write the coordinates of the blade in a txt file, which is needed to 
generate the geometry in SpaceClaim. Thanks to the ability to script in ANSYS Workbench, it is 
possible to automate the process of generating geometry and numerical calculation. The 
connection between the two software is realised through the External Connection module 
through xml script. The connection between the input and output parameters is created with the 
parameter set in the ANSYS Workbench [66]. 

By positioning the blade for a small opening relative to the initial axis of rotation, the 
required coefficients that define the camber-line of the hydrofoil can be calculated. By 
automating the process of generating the guide vane geometry, numerical mesh and simulations, 
and extracting moment and force as output parameters, the coordinates of the point of rotation 
can be defined. 
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Figure 6-16. Tool for determining the axis of rotation based on the second approach 
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7 Spiral casing hydraulic design 

7.1 Introduction 

7.1.1 Spiral casing in hydraulic turbines 

The water intake and the penstock in a hydraulic turbine deliver the flow entering the 
spiral casing. Spiral casing is a reaction turbine component that ensures water inflow and even 
distribution of water in front of the stay vanes. It guides the water at optimal angle from the stay 
vanes through the guide vanes into the runner for effective utilisation of the available kinetic 
energy. The spiral casing directs the water in the stay vanes giving it a tangential velocity 
component thus providing certain momentum of the water striking the runner blades.  
Despite decreasing the water flow rate along the stay vane perimeter, the spiral casing maintains 
uniform velocity and pressure distribution of the water at the stay vane inlet. This is obtained by 
the gradual diameter decrement of the spiral. Because of the even water distribution in front of 
the runner ensured by the spiral casing, the turbine is efficiently used for the given flow rate.  
Moreover, the uniform pressure distribution along the stay ring periphery contributes for the 
minimisation of loads since radial forces acting on the runner are almost zero [44]. In order to 
achieve a proper functioning of the spiral casing, its cross-sections must fulfil certain 
requirements. The sectional area of the spiral chamber decreases in the flow direction.  

7.1.2 Brief literature review of previous scientific research in the area of spiral casing 
design  

The understanding of the flow in the spiral casing is very important and it can be gained 
through a numerical analysis performed by means of CFD software. Dahal D. R. et al. 
numerically analysed free-vortex types of spiral casings with circular, trapezoidal, and square 
cross-section. The aim was to find the best casing configuration for a micro Francis turbine 
which gives minimal pressure loss and provides required inflow conditions for stay vanes. An 
iterative process is used to design the spiral casing so that previously defined inlet velocity of 
stay vanes is obtained. Comparisons were made based on the distribution of pressure and radial 
and tangential velocity. It was concluded that reducing the casing dimension in the radial 
direction without change in the section area does not significantly affect the radial velocity. The 
observation was made that trapezoidal configuration is most appropriate for such applications 
[67]. Shrestha and Choi [68] numerically optimised the spiral casing shape using response 
surface methodology (RSM) and multi-objective genetic algorithm. Improvement of the stay 
vane inlet conditions is shown by the optimal design. Nakkina et al. [69], [70] numerically 
investigated fluid flow characteristics of accelerated, free-vortex, and decelerated types of spiral 
casings with different aspect ratios to obtain optimal design regarding spiral velocity coefficient, 
total pressure loss, and average radial velocity. Desai et al. [71] compared the hydraulic 
performance of spiral casings with circular and elliptical cross-sections, respectively, designed 
for high-head Francis turbines. The CFD-based analysis showed better radial velocity 
distribution, less flow separation, higher efficiency, smaller head drop and smaller velocity, and 
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total pressure loss of the elliptical configuration. Kurokawa and Nagahara [72] investigated the 
behaviour of accelerated, free-vortex, and decelerated spiral casing type with circular sections 
and found out that the decelerated type shows best performance. In addition, they concluded that 
optimal configuration can be achieved by reducing the tangential velocity. Other authors, such as 
Maji and Biswas [73], studied only free-vortex type of spirals with circular cross-sections to 
numerically obtain the pressure and velocity distribution and secondary flow behaviour.  
In order to find an optimal spiral casing configuration or to make a hydraulic redesign of an 
existing spiral, different geometries can be tested or numerical optimisation techniques can be 
applied. In both cases, parametrisation of the spiral casing complex geometry can be introduced 
by defining the Francis turbine spiral casing with a certain number of parameters. A new 
methodology of Francis turbine spiral casing hydraulic design is proposed based on the free-
vortex law and Archimedes central spiral line. The spiral casing performance is determined by a 
CFD analysis. 

7.2 Spiral casing hydraulic design methodology  

7.2.1 Calculation methodology 

The first requirement of a spiral casing to uniformly distribute the water flow along the 
guide vane circumference implies that the discharge through a meridional section of the spiral 
casing determined by the angle φ is: 

𝑄𝑄𝜑𝜑 = 𝑄𝑄
𝜑𝜑

360°
   

7-1 

where Q [m3/s] is the total discharge through the spiral casing and φ [°] is the wrapping angle 
measured from the end of the spiral tooth [74]. 

7.2.1.1 Inlet section 

The design procedure starts from the inlet section defined by the coverage angle φcov, the 
inlet water flow rate Qin and the inlet peripheral velocity vuin  (Figure 7-1 left).  
The coverage angle is defined as the angle enveloped between the inlet section of the spiral case 
and the end of the spiral tooth. The angle of the spiral tooth is taken as φs.t.=15°, so the coverage 
angle is: 

𝜑𝜑𝑐𝑐𝑜𝑜𝑣𝑣 = 360° −  𝜑𝜑𝑠𝑠.𝑡𝑡. = 345° 7-2 

The discharge at the spiral inlet section is calculated as: 

𝑄𝑄𝑖𝑖𝑛𝑛 = 3𝑄𝑄
𝜑𝜑𝑐𝑐𝑜𝑜𝑣𝑣
360°

 7-3 

The inlet peripheral velocity can be determined based on two approaches. The first one is 
according to the turbine net head Hn by the expression [75]: 

𝑣𝑣𝑢𝑢,𝑖𝑖𝑛𝑛 = 1,93 ∙ 𝐻𝐻𝑛𝑛0.33 7-4 
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used for steel spiral casings with prototype dimensions (Figure 7-1 right). 

    

Figure 7-1. a) Basic parameters of spiral casing; b) Dependence of spiral casing inlet 
velocity on turbine net head 

The latter is by presetting the direction of the stay vanes inlet velocity vsv,in defined by 
the stay vanes inlet angle αsv,in to be coincided with the outlet angle of the spiral streamline αspo: 

𝑎𝑎𝑎𝑎𝑠𝑠𝑐𝑐𝑠𝑠𝑝𝑝𝑜𝑜 =
𝑣𝑣𝑟𝑟,𝑠𝑠𝑝𝑝𝑜𝑜

𝑣𝑣𝑢𝑢,𝑠𝑠𝑝𝑝𝑜𝑜
  

7-5 

By setting a value for αspo between 26° and 34°, the peripheral velocity at the spiral case 
inlet section is taken as: 

𝑣𝑣𝑢𝑢,𝑖𝑖𝑛𝑛 = 𝑣𝑣𝑢𝑢,𝑠𝑠𝑝𝑝𝑜𝑜 =
𝑣𝑣𝑟𝑟,𝑠𝑠𝑝𝑝𝑜𝑜

𝑎𝑎𝑎𝑎𝑠𝑠𝑐𝑐𝑠𝑠𝑝𝑝𝑜𝑜
  

7-6 

where vr,spo is the radial velocity at spiral outlet calculated as: 

𝑣𝑣𝑟𝑟,𝑠𝑠𝑝𝑝𝑜𝑜 =
𝑄𝑄

𝐷𝐷𝑠𝑠𝑝𝑝𝑜𝑜𝜋𝜋𝐵𝐵𝑠𝑠𝑣𝑣
 

 
7-7 

for a given stay ring inlet diameter Dsvi and stay vane height Bsv  (Figure 7-2).  

 

Figure 7-2. Calculating the spiral casing inlet section velocity 

The spiral casing consists of circular and eliptical sections. The circle or elipse is 
vertically cut with height denoted as t that changes along the spiral outlet periphery.  

vu,in = 1.93Hn
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The area of the inlet section is then: 

𝐴𝐴𝑎𝑎𝑓𝑓,𝑖𝑖𝑛𝑛 =
𝑄𝑄𝑖𝑖𝑛𝑛
𝑣𝑣𝑢𝑢,𝑖𝑖𝑛𝑛
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for which a radius of a full circle can be found: 

𝑑𝑑𝑖𝑖𝑛𝑛0 = �𝐴𝐴𝑎𝑎𝑓𝑓,𝑖𝑖𝑛𝑛

𝜋𝜋
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For a given value of spiral height at inlet section tin  > Bsv, the angle αin0 can be calculated 
as: 

𝑐𝑐𝑖𝑖𝑛𝑛,0

2
= 𝑎𝑎𝑑𝑑𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠

𝑎𝑎𝑖𝑖𝑛𝑛
2𝑑𝑑𝑖𝑖𝑛𝑛0

  
7-10 

The area of the cut circle is determined: 

𝐴𝐴𝑎𝑎𝑓𝑓0 = 𝑑𝑑𝑖𝑖𝑛𝑛02[𝜋𝜋 �1 −
𝑐𝑐𝑖𝑖𝑛𝑛,0

360
� + 𝑠𝑠𝑠𝑠𝑠𝑠

𝑐𝑐𝑖𝑖𝑛𝑛,0

2
𝑐𝑐𝑐𝑐𝑠𝑠

𝑐𝑐𝑖𝑖𝑛𝑛,0

2
]  

7-11 

The last two equations are used to find the radius of the inlet cut circle rin>rin0 whose 
effective area is equal to the calculated area of the inlet section Aef,in, taking rin0 as an initial 
value.  

7.2.2 Basics of the hydraulic design 

The spiral casing hydraulic design is developed based on the Archimedean spiral 
equation and the law of constant moment of velocity.  

The general equation of the Archimedean spiral is applied to the spiral casing central line 
which connects the centres of the circles and/or ellipses. Calculating the distance from the centre 
of the inlet section cut circle to the stay vane inlet as follows: 

𝑚𝑚𝑖𝑖𝑛𝑛 = �𝑑𝑑𝑖𝑖𝑛𝑛2 − (
𝑎𝑎𝑖𝑖𝑛𝑛
2

)2 
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we can determine the location of inlet section circle centre in relation to the turbine axis: 

𝑅𝑅𝑎𝑎,𝑖𝑖𝑛𝑛 = 𝑅𝑅𝑠𝑠𝑣𝑣𝑖𝑖 + 𝑚𝑚𝑖𝑖𝑛𝑛 7-13 

Taking into account that the inlet centre lies on the central line defined by Archimedean 
spiral, its coefficient can be expressed as: 

𝑎𝑎 = (
𝑅𝑅𝑎𝑎,𝑖𝑖𝑛𝑛

𝑅𝑅𝑠𝑠𝑣𝑣𝑖𝑖
− 1)

360
𝜑𝜑𝑐𝑐𝑜𝑜𝑣𝑣

 
 

7-14 

where 
2
svi

svi
DR = . 

For the rest of the sections defined by angle φ, the radii of the spiral central line are as 
follows: 
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𝑅𝑅𝑎𝑎𝜑𝜑 = 𝑅𝑅𝑠𝑠𝑣𝑣𝑖𝑖 + 𝑎𝑎𝑅𝑅𝑠𝑠𝑣𝑣𝑖𝑖
𝜑𝜑

360
 7-15 

while the distance from the centre of the respective section to the stay vane inlet is: 

𝑚𝑚𝜑𝜑 = 𝑅𝑅𝑎𝑎𝜑𝜑 − 𝑅𝑅𝑠𝑠𝑣𝑣𝑖𝑖 7-16 

The free vortex type of spiral casing is chosen, which follows the law of constant moment 
of velocity applied at the central line: 

𝑣𝑣𝑢𝑢𝜑𝜑𝑅𝑅𝑎𝑎𝜑𝜑 = 𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑎𝑎 7-17 

where vuφ is the peripheral velocity at a given section of the spiral determined by angle φ and 
evaluated in a point at a distance rφ from the spiral case axis (i.e. turbine axis).  

Applying the law at the spiral case inlet section, the constant c is determined: 

𝑐𝑐 = 𝑣𝑣𝑢𝑢𝑖𝑖𝑛𝑛𝑅𝑅𝑎𝑎,𝑖𝑖𝑛𝑛 7-18 

and used to find the velocity at each section: 

𝑣𝑣𝑢𝑢𝜑𝜑 =
𝑐𝑐

𝑅𝑅𝑎𝑎𝜑𝜑
 7-19 

7.2.2.1 Calculation of sections 

The area of a certain section at angle φ, required to provide the discharge Qφ is: 

𝐴𝐴𝑎𝑎𝑓𝑓𝜑𝜑 =
𝑄𝑄𝜑𝜑
𝑣𝑣𝑢𝑢𝜑𝜑
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Assuming each section is a cut circle, the minimal value of its radius and angle would be: 

𝑑𝑑𝜑𝜑,𝑎𝑎𝑖𝑖𝑛𝑛 = �𝑚𝑚𝜑𝜑
2 + (

𝐵𝐵𝑠𝑠𝑣𝑣
2

)2 
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and 
𝑐𝑐𝜑𝜑,𝑎𝑎𝑖𝑖𝑛𝑛

2
= 𝑎𝑎𝑑𝑑𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠

𝐵𝐵𝑠𝑠𝑣𝑣
2𝑚𝑚𝜑𝜑
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respectively.  
The minimal required area of the respective section is then calculated as: 

𝐴𝐴𝜑𝜑,𝑎𝑎𝑖𝑖𝑛𝑛 = 𝑑𝑑𝜑𝜑,min 
2 [𝜋𝜋 �1 −

𝑐𝑐𝜑𝜑,min

360
�+ 𝑠𝑠𝑠𝑠𝑠𝑠

𝑐𝑐𝜑𝜑,min

2
𝑐𝑐𝑐𝑐𝑠𝑠

𝑐𝑐𝜑𝜑,min

2
] 7-23 

If Aefφ > Aφ,min, the section shape is circular (Figure 7-3 left). An initial value of the 
circle radius is calculated: 

𝑑𝑑𝜑𝜑0 = �𝐴𝐴𝑎𝑎𝑓𝑓𝜑𝜑
𝜋𝜋

 
 

7-24 
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The starting value of the angle αφ can then be calculated: 

𝑐𝑐𝜑𝜑0
2

= 𝑎𝑎𝑑𝑑𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠
𝑚𝑚𝜑𝜑

𝑑𝑑𝜑𝜑0
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The area of the cut circle with initial parameters is: 

𝐴𝐴𝑎𝑎𝑓𝑓0 = 𝑑𝑑𝜑𝜑0 
2 [𝜋𝜋 �1 −

𝑐𝑐𝜑𝜑0
360

� + 𝑠𝑠𝑠𝑠𝑠𝑠
𝑐𝑐𝜑𝜑0

2
𝑐𝑐𝑐𝑐𝑠𝑠

𝑐𝑐𝜑𝜑0
2

]  
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The last two equations are used to find the value of the angle αφ for the previously 
determined area Aefφ of the section considered. The section height is: 

𝑎𝑎𝜑𝜑 = 2𝑚𝑚𝜑𝜑𝑎𝑎𝑎𝑎𝑠𝑠
𝑐𝑐𝜑𝜑
2
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while the radii of the circular sections can be calculated as: 

𝑑𝑑𝜑𝜑 = �𝑚𝑚𝜑𝜑
2 + (

𝑎𝑎𝜑𝜑
2

)2 
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If Aefφ <Aφ,min, the section shape is elliptical (Figure 7-3 right). For a height tφ’ smaller 
than the heght of the last circle, the angle of the ellipse at the section considered θφ and the 
distance r φ’ are calculated as follows: 

𝜃𝜃𝜑𝜑 = 𝑎𝑎𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎𝑠𝑠
𝑚𝑚𝜑𝜑

𝑎𝑎𝜑𝜑′ /2
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𝑑𝑑𝜑𝜑′ = �𝑚𝑚𝜑𝜑
2 + (

𝑎𝑎𝜑𝜑′
2

)2 
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Applying the equations for an ellipse, the major axis ael is expressed with: 

𝑎𝑎𝑎𝑎𝑙𝑙 =
�−𝑘𝑘1 + �𝑘𝑘2

2 − 4𝑘𝑘1𝑘𝑘3
2𝑘𝑘1
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where 2
1 )sin'( θπϕrk = , 2

2 ϕefAk −=  and 2
3 )cos'( θπϕrk = . 

The half ellipse which is cut has a minor axis bel: 

𝑎𝑎𝑎𝑎𝑙𝑙 =
𝐴𝐴𝑎𝑎𝑓𝑓𝜑𝜑
𝑎𝑎𝑎𝑎𝑙𝑙𝜋𝜋
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while the other half has a corrected value of bcor so that the required effective area of the section 
can be achieved.  

The area of the part of the ellipse defined by the angle θφ  is calculated as: 

𝐹𝐹 =
𝑎𝑎𝑎𝑎𝑙𝑙𝑎𝑎𝑎𝑎𝑙𝑙

2
[𝜃𝜃 − 𝑎𝑎𝑑𝑑𝑐𝑐𝑎𝑎𝑎𝑎𝑠𝑠

(𝑎𝑎𝑎𝑎𝑙𝑙 − 𝑎𝑎𝑎𝑎𝑙𝑙)𝑠𝑠𝑠𝑠𝑠𝑠2𝜃𝜃
𝑎𝑎𝑎𝑎𝑙𝑙 + 𝑎𝑎𝑎𝑎𝑙𝑙 + (𝑎𝑎𝑎𝑎𝑙𝑙 − 𝑎𝑎𝑎𝑎𝑙𝑙)𝑐𝑐𝑐𝑐𝑠𝑠2𝜃𝜃

] 
 

7-33 
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The area of the other part of the ellipse has an area: 

𝐴𝐴𝑐𝑐𝑜𝑜𝑟𝑟 = 𝐴𝐴𝑎𝑎𝑓𝑓(2𝐹𝐹 + 𝑚𝑚𝜑𝜑
𝑎𝑎𝜑𝜑′
2

) 
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Then, the value of the minor axis for the new ellipse would be: 

𝑎𝑎𝑐𝑐𝑜𝑜𝑟𝑟 =
2𝐴𝐴𝑐𝑐𝑜𝑜𝑟𝑟
𝑎𝑎𝑎𝑎𝑙𝑙𝜋𝜋
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Figure 7-3. a) Geometry parameters of a circular cross-section, b) Geometry parameters 
of an elliptical cross-section 

7.3 Validation of the spiral casing hydraulic design 
Validation of the calculation methodology and achievement of the required performance is 

made by numerically testing a low specific speed Francis turbine. A suggested redesign of the 
spiral casing of the Francis-99 turbine model in the Waterpower Laboratory is done. The 
parameters in Table 8 are used.  

Table 8. Spiral casing parameters 

Discharge Q (m3/s) 0,2 m3/s 

Net head Hn (m) 11,4 m 
Stay vane inlet diameter Dsvi (m) 0,98 m 
Coefficient of spiral casing outlet increment Cspo (-) 1,05 
Stay vane height Bsv (m) 0,06 m 
Spiral casing outlet streamline angle αspo (°) 30° 

 
Since this is a turbine model, the expression for calculating the peripheral velocity 

according to the net head is not used. Furthermore, new stay vanes are introduced, so the 
peripheral velocity at the spiral casing outlet is chosen to be coincident with the stay vane inlet 
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velocity direction defined by the stay vane inlet angle, i.e. the spiral casing outlet streamline 

angle αspo, 
spo

spor
spouinu

v
vv

αtan
,

,, ==  

Geometry configuration of spiral casing is given in Figure 7-4 where the contours of the spiral 
casing diameter, the central spiral line by the radius Rmφ changing with the angle φ and the outer 
contour with radius Raφ= Rmφ+rφ  changing with the angle φ. 

 
Figure 7-4. Geometry of new design of spiral casing 

Design control is performed by confirming the continuous change of he outer radius, the 
radius of the circular sections and the height of the sectiong depending on the angle φ, given in 
Figure 7-5.  

 
Figure 7-5. Change of Ra, r and t along the angle φ 

Steady three-dimensional water flow through the spiral casing and stay ring with The 
number of stay vanes is Zsv = 14 stay vanes is modelled and simulated applying mass flow rate as 
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inlet boundary condition. The three-dimensional model is built in the CFD software where a 
numerical fluid flow model is developed (Figure 7-6). 

 

 
Figure 7-6. 3D geometry model of spiral casing 

Velocity distribution in the spiral casing and at certain cross-sections is presented in Figure 7-7. 

 

 

 

 

φ=15° 
φ=345° 

 

a) b) 

Figure 7-7. Velocity distribution in spiral casing (a) and at different cross-sections (b) 

The uniformity of the distributed flow through the spiral casing sections is confirmed by 
the linear change of the discharge Q with the wrapping angle φ. A comparison of the theoretical 
values of the discharge for every section Qφ with the numerically obtained values is made 
(Figure 7-8).  

From the inlet section to the section at φ=120°, the deviations from the theoretical 
discharge is maximum ±2.2%, while from sections in the interval from φ=105° to φ=75° is 4.2%. 
The relative error is approximately 8% in sections at φ=60° and φ=45°. Higher deviations are 
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obtained in the last sections – around 17%, which is attributed to the spiral tooth construction 
which is not equally dividing the flow. 

 

 
Figure 7-8. Comparison between theoretical and numerically obtained values of 

discharge through spiral casing cross-section 
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8 Conclusions and recommendations for further work 
In order to accommodate the intermittent behavior of the future renewable system, 

hydropower plants have to be operated in a flexible manner which will cause as much as less 
fatigue of the turbine components.  

The evaluation of a Francis turbine guide vane mechanical loads and their correlation to 
the cascade geometry parameters, blade pressure distribution, rotational axis position and 
variable speed of the turbine can indirectly introduce a higher flexibility to a hydro power plant. 
In this doctoral dissertation, experimental and numerical research was conducted to gather 
knowledge on the mechanical performance of the guide vanes, find a way to predict the guide 
vanes loads and detect the impact of the variable speed. 

An analysis of the current achievements in the field of hydraulic turbines has been 
previously performed with emphasis on theoretical, experimental, and numerical research related 
to turbine loads. The correlation between the guide vane shape and its pressure distribution and 
the impact of variable speed on the strength performance of the guide vane are studied, in order 
to obtain an objective view of the outcomes (conclusions, claims, knowledge) from the previous 
research. 

The second step was to present the theoretical background of the guide vane loads arising 
from the hydrodynamic forces, i.e. the fluid flow. A calculation model was developed based on 
the theoretical laws in order to determine the forces acting on the blade. The measurement results 
for pressure distribution on the aerofoil are used as a basis of the model. By inserting the 
experimental data, the model calculates the normal and axial force as components of the resultant 
force acting on the aerofoil.  

The characteristics of an aerofoil have been investigated on an experimental system 
consisting of a wind tunnel, using appropriate measuring equipment to measure certain physical 
quantities. Emphasis is placed on the pressure distribution along the blade surface, which dictates 
the magnitude and direction of the forces acting on the blade and, consequently, on the stresses 
and deformations. The experimental investigation is performed for a solitary aerofoil positioned 
at different angles of attack in the flow field and for an aerofoil set in a radial cascade.  

The subject of the experimental test is a central blade in a segment of a circular cascade 
with five blades, positioned so that the inflow is shock-free. Adjacent control blades were used to 
achieve the uniformity of the flow in the two inter-blade channels in which the central blade 
participates in. The end boundary blades that form the inlet part of the radial channel were used 
to obtain shock-free inflow on the central blade. Cascade measurements are preceded by:  

- determining the average velocity and air flow rate in the duct by measuring the total 
pressure in the measuring sections of the duct, obtaining an even air velocity profile at the 
duct exit, i.e. an even flow at the entrance of the radial cascade. Position of one Pitot tube 
for measuring the average velocity in the channel is defined in order to gain data for the 
flow mode during the aerofoil measurements. 

- determining the aerodynamic characteristics of a solitary profile by conducting pressure 
distribution measurements at different attack angles. The calculation model developed is 
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used to determine the moment and the normal and axial force which are transformed into 
the lift and drag force for different positions.  

The measured pressures at the ten points distributed along the back and front surfaces of 
the central blade are given in relation to the maximum pressure at the corresponding mode 
(which in these cases is achieved at the front edge – shock-free entrance), i.e. as relative values 
so that the obtained pressure profiles be comparable. The position of the measuring points is 
given relative to the unit length of the profile. 

From the comparison between the forms of pressure distribution for the central blade in 
the cascade at a given opening, it was seen that under different flow modes similar shapes of 
pressure profiles are obtained. The differences are in the intensity of the values of the absolute 
pressures for different flow modes 

High and low density cascades were experimentally examined to see the effect of the 
cascade pitch on the blade loads. The normal force which was determined to be much more 
dominant than the axial force, was taken as a representative of the aerofoil loads.  

Both types of cascades are described by geometric parameters such as inlet and outlet 
radius whose ratio defines the cascade relative width, cascade opening (also defined in relation to 
the aerofoil length, i.e. relative opening) and inflow angles. It is noted that both the relative width 
increment and the relative opening increment lead to loads reduction since the width and opening 
are directly proportional.  

The presence of dependency between the mechanical quantities and the geometry 
parameters induced introduction of a radial cascade coefficient to describe the flow (loads) 
conditions in a cascade by its relative width and relative opening. Using this coefficient for every 
experimentally investigated cascade configuration of same type gives corrected forces 
distributions which are similar to each other i.e. can be described by same law.  

For the high density cascade, additional influencing geometric parameter has been 
detected such as the overlapping length defined as the length of the aerofoil contributing to 
forming of the inter-blade channel. Higher overlapping length leads to loads decrement.  

The correlation between the forces distribution on the aerofoil in a cascade with higher 
and lower density is obtained by introducing the radial cascade coefficient and the cascade pitch. 
The dependency is an exponential function both in the case of comparing dimensionless forces 
distribution of cascades and in case of establishing a ratio between the dimensionless 
characteristic corrected forces distribution for the different cascades along the aerofoil unit chord 
length. The derived correlations allow prediction of the aerofoil load force for different cascade 
pitch.  

The numerical model for flow around a solitary aerofoil is validated by verifying the 
simulation results by comparing them with the experimentally obtained results. While most of 
the measured values show difference compared to the numerical values in acceptable range 
(0,5%-14%), the second and third measuring point show higher deviation for the lower surface 
pressure distribution. The experimental and numerical values of the lift force, the drag force and 
the moment at different aerofoil positions show 3%-28% discrepancy, except for attack angles of 
-20° and -30° where higher deviations were obtained. The larger differences between the 
experimental and numerical results can be due to different actual position of the aerofoil in the 
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experimental system compared to the real geometric position in the numerical model or different 
airflow conditions in the channel during the measurement.  

The numerical models for flow through the circular lower and higher density cascade 
were validated by verifying the simulation results by comparing them with the experimentally 
obtained results. There is a good alignment between the numerically and experimentally obtained 
values of pressure with a discrepancy up to 7% and 7,7% for the case of higher and lower pitch 
cascade, respectively. 

The numerical analysis continues with the two-dimensional model of the turbine which 
includes the examined blade, after it has been previously concluded that the conditions achieved 
in cascade in the experimental installation correspond to the conditions provided by the 
numerical model. The results obtained from a simulation of 2D water flow through the turbine 
with empty space behind the cascade by applying different turbulence models are compared with 
the measured values of pressures at the measuring points of the blade. The greatest alignment 
exists with the k-ε model thus it is applied in all further simulations because it best describes the 
flow through the turbine model. The highest discrepancy between the numerical and 
experimental results is less than 8%, except for the second measuring point which shows larger 
deviation. 

The model was further used for the analysis of the stationary and non-stationary flow of 
water through the guide vanes at different runner speeds. Inlet velocity of 13,6 m/s at which 
maximum system efficiency will be achieved was selected after conducting an analysis.  

The influence of the inlet conditions on guide vane pressure distribution was determined 
by comparing the loads when using different spiral casings and by comparing guide vanes with 
different position in relation to the stay vanes. It was concluded that the guide vane loads highly 
depend on the inlet conditions. The additional spiral casing was originally developed according 
to calculation methodology based on the Archimedean spiral centre line and the law of constant 
velocity moment applied on it. It was concluded that the newly developed spiral casing shows 
more uniform flow distribution compared to the initially considered design.  

Furthermore, analysis of the influence of the runner blade position relative to the guide 
vane on its loads for runner speeds ±10% and ±20% of the nominal one in quasi-steady 
conditions was performed.   

The impact of runner speed on the blade pressure distribution has been determined 
through this model. The non-stationary flow model enables the determination of pressure 
pulsations, i.e. consideration of dynamic loads at the different runner speeds. In unsteady flow 
conditions, it was firstly concluded that the guide vane inlet and outlet velocity can be taken as a 
constant parameter since their peak-to-peak values relative to their RMS values change in small 
limits (0,037-0,0465% for inlet velocity and 0,08-0,116% for outlet velocity) with the runner 
speed. However, the PtP value of the guide vane torque was found to be 8,6-15% which is not 
negligible.  

In order to parametrize torque variation during time which would help predicting torque 
pulsations, a reduces Fourier series with sines and cosines was used. Relations were established 
regarding the coefficients of the series and the frequency in terms of the runner speed, Strouhal 
number and theoretical frequency.  
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The results and findings from these studies are in favour of finding a correlation with the 
runner speed, i.e. determining the impact of the runner speed on the pressure profile and torque - 
the strength condition of the blade. 
Considering the guide vane pressure pulsations, they are smallest for the front point as the 
leading edge is further from the runner. Larger pressure changes during time at the leading edge 
is obtained for the higher rotating speed. Higher pressure variations are obtained on the suction 
side rather than the pressure side as it is more affected by the rotating runner.  

Moreover, it is noted that same values of guide vane torque can be achieved at different 
time moments, but the guide vane pressure distribution may not be the same. This can be 
attributed to a possible difference in the location of the acting point (line) of the resultant 
hydrodynamic force.  

Additionally, a three-dimensional model with the same geometry of the turbine was built 
in order to use it to determine the stress distribution on the blade using FSI analysis. With the 
help of this model, the change of the rotation axis on the guide vane loads is analysed. Nine 
positions of the pivot axis were considered. Different guide vane openings were numerically 
analysed. It was concluded that the resultant force acts between 52% and 63% of the guide vane 
length.  

Two approaches were offered to calculate the favourable position of the rotation axis, 
which show a reduction of moments and, consequently, the loads under different operating 
conditions of the guide vanes. Using the second approach for guide vane pivot axis rotation, 15% 
lower torque at the opening corresponding to BEP is achieved, while first approach gives 25% 
torque decrement, compared to a point that was later taken as reference. Although the first 
approach gives more accurate results in selecting the optimal position of the rotation axis, the 
second approach was implemented in CFD and FEA analysis software - after redefining the 
openness that requires zero moment. 

The most significant results in this doctoral thesis are: 

- An experimental test rig has been set up for the investigation of the fluid-flow and stress 
conditions on a hydrofoil (blade) circular cascade; 

- The experimentally obtained results of the hydrodynamic and stress characteristics of this 
hydrofoil in a cascade contribute to the extent of the available relevant data, having in 
mind the very limited research on the topic published so far; 

- Using the zonal approach in the experiments, more information on the origin of the forces 
on the analysed hydrofoil have been gathered; 

- The comparison of the experimental results from the wind tunnel and the Francis turbine 
guide vane water flow confirms that the same flow conditions can be achieved; 

- A model is developed for determination of the forces and torques that are generated on a 
single hydrofoil (blade) or in a cascade (guide vane) though discretised pressure 
distribution; 

- A calculation procedure has been defined with set criteria for determination of guide vane 
rotational axis position (location) with a zero-torque condition at set opening of the guide 
vanes; 

- An original hydraulic design of the spiral casing has been developed implementing 
methodology based on an Archimedes’ center spiral line; 
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- An investigation of the influence of the runner and its geometric positions in regard to the 
guide vanes, as well as its rotational speed on the pressure distribution has been 
performed; 

- The mechanism of the influence of the runner rotational speed on the dynamic loads 
(pressure pulsations and torques) on the guide vane has been defined; 

- Correlation between the pressure profile, rotational axis, and the torque on the guide vane 
at a specific runner rotational speed during unsteady-state analysis. 

The conducted experimental research gives a broader view of the flow processes in the guide 
vanes, the result of which are the hydrodynamic loads - forces acting on the blades. The 
parametrization of the loads of a solitary aerofoil and aerofoil in a cascade performed can be 
used to predict the loads on an aerofoil with given geometry which is to be set in a circular 
cascade with certain geometric parameters. The guide vane torque parametrization can be 
used to predict the torque change with time for a given runner rotational speed and basic 
geometric parameters such as guide vane outlet radius and guide vane length.  
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