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FILIP V. STOJKOVSKI, M.Sc. Mech. Eng. 

 

INTERACTION OF THE GUIDE VANE BLADES SHAPE WITH THE 

HYDRODYNAMIC PARAMETERS AND THE EFFICIENCY OF VARIABLE-SPEED 

FRANCIS TURBINE 

 

ABSTRACT:  

 

Despite the unstable nature of the unconventional 

renewable energy sources, the trend of increasing 

usage of them in Europe and all the scenarios and 

forecasts made in that direction, lead to the need of 

balancing energy in the grid and increasing 

flexibility in electricity production. To address 

these needs, hydropower plants as hydropower 

facilities are most suitable to cover these 

fluctuations. 

 

This brought the idea of applying variable speed 

operation to hydraulic turbines, where adjusting 

their rotational speed results in more efficient water 

to energy usage ratio, and increases their operating 

range at the same time. 

 

In this doctoral dissertation the emphasis is on the 

guide vanes, which are the main stationary 

distribution element of the turbines and serve to 

regulate the flow, as well as the power of the 

machine. The analyses are based mainly at defining 

the main kinematic flow parameters that are 

dominant in the vaneless space between the turbine 

runner and the guide vanes. According to that, a 

new type non-uniform blades were developed, in 

order to see their impact on the flow parameters and 

efficiency at variable speed operated turbine. 

 

The analyses were performed with CFD numerical 

flow simulation on various developed models of 

guide vanes, from where positive conclusions and 

directions for further development of this technique  

for guide vane design are obtained. 
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Introduction 
 

Hydropower counts as a renewable energy source because of its inexhaustibility, i.e. because the 

water mass participates in the hydro cycle of the Earth. Before commercial electricity became 

widely available, water energy was used to irrigate and power various machinery, such as mills, 

textile machinery, sawmills, hoists, etc. Since the beginning of the 20th century, the term 

hydropower has been used most often in conjunction with the modern development of hydropower 

plants for electricity production. 

 

Hydropower is contained in river streams, rapid watersheds, as well as the coastal sea level change 

through the effects of tides and sea waves. The total potential of water flows in the world is 

estimated at 4.5 [TW]. About a quarter of this potential can be used to generate electricity. In 1975, 

only 15% of this potential was used to generate electricity. Three-quarters of the usable 

hydropower potential is found in the underdeveloped or developing countries, such as Africa and 

Latin America, where only 6% of them is used. The other quarter of this energy is found in the 

developed countries where it is 35% used. 

 

Water flow energy is converted in hydropower plants. There are several types of hydropower 

plants: 

 

• Run-of-river hydropower plants, 

• Conventional (Dam storage) hydropower plants, 

• Pumped-Storage hydropower plants, and 

• Small hydropower plants. 

 

Utilisation of water potential for electricity production is economically competitive with the 

production of electricity from fossil and nuclear fuels, so hydropower is the most important 

renewable energy source on the planet. 

 

Hydropower, or watercourse energy, is the largest renewable energy source in the world, covering 

about 62% of the world's renewable electricity generation, compared to 21% for wind energy and 

7% for solar photovoltaic energy. The remaining 10% are from other unconventional energy 

sources. Hydropower is a cheap and sustainable source of energy. It is well known that hydropower 

provides great opportunities in terms of the electricity grid, such as energy storage in storage 

hydropower plants, monitoring of variable network loads, and system inertia. When there is a need 

of increased flexibility of electricity production, for example a relatively fast connection to the 

grid, hydropower is characterised by a very short period of time to achieve it.  It also facilitates the 

integration into the network of alternating production of wind and solar energy, through the ability 

of balancing. The key feature of hydropower is its longevity. Hydropower plants can operate for a 

period of 100 years or even longer, compared to other renewable energy conversion techniques 

that are estimated to operate for 20 to 30 years. 

 

Renewable electricity generation in Europe is expected to fluctuate. Renewable energy sources 

that are currently a trend in Europe are the solar and the wind energy, which are unstable by nature 

and depend mainly on the weather conditions [1]. Because of this, the need to balance production 

increases. Production balancing means flexibility, which can be easily achieved from the 
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hydropower plants, so, by following this trend, they will gain a lot of importance in the electricity 

production. 

 

The term flexibility describes the potential for balancing between electricity production and 

demand by adjusting production or demand for electricity whenever there is a deviation from the 

normal quantity in the system. These imbalances originate from different elements of the power 

system and set different requirements for the source of flexibility. 

 

In Europe, the hydropower sector has an increasing need for flexibility in electricity generation, 

and thus flexibility in its operation. Practice shows that hydraulic turbines in hydropower plants 

are increasingly operated at off-design operational conditions, more and more during the year [2]. 

According to the hydrology and field conditions where the hydropower plants are built, the most 

commonly used turbine is the Francis turbine. Conventional practice defines that the design of 

these machines is suitable for operation at constant synchronous speed, for the needs of generating 

electricity in the generator. In this case, operating conditions are defined by the available head and 

flow rate through the turbine, leading to inefficient operation, hydraulic losses, etc. So, the 

conventional Francis turbines are single-synchronous controlled machines with constant speed, 

unique geometry with constant number and type of blades, where the power is regulated by the 

guide vanes through their opening and closing, which change the flow rate through the turbine at 

different head. 

 

Everything that defines today's Francis turbine is, in fact, a limitation of the turbine character as 

an energy machine, especially the constant synchronous speed. This led to the idea that these 

machines need to be operated at variable rotational speeds, which will represent a dual-regulation 

turbine - by flow rate and by rotational speed. It turns out that a change i.e. rotational speed 

correction can improve the efficiency of the hydrodynamic processes of energy transformation in 

the turbines, and thus the efficiency of the turbine itself, leading to more efficient electricity 

production. Increased use of wind turbines has led to the development of variable speed generators 

using static inverters. The potential application of this technique to hydraulic turbines has received 

increased attention of power engineers at various symposia and is being explored in universities 

around the world. 

 

For variable speed operation of turbines at larger head denivelations, it is possible to install a 

smaller generator. The turbine will give less output power due to the variable speed, and increased 

flexibility in production can be achieved for decreasing the head [3]. Transient modes, as well as 

adverse effects of hydraulic shock are expected to be avoided or reduced, which may result in a 

reduction in the overall size of all hydraulic equipment, thus obtaining more cost-effective 

equipment, regarding both performance and maintenance. 

 

The benefit of the variable speed turbines depends on the operating conditions of the plant, where 

feasibility analyses should be made for the use of this technique and operating scenarios should be 

defined. In general, technical improvements to variable speed turbines are expected in the direction 

of: 
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• Improved performance at off-design heads when head changes, and 

• Improving performance at off-design flow rates, thereby increasing the usable range of 

flow rates for energy production. 

 

 
Fig.1 Operation example to improve efficiency with variable speed [4] 
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1. Concept of variable speed and review of relevant research in the 

field 
 

Defining the potential efficiency of variable speed operation depends on quantitative analysis of 

turbine improvements [3]. In the analysis of Sheldon [3] for 3 Francis turbines with different 

specific speeds 𝑛𝑠 = 24.5 − 44.7 − 56.1 he gets an increase in the produced energy relative to the 

used water, with the main goal to maximise the efficiency of the operation. These results are related 

to the type of Francis turbine tested, and it is expected that another type of runner might not result 

with the same output. In the analysis of Alexander [3], contrary to the previously mentioned 

analyses, the focus is on how to obtain an expansion of the operating characteristic with a variable 

speed, as opposed to achieving maximum efficiency. From this analysis it is concluded that the 

types of turbines that are characterised by narrower operating characteristics can be expected to 

expand their operating range by using the variable speed technique.  

 

In the analysis of C. Farell [3], where the two previously mentioned analyses are sublimated, 

simple mathematical relations related to the variable speed are developed. Using the Euler equation 

of turbomachines, a simplified mathematical model is developed to predict the dependencies 

between the variable speed and the flow rate through the turbine for a constant opening of the 

guide vanes, expressed by the equation:  

 

𝑄 = 𝐴𝑛 +
𝐵𝜂

𝑛
 [𝑚3/𝑠] (1) 

 

where 𝐴 and 𝐵 are coefficients - constants for the given turbine at constant opening of the guide 

vanes for constant head, and 𝜂 is the turbine efficiency. Mainly, the resulting characteristics 

obtained from his analysis are presented in Fig.1.1. for one specific turbine type. 

 

 
Fig.1.1 Extension of the operating range with variable speed [3] 

 

The authors claim that different runner geometries and turbine characteristics can affect 

performance when it comes to variable speeds. They also claim that the turbines with higher 

specific speeds (low head turbines) had the greatest performance improvement and showed the 

best utilisation of the flow rate by increasing the rotational speed. 
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The author G. I. Topazh [5] derives the same dependence, calling it the ability to regulate the flow 

rate in radial-axial (Francis) turbines, giving values of the coefficients 𝐴 and 𝐵 from which runner 

geometric parameters they come from, reducing them to the flow and speed reduced parameters 

𝑄11 and 𝑛11. The author also deals with the shape of the flow in the vaneless space between the 

guide vanes and the runner, which he defines as potential or helical flow, depending on the 

meridian cross section of the turbine. 

 

G. I. Krivchenko [6] has presented the mean values of the velocity vectors and their relations in a 

simpler was - as velocity triangles at the runners inlet and outlet. He also defined the shock free 

inflow conditions at constant flow rate and variable rotational speed.  

 

V. V. Barlit [7] in his book gives a simplified expression of the Euler equation, where he proposes 

that there is no return vortex behind the runner (operating in the zone of maximum efficiency); 

From there, he derives the required guide vane outflow angle, depending on the head, flow rate, 

and rotational speed. It also gives an overview of how to design (profile) the guide vane blades for 

the defined angles of the velocity triangles. 

 

V. B. Andreev [8] and N. N. Kovalev [9] give an overview of the construction of the guide vanes 

from a mechanical point of view, as well as regarding their energetic features, defining the effects 

of the shape of the blades on the flow rate, but also on the efficiency of the turbine. The 

recommended geometric constructive coefficients for the design of the guide vanes are also 

defined here. 

 

Wilhelmi J. R. [10] performs laboratory research on a pump turbine and its characteristic with 

variable speed, in the direction of optimal control. G. P. Heckelsmueller [11] analyses the 

application of Francis turbines with variable speed, using data from model tests and analysing the 

ratio of the benefit obtained from the required flow rate and power, with variable speed. A. 

Borghetti [12], on the other hand, deals with the variable speed of turbines in small hydropower 

plants, developing control block models for tracking the point of highest efficiency according to 

the turbine hill chart. E. Bortoni [13] deals with the general benefit of variable speed turbines by 

examining them in the laboratory for variable heads. He also gives an overview of the runner inlet 

velocity triangles that appear at variable rotational speeds, deriving an analytical calculation 

approach. Sh. Abubakirov [14] analyzes turbine operating charts changes from synchronous to 

variable speed operation, and proposes a turbine control algorithm.  

 

Recent research related to this issue mainly moves towards the analysis of the turbine runner and 

the overall characteristics of the turbine, not looking at the flow effects caused by the guide vanes 

on the runner itself and their impact on the general characteristic. On the other hand, efforts are 

being made to integrate and automate state-of-the-art software tools for numerical simulations and 

computer manipulations for effective and efficient modelling and optimisation of turbine flow 

elements, in order to improve their performance, to estimate the increase of their service life, to 

design turbines for variable speed as well as for a large number of start/stop dynamic loads on the 

machines themselves All of this is required by the energy sector today, in direction of increasing 

the flexibility in energy generation. The aim is to obtain state-of-the-art equipment, where the next 

step would be performing model testing of the computer-optimised equipment, for obtaining the 

characteristics and performance that the equipment provides. In that direction, a so-called 
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parametric definition of the flow element geometry is performed, which will be used for rapid 

manipulation and creation of various designs in the computer space and their evaluation through 

numerical simulations, both fluid flow and structural.  

 

In his thesis, Sundfor [15] deals with a test design of a high-pressure Francis turbine runner that 

would operate at a variable speed. A. Nordvik [16] in his thesis deals with numerical simulations 

of an existing Francis turbine runner and defines the variable speed operational path, obtained by 

simulations and compared with model tests. I. Iliev [17] in his doctoral dissertation deals with the 

optimisation of a geometrically parameterised high-pressure Francis turbine runner variable speed 

capability, using the so-called Surrogate modelling – a technique where the outcome of the result 

cannot be directly quantified, but vice versa, solution is derived from the obtained results 

(outcome). E. Tengs [18] contributes to the creation of a computer design tool for obtaining a 

Francis turbine with variable speed, both from fluid flow and structural point of view (FSI – Fluid 

Structure Interactions).  

 

From the current research in the field, with a review of the guide vanes and their impact on how 

to improve the turbine characteristics at off-design points, a significant contribution has been made 

by B. J. Lewis [19]. In his research, he analyses the discharge of water jets additional from the 

guide vanes blades trailing edges in order to correct the inlet swirl and its intensity created by the 

cascade. Swirl intensity correction in front of the turbine runner improves turbine performance at 

off-design operations. 

 

S. Chitrakar [20] has made an important contribution. In a narrower sense, he analyses the impact 

of present gaps between the guide vane blades and the regulating rings, which occur due to 

sediments in the water, how they affect on the general velocity profile and on efficiency. He 

performs the analyses with the help of numerical simulations, as well as with a laboratory 

experiment. B. Thapa [21] deals with the optimisation of the performance of a segment of a radial 

cascade - guide vanes for laboratory research, by analysing and correcting the inlet flow conditions 

in the cascade, as well as the velocity distributions that are achieved by it. In a similar area of these 

two authors, Y. Chen [22] has also contributed with regard to the mechanism of sedimentation and 

the formation of gaps, as well as the imbalance of the blade pressures, and G. Kumar [23] regarding 

the effects of gaps on guide vanes on the occurrence of eddy currents. K. Çelebioğlu [25] deals 

with the general design procedure of a conducting apparatus, testing different blades numerically 

and how they generally affect the mechanical properties of the guide vanes. W.W. Zhang [26] has 

analysed the effects of a double-row cascade (tandem vanes) - double-row guide vanes - on 

reducing the eddy currents in the turbine draft tube. C. Devals [27] deals with the general 

optimisation of the entire distributor – spiral casing, stay vanes and guide vanes of the turbine, 

with a very little reference to the guide vanes.  

 

From the above relevant research, it can be summarised that the analysis mainly goes in the 

direction towards the general effect of the turbine that operates with variable speed, the behaviour 

of the turbine runner and its improvements if variable speed operation is considered, as well as the 

general turbine control designed to operate with this technique. Regarding the guide vanes in 

hydraulic turbines, the current research is more focused on the possible impacts and caused 

anomalies in them and how they affect the general characteristics of the turbine, as well as some 

general rules for their design.  
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In this doctoral dissertation, a step has been made towards analysing several parameters of the 

guide vanes. Cohesion of the blade design is made, directly dependent on the flow parameters 

required for the runner at a certain operating point. At the same time, certain geometric parameters 

of the guide vanes were analysed and how they influence on the turbine characteristics. Also, the 

meaning of variable speed operation is derived, from fluid flow kinematics point of view at the 

runner inlet and how directly affect the shape of the blades of the guide vanes, with an aim to 

extend the operating characteristics.  

 

Starting from the mathematical definition of the flow conditions prevailing in the vaneless space 

between the guide vanes and the runner, Chapter 2 outlines the necessary physical laws that will 

be used to further define the geometry of the guide vanes. There is also a brief overview of the 

physical laws that apply to variable speed turbines, as well as what is expected to be obtained from 

it. 

 

Chapter 3 deals with the geometry of the guide vanes, which is parametrically defined. The whole 

process of obtaining different blades of a conducting apparatus, depending on the turbine rotating 

axis, implemented in the MATLAB programming language, in order to obtain various shapes of 

blades that have been examined.  

 

Chapter 4 briefly describes the conditions of the analysis that will be conducted in the further 

presentations, which quantities are of interest for this research, as well as a review of the standards 

for evaluation of the turbine parameters. 

 

Chapter 5 sets out the basics of numerical modelling and simulation. It explains which 

mathematical models are used to describe turbulent flows, and defines the reference zero model, 

the Francis 99 turbine, its numerical evaluation of the performance and definition of the numerical 

error given by the model set. This analysis is needed to verify the model that will be used in further 

analysis of various guide vane blades.  

 

Chapter 6 presents the effects of certain geometric parameters on turbine efficiency. A total of 37 

models of conductive blades with different configurations were examined in order to examine the 

differences they give on the efficiency, and to define a hydraulically favourable blade.  

 

Chapter 7 represents the main analysis of this dissertation, i.e. the influence of non-uniformly 

profiled blades on the turbine operating rage at variable rotational speed. Since the turbine at a 

changed speed has a new operating point, i.e. new operating conditions, blades with different 

angles (variable trailing edge angle) are defined through the blade height for directing the outflow 

to the runner. The analyses shows that certain segments of the blade that have different angles on 

the trailing edge direct the flow favourably when the runner has changed the rotational speed. 

 

The conclusion evaluates all the steps taken, what is defined, what can be improved, and which 

steps for further work can be taken. Special attention is paid to the main idea for the design of non-

uniform blades, where it is concluded that the physical kinematic conditions prevailing in the 

vaneless space for variable rotational speed can be achieved with additional optimisation. The 

effects they give are visible in more analysed models, not in the direction of efficiency 
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maximisation, but more in the direction of operating zone extension and improving the inflow 

patterns to the runner.  
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2. Mathematical models of the fluid flow in the guide vanes and the 

turbine runner 
 

2.1. Flow created from stationary radial cascade (guide vanes) 
 

The conclusion drawn from the previous analyses is that the fluid flow is permanently “deformed”, 

i.e. changes the direction of its movement when it flows through radial cascade, creating a radial 

vortex movement. When the turbine operates, the turbine flow rate, as well as the very form of the 

inflow in the turbine runner, is controlled by the guide vanes, where the runner torque varies 

depending on the position of the blades in the guide vanes. The flow in the vaneless space can be 

described with the equation of ideal fluid flow in Lamb-Gromeko vector form [5][7]: 

 

𝜕�⃗� 

𝜕𝑡
+ Ω⃗⃗ × �⃗� = −∇(𝑔𝐻) (2.1) 

  

where 𝐻 is the fluid specific energy, �⃗� = (𝑉𝑧⃗⃗  ⃗, 𝑉𝑟⃗⃗  ⃗, 𝑉𝑢⃗⃗  ⃗) is the absolute velocity vector with its 

projections in a cylindrical coordinate system, and Ω⃗⃗ = 𝑟𝑜𝑡�⃗�  is a vector of the vorticity that has 

its projections in a cylindrical coordinate system and is expressed as: 

 

 

Ω𝑟 =
𝜕𝑣𝑧

𝜕𝜑
−

𝜕𝑣𝑢

𝜕𝑧
 

 

Ω𝑧 = −
𝜕𝑣𝑢

𝜕𝑟
+

𝜕𝑣𝑟

𝜕𝜑
 

 

Ω𝑢 = −
𝜕𝑣𝑟

𝜕𝑧
+

𝜕𝑣𝑧

𝜕𝑟
 

(2.2) 

Fig.2.1 Absolute vector of flow in a cylindrical coordinate system in 

the vaneless space 
  

 

Experimental studies have shown that in the vaneless space between the guide vanes and the 

runner, the flow can be analysed as a stationary axisymmetric. Taking into account that in 

stationary axisymmetric flow the energy of the flow at the runner inlet can be considered constant, 

it is obtained that: 

 

𝜕�⃗� 

𝜕𝑡
= 0 ; 

𝜕(𝑣, 𝐻)

𝜕𝜑
= 0 (2.3) 

 

From here, two forms of flow can be derived, i.e. potential (non-rotating) or rotational (helical) 

flow. At the potential flow, it can be written that there is no change in the velocity vector in the 

radial direction: 
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𝜕(𝑣𝑢𝑟)

𝜕𝑧
𝑑𝑧 +

𝜕(𝑣𝑢𝑟)

𝜕𝑟
𝑑𝑟 +

𝜕𝑣𝑢

𝑟𝜕𝜑
𝑟𝑑𝜑 = 𝑑(𝑣𝑢𝑟) = 0 (2.4) 

 

For helical flow, the vector of rotation and the vector of velocity are parallel to each other: 

 
𝜕𝑣𝑢

𝜕𝑟
𝑑𝑟 +

𝜕𝑣𝑢

𝜕𝑧
𝑑𝑧 = 𝑑(𝑣𝑢𝑟) = 0 (2.5) 

 

From both cases, we get the product of the tangential component and the radius, where the first 

derivative of this product is zero, thus obtaining the "Free Vortex Law" where the velocity is 

inversely proportional to the distance: 

 

𝑣𝑢𝑟 = 𝑐𝑜𝑛𝑠𝑡. (2.6) 

 

Assuming that the tangential component of the velocity vector about the axis of rotation lies on 

the contour of a circle, it can be written as: 

 

Γ = ∮𝑣𝑢 𝑑𝑙 = 2𝑟𝜋𝑣𝑢 = 𝑐𝑜𝑛𝑠𝑡. (2.7) 

 

which shows that the circulation at a certain distance from the axis of rotation of the flow is kept 

constant. Therefore, it can be concluded that the guide vanes form a stationary axisymmetric flow 

in the vaneless space, which can be potential or rotational flow. In the event of a potential flow, 

the swirling is constant at all points of the fluid in the vaneless space. In the case of a rotational 

flow, the swirl is constant along the streamline and changes from one streamline to another.  The 

question that arises is in which cases it occurs potentially, and in which cases there is a helical 

flow in the vaneless space between the guide vanes and the runner. The shape of the meridian cross 

section behind the guide vanes towards the runner is defined, schematically presented in the 

following Figures. 

 

  
Fig.2.2 Schematic view of the meridian section of 

a high-speed Francis turbine [5] 

Fig.2.3 Schematic view of the meridian section of 

a low-speed Francis turbine [5] 
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On the meridian section scheme of a high-speed Francis turbine, the leading edges of the runner 

blades are indented towards the axis of turbine rotation, which leads to unevenness of the radial 

velocity profile. The flow is following the section contours where the lower contour declines, and 

that leads to changes in the radial velocity by height of the blades. A uniform velocity profile is 

obtained at the outlet of the guide vanes, where the runner blades leading edges are not in contact. 

Therefore, the current cannot be considered as potential, but as helical: 

 
𝜕(𝑣𝑢𝑟)

𝜕𝑧
𝑑𝑧 ≠ 0 ;  Ω𝑟 =

𝜕(𝑣𝑢𝑟)

𝜕𝑧
𝑑𝑧 ≠ 0 (2.8) 

 

On the other hand, at a low-speed Francis turbine, it can be noticed that the leading edges of the 

runner blades are positioned where the radial velocity does not change by height, so in these 

turbines the flow in the vaneless space can be analysed as potential. 

 

The flow velocity at the guide vanes outlet is a vector sum of its projections in a cylindrical 

coordinate system [6] 

 

𝑣𝑜⃗⃗⃗⃗ = 𝑣𝑜𝑟⃗⃗ ⃗⃗  ⃗ + 𝑣𝑜𝑢⃗⃗ ⃗⃗ ⃗⃗  (2.9) 

 

where 𝑣𝑜𝑟 represents the projection of the velocity of flow in a radial direction, which directly 

depends on the flow rate and height of the guide vanes and is expressed as:  

 

𝑣𝑜𝑟 =
𝑄𝑑

2𝑅𝑜𝜋𝐵𝑜
 (2.10) 

 

and 𝑣𝑜𝑢 represents the projection of the velocity on the guide vane outlet circumference:  

 

𝑣𝑜𝑢 = 𝑣𝑜𝑐𝑜𝑠𝛼𝑜 ;  𝑣𝑜𝑢𝑅𝑜 = 𝑐𝑜𝑛𝑠𝑡. (2.11) 

 

The flow rate through the turbine mainly depends on the opening clearance, as well as on the shape 

of the blades in the guide vanes. In Fig. 2.4, three characteristic blade shapes are presented. 

According to the theory, at the same openings, and a different blades shape, resulting in a different 

outflow angle, differences in turbine flow rates are obtained. Concave blades form a smaller 

outflow angle, and by that a reduced flow rate; and, vice versa, convex blades form a larger outflow 

angle, and thus increased flow rate. The angle actually expresses the projection degree of the outlet 

velocity in the radial (flow) and peripheral (circulation) direction. 
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Fig.2.4 Influence of the blades shape on turbine flow rate  

at constant opening clearance [7][9] 
 

2.2. Flow in the runner 
 

Based on the “Classical Turbine Theory”, a midline is drawn along the meridian section, which 

will represent a streamline in that section, starting from the leading edge to the trailing edge of the 

runner blades [6]. The flow in turbines is always rotational, so the theory of Fluid Mechanics 

defines it as a flow through a rotating blade channels. Fluid particles moving along the streamline 

(Fig. 2.5 streamline marked as pk) with relative velocity �⃗⃗� , simultaneously rotate about the axis 

of rotation with the streamline. 

 

  
Fig.2.5 Meridian section of Francis 

turbine [6] 
Fig.2.6 Orthogonal projection of the streamline [6] 

 

The transportation velocity component that directly depends on the rotational speed of the runner 

is expressed as pure kinematic magnitude. If �⃗⃗�  represents the angular velocity at which the fluid 

rotates about the axis of rotation, then the transport (peripheral) velocity of any fluid particle at a 

given distance 𝑅 which lies on the streamline will be: 

 

𝑢 = 𝑅𝜔 (2.12) 

 

In the case of a stationary coordinate system and in the case where the angular velocity is constant, 

the flow is non-stationary, and the absolute velocity 𝑣  is a vector sum of relative and transport 

velocities: 

 

𝑣 = �⃗⃗� + �⃗�  (2.13) 
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Turbine operating conditions are defined through 2 parameters: the flow rate 𝑄 and the runner 

rotational speed 𝑛. For a given runner size, the vector components of the velocity triangle can be 

derived. So, at the runner inlet on the blades leading edges, the transport component will be: 

 

𝑢1 =
2𝑅1𝜋𝑛

60
 (2.14) 

 

The projection of the absolute velocity vector in the meridian section gives the meridian 

component of the velocity which is derived as: 

 

𝑐1𝑚 =
𝑄𝑑

2𝑅1𝜋𝐵1
 (2.15) 

 

The tangential component of the absolute velocity vector, according to the free vortex law, will 

depend on the flow conditions created by the guide vanes: 

 

𝑐1𝑢 = 𝑣𝑜𝑢

𝑅𝑜

𝑅1
 (2.16) 

 

The ratio of these two velocity components gives the angle of the absolute velocity vector in the 

velocity triangle: 

 

𝑡𝑔𝛼1 =
𝑐1𝑚

𝑐1𝑢
 (2.17) 

 

The absolute velocity vector is the vector sum of these two components: 

 

𝑐1⃗⃗  ⃗ = 𝑐1𝑢⃗⃗ ⃗⃗  ⃗ + 𝑐1𝑚⃗⃗ ⃗⃗ ⃗⃗   (2.18) 

 

The derived vector relations also apply to the runner outlet, presented on blades trailing edges on 

radius 𝑅2. The equations of axisymmetric flow in the inter-blade channel of a turbine runner and 

the blade forces are derived from G. Lorenz [7] in the form of: 

 

𝐹𝑟 −
1

𝜌

𝜕𝑝

𝜕𝑟
=

𝑑𝑣𝑟

𝑑𝑡
−

𝑣𝑢
2

𝑟
 

 

(2.19) 

 

𝐹𝑢 =
𝑑𝑣𝑢

𝑑𝑡
+

𝑣𝑢𝑣𝑟

𝑟
 

 

(2.19.1) 

 

𝐹𝑧 − 𝑔 −
1

𝜌

𝜕𝑝

𝜕𝑧
=

𝑑𝑣𝑧

𝑑𝑡
 

(2.19.2) 

 

 

which are projections of the resultant force 𝐹𝐿 that acts on the runner blades, represented in a 

cylindrical coordinate system. For 𝜔 = 𝑐𝑜𝑛𝑠𝑡., the torque transmitted to the turbine shaft (around 
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the axis of rotation) is derived from the second Lorentz equation for the peripheral component of 

the force: 

 

𝐹𝑢 =
𝑑𝑣𝑢

𝑑𝑡
+

𝑣𝑢𝑣𝑟

𝑟
=

𝑑𝑣𝑢

𝑑𝑡
+

𝑣𝑢

𝑟

𝑑𝑟

𝑑𝑡
=

1

𝑟
(
𝑟𝑑𝑣𝑢

𝑑𝑡
+

𝑣𝑢𝑑𝑟

𝑑𝑡
) =

1

𝑟

𝑑(𝑣𝑢𝑟)

𝑑𝑡
 (2.20) 

 

The elementary torque acting on the side of the runner with an elementary mass is: 

 

𝑑𝑇 = 𝐹𝑢𝑟𝑑𝑚 = 𝑑(𝑣𝑢𝑟)
𝑑𝑚

𝑑𝑡
= 𝜌𝑑𝑄𝑑(𝑣𝑢𝑟) (2.21) 

 

The sum of torque is equal to the change in torque from runners inlet to outlet: 

 

𝑇 = 𝜌∫𝑑(𝑣𝑢𝑟)𝑑𝑄

2

1

= 𝜌𝑄[(𝑣1𝑢𝑟)1 − (𝑣2𝑢𝑟)2] (2.22) 

 

From the equation for the hydraulic available power of the turbine: 

 

𝑃𝐻 = 𝜌𝑔𝐻𝑛𝑄𝑑 (2.23) 

 

the mechanical power of the turbine shaft: 

 

𝑃𝑀 = 𝑇𝜔 = 𝑇
2𝜋𝑛

60
 (2.24) 

 

and their relationship that defines turbine efficiency: 

 

𝜂 =
𝑃𝑀

𝑃𝐻
=

𝑇𝜔

𝜌𝑔𝐻𝑛𝑄𝑑
=

[(𝑣1𝑢𝑟)1 − (𝑣2𝑢𝑟)2]𝜔

𝑔𝐻𝑛
 (2.25) 

 

where the individual products of 𝑟𝜔 = 𝑢, it is obtained that: 

 

𝑔𝐻𝑛𝜂 = 𝑢1𝑣1𝑢 − 𝑢2𝑣2𝑢 (2.26) 

 

i.e. translated into turbomachine manner as: 

 

𝑔𝐻𝑛𝜂 = 𝑢1𝑐1𝑢 − 𝑢2𝑐2𝑢 (2.26.1) 

 

This represents the main equation of the turbines, i.e. the so-called Euler equation for 

turbomachines, where 𝐻𝑛 represents the net head of the turbine runner, i.e. the energy. On the 

other hand, if the relationship (𝑣𝑖𝑢𝑟)𝑖 = Γ𝑖 it is obtained that:  

 

𝑔𝐻𝑛𝜂 =
𝜔

2𝜋
(Γ1 − Γ2) (2.27) 
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from where it is concluded that the torque and head of the turbine depend on the differences in the 

circulations created at the runner inlet and outlet. The equation shows that maximum energy 

efficiency (best efficiency point) is obtained when: 

 

𝑢2𝑐2𝑢 = 0 ; Γ2 = 0 (2.28) 

 

while adopting 𝜂 = 1, thus giving Euler's equation the form of: 

 

𝑔𝐻𝑛 = 𝑢1𝑐1𝑢 =
𝑛

60
Γ1 =

2𝜋𝑛

60
𝑅1𝑐1𝑢 ; 𝑛 [𝑚𝑖𝑛−1] (2.29) 

 

  



18 

 

2.2.1. Conditions for optimal runner inflow (shock-free conditions) 

 

The construction of the velocity triangle of known runner dimensions and the opening position of 

the guide vanes depends on the runner rotational speed and the flow rate. The following 

conclusions are based on these parameters. An example is shown when the turbine is running at a 

constant flow rate 𝑄 and variable rotational speed 𝑛 [6].  

 

 

 
Fig.2.7 Velocity triangle at runner inlet [6] Fig.2.8 Inflow shock losses 

 

The vector of absolute velocity under such operating conditions remains constant because it does 

not depend on the rotational speed, while the transport and relative velocity components change. 

Due to change of the rotational speed, the relative velocity does not maintain the angle at the blades 

leading edges, which leads to flow separations at the runner inlet and causes additional energy 

losses: 

 

𝛽1 < 𝛿1 𝑓𝑜𝑟 𝑛
′;  𝛽1 > 𝛿1 𝑓𝑜𝑟 𝑛′′′ (2.30) 

 

A conclusion is drawn that the optimal inflow condition is obtained at 𝛽1 = 𝛿1, the so-called 

"Shock Free” flow. This condition is a purely geometric condition which is taken in the further 

analyses as a reference in the design of guide vane blades, to be designed and positioned in the 

cascade to provide this type of flow, independent from the rotational speed, which is the purpose 

of this research. Losses at runner inlet due to Shock flow conditions can be expressed simplified 

as [28]: 

 

∆𝜂𝑖𝑛𝑐 =
∆𝑤⃗⃗ ⃗⃗  ⃗

√2𝑔𝐻𝑛

 ;  ∆𝑤⃗⃗ ⃗⃗  ⃗ = 𝑤1
′⃗⃗ ⃗⃗  − 𝑤1⃗⃗ ⃗⃗   ;  ∆𝑤⃗⃗ ⃗⃗  ⃗ = 𝑤1

′′⃗⃗ ⃗⃗  ⃗ − 𝑤1⃗⃗ ⃗⃗   (2.31) 
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2.2.2. Conditions for optimal runner outflow (non-swirling conditions) 

 

On the other hand, maximum energy is transformed in the turbine at Γ2 = 0 at the runner outlet. 

At the runner outlet, the blades trailing edges in Francis turbines form a cascade which is rather 

dense, so the angle of relative velocity can be assumed to be equal to the trailing edges angle 𝛽2 ≈
𝛿2. Also, the intensity of the relative velocity remains constant with the change of the rotational 

speed and mainly depends on the flow rate through the turbine. 

 

  
Fig.2.9 Velocity triangles at runner outlet [6] 

 

Fig. 2.9 shows the influence of the rotational speed on the absolute velocity projection at the runner 

outlet towards the transport component, which causes circulation at the runner outlet. The losses 

that result from this phenomenon can be written as [28]: 

 

∆𝜂𝑠𝑤 =
𝑐2𝑢

√2𝑔𝐻𝑛

 (2.32) 

 

The influence of the outlet velocity triangle on the energy exchange degree is presented in the 

following analysis as a consequence which arises from the established kinematic conditions 

between the guide vanes and the runner inlet, and from the operation of the turbine itself. 
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2.3. Interrelationships of flow parameters in the guide vanes and the runner 

and their derivation 
 

If the peripheral component of the absolute velocity vector is replaced by the relation: 

 

𝑐1𝑢 =
𝑐1𝑚

𝑡𝑔𝛼1
=

𝑄𝑑

2𝑅1𝜋𝐵1𝑡𝑔𝛼1
 (2.33) 

 

then Euler's equation takes a form of [29][30]: 

 

𝑔𝐻𝑛 =
𝑛

60

𝑄𝑑

𝐵1𝑡𝑔𝛼1
 (2.34) 

 

from which the angle of the absolute velocity vector required at the runner inlet is directly derived 

as: 

 

𝑡𝑔𝛼1 =
𝑛

60

𝑄𝑑

𝐵1𝑔𝐻𝑛
 (2.34.1) 

 

According to the law of free vortex, the angle that the guide vanes should provide at the runner 

inlet is expressed through the equations: 

 
𝑐1𝑢𝑅1

𝑅𝑜
= 𝑣𝑜𝑢 (2.35) 

𝑣𝑜𝑟 =
𝑄𝑑

2𝑅𝑜𝜋𝐵𝑜
 ; 𝑅𝑜 > 𝑅1 ; 𝐵𝑜 ≈ 𝐵1 (2.35.1) 

 

where the flow angle will be: 

 

𝑡𝑔𝛼o =
𝑣𝑜𝑟

𝑣𝑜𝑢
>  𝑡𝑔𝛼1 (2.36) 

 

The derived relations are crucial in the following chapter, where the profiling of the blades is 

performed in relation to the required flow angle from the guide vanes to the runner. 

 

 
Fig.2.10 Profiling a blade in the guide vanes [7] 
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2.4. Flow modelling at variable speed (kinematic analysis) 
 

From the previous derived relations for the flow in the vaneless space, it is evident that with a 

change of rotational speed (from kinematic point of view), the flow angle from the guide vanes 

changes, which directly influences the designing of the guide vane blades. At the same time, for 

maintaining a constant head and constant opening clearance of the blades, when turbine speed 

changes, the flow rate changes too. A simplified expression of this phenomenon is given by the 

expression [31]: 

 

𝐴 ∙
𝑑𝑄

𝑑𝜔
=

𝑢2
2 − 𝑔𝐻𝑛𝜂

𝜔2
+

𝑔𝐻𝑛

𝜔

𝑑𝜂

𝑑𝜔
 (2.37) 

 

where 𝐴 represents a certain coefficient with a positive value depending on the turbine, and 𝑢2 

represents the transport velocity component of the rotation at the runner outlet. From here, the 

change in efficiency with the rotational speed can be neglected, in order to reduce it to a general 

expression as: 

 

𝐴
𝑑𝑄

𝑑𝜔
=

𝑢2
2 − 𝑔𝐻𝑛𝜂

𝜔2
 (2.37.1) 

 

from where the following kinematic relations are obtained: 

 

- For 𝑢2 = √𝑔𝐻𝑛𝜂, at constant opening of the guide vanes, the flow rate through the turbine does 

not depend on the increase of rotational speed; 

 

- For 𝑢2 > √𝑔𝐻𝑛𝜂, at constant opening of the guide vanes, the flow rate through the turbine 

increases with the increase of rotational speed; 

 

- For 𝑢2 < √𝑔𝐻𝑛𝜂, at constant opening of the guide vanes, the flow rate through the turbine 

decreases with the increase of rotational speed. 

 

The first condition is characteristic of Francis turbines with medium specific speed, the second 

condition of high-speed, and the third condition of low-speed Francis turbines [31]. In this 

research, the reference turbine is a high-head (low specific speed) Francis turbine, where the results 

demonstrate that increase of rotational speed decreases the flow, and vice versa. Theoretically, the 

inlet velocity triangles obtained in this case are represented in Fig. 2.11. It can be observed in the 

Figure, that there is a change in the flow angle from the guide vanes to the turbine runner, which 

affects the profiling of the blades in the guide vanes. The intensities of the angles that change 

depend on the type of turbine and are not unambiguous, just like the intensity of the flow rate 

change. The condition for obtaining shock free flow is transferred onto all velocity triangles, as 

previously stated, to obtain optimal flow conditions at the runner inlet, where the ratio of the 

transport velocity component and the relative velocity component are observed through the angle 

of the blade leading edge. 
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It is practically impossible to maintain the theoretically optimal velocity triangle at the runner 

outlet when changing the rotational speed, and, on the other hand, it is theoretically shown that it 

can be achieved by correcting the flow rate through the turbine. On the other hand, this contradicts 

the physicality of the variable speed of a low-speed Francis turbine, where it is obtained that the 

flow rate through the turbine decreases at increased speeds, and that an increase in flow rate 

(Fig.2.11 +∆𝑄) is required to obtain the optimal outlet velocity triangle, and vice versa. In other 

words, the optimal outlet velocity triangle of the runner is inversely proportional to the optimal 

inlet velocity triangle, so at a constant head and variable turbine speed, the process is expected to 

be always accompanied by losses at the runner outlet.  

 

  
Fig.2.11 Changing the velocity triangles at 

variable speed 

Fig.2.12 Reverse proportionality of the optimal 

inflow and outflow conditions of the runner [28] 

 

From Fig. 2.11, the change of the velocity triangle at an increased rotational speed for a certain 

increase in flow rate (+∆𝑄) corresponds to the requirements of the law of similarity of operation 

of turbines, where the velocity triangle scales for 𝜂 = 𝑐𝑜𝑛𝑠𝑡., which leads to head change due to 

the need to increase the flow rate (Affinity law curve): 

 

𝑄𝑑

𝑄′
=

𝑛𝑑

𝑛′
 ;
𝐻𝑛

𝐻′
= (

𝑛𝑑

𝑛′
)
2

= (
𝑄𝑑

𝑄′
)
2

 (2.38) 

 

In Fig. 2.12 a schematic representation of the universal hill characteristic of a Francis turbine is 

given, with the inverse proportionality of the optimal runner flow conditions, derived at a constant 

head, for several positions of the guide vanes.  

 

For such a configuration, it can be observed that at a constant synchronous rotational speed, with 

guide vanes opening, the efficiency of the turbine decreases. If there is a change in the rotational 

speed of the runner, those points can be shifted locally in the direction of increased efficiency (Fig. 

2.13) and by that obtaining a scheme of the optimal path when operating a turbine with variable 

rotational speed. 
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Fig.2.13 Optimal operation path with variable 

speed (without changing the geometric 

configuration of the guide vanes) [28] 

Fig.2.14 Operation with variable speed (by 

changing the geometric configuration of the guide 

vanes) 

 

In Fig. 2.13, where the optimal path scheme is defined at a variable speed, there is no change in 

the characteristic of the guide vanes. The role of the guide vanes, in addition to the flow rate 

regulation, directly affects the shape of the operating characteristics of the turbine. Following the 

obtained path points and aiming to achieve a wider operating characteristic (schematically 

represented as concentric circles of iso-efficiencies), correction of the guide vane geometry is 

required (Fig.2.14), which, placed in its design position 𝑎𝑑, would lead to extension of the field of 

iso-efficiencies.  
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Fig.2.15 Schematic representation of expected behavior for corrected guide vane geometry 

in order to extend the operating range 
 

In the scheme in Fig. 2.14 it can be noticed that in their design position at reduced speeds, the 

guide vanes should allow increased flow rate through the turbine and vice versa. For the given 

design position of the guide vanes, the change of the efficiency caused by the change of rotational 

speed is analysed in the following presentations through a direct analysis of the influence of the 

geometry of the guide vane blades on the extension of the turbine characteristics. 
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3. Derivation of the shape of the guide vane blades based on the initial 

calculation of flow parameters 
 

3.1. Strategies and approach approach to guide vane design 
 

In this chapter, the process of obtaining the shape of the blades of the guide vanes, as well as the 

complete radial cascade of profiles is elaborated. In the previous chapter, the mathematical 

dependencies of certain kinematic flow quantities of interest to the analysed problem were derived, 

on the basis of which a methodology for their correlation with the geometric shape of the blades 

and the cascade itself is performed in this chapter.  

 

For the design of the guide vanes, the following strategies can be derived, depending on the goal 

that the radial cascade should meet: 

 

• Design of a radial cascade of profiles in order to meet certain hydraulic performance 

(hydraulically favourable cascade) 

• Design of a radial cascade of profiles for the purpose of turbine regulation (energy-efficient 

cascade) 

 

At first glance, the two approaches are relatively similar, yet they differ in terms of the goal to be 

achieved, i.e. not every hydraulically favourable cascade meets the energy needs for turbine 

regulation, and vice versa. These conclusions are presented in the following chapters. What is 

common to both approaches is that the cascade, not dependent on the goal to be fulfilled, is shaped 

geometrically with respect to previously calculated or given kinematic flow quantities. 
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3.2. Geometric parameters of the radial cascade of the guide vanes 
 

A radial cascade is defined with its geometric parameters and the interdependencies are derived in 

the following section. 

 

 

Tab.1 Description of geometric parameters 

 

Fig.3.1 Geometric scheme of radial cascade 
 

All geometric sizes of the cascade are derived from the axis of rotation of the turbine. All individual 

listed geometric parameters in the further context are combined in order to obtain dimensionless 

quantities, i.e. a non-dimensional (normalized) cascade.  

 

The first major parameter of the cascade is the outlet radius 𝑅𝑜 which is related to the runner blades 

leading edge radius, which is represented as the difference in distance between the trailing edges 

of the cascade blades and the leading edges of the runner blades over the ratio: 

 

𝐶𝑅𝑜 =
𝑅𝑜

𝑅1
 (3.1) 

 

Cascade inlet radius 𝑅𝑖 where the leading edge of the cascade blades is located is represented as a 

percentage with the difference in distance between the two radii of the cascade through the ratio: 

 

𝐶𝑅𝑖 =
𝑅𝑖

𝑅𝑜
 (3.2) 

 

Starting point defined at the outlet radius 𝑅𝑜 for positioning the trailing edge of the blades, i.e. the 

blade chord line is noted with the point A. The chord line end is defined with the point B. A 

schematic representation is provided in the following figures. 

 

Symbol Unit Description

Ri [m] [m] Cascade inlet design radius

Ro [m] [m] Cascade outlet design radius

Rx [m] [m] Cascade axis circumference radius

Bgv [m] [m] Cascade height

R1 [m] [m] Runner blades inlet radius

φ [deg] [deg] Blade chord wrap angle

point A [-] Starting point for chord placement

point B [-] Starting point for the end of chord

point B' [-] Rotated point B about the blade chord wrap angle

L [m] [m] Blade chord length

t [m] [m] Cascade pitch measured at axis circumference

to [m] [m] Cascade pitch measured at blades outlet

L / t [-] [-] Cascade density at axis circumference

αi [deg] [deg] Cascade inlet flow angle

αo [deg] [deg] Cascade outlet flow angle

δ [deg] [deg] Blade chord angle enclosed with outlet radius

ao [m] [m] Blades opening

ao / L [-] [-] Relative blade opening
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Fig.3.2 Scheme of blade chord line construction [32] 

 

Rotating the point B around the turbine rotational axis, for a certain angle φ or the so-called blade 

enclosure angle, point B’ which represents the beginning i.e. the leading edge of the blade is 

obtained, and the segment AB’ represents the blade profile chord line. For a certain number of 

chord lines (blades) in the cascade, the angular pitch of the blades will be: 

 

𝜑𝑔𝑣 =
360

𝑍𝑔𝑣
 (3.3) 

 

which differs from the blade enclosure angle. The chord line of the blade forms an angle δ with 

the outlet circle, which will be noted as the chord line inclination angle. This angle, together with 

the enclosure angle and the flow angle from the cascade are analysed in the chapter 6, where it is 

concluded that collinearity should be provided between the chord line inclination angle and the 

flow angle needed for the runner. If this criterion is introduced as: 

 

𝛿𝑟𝑒𝑙 =
𝛿

𝛼𝑜
≈ 1 (3.4) 

 

then, the enclosure angle of the blade in the cascade is the result of all the above conditions and is 

expressed as: 

 

𝜑 = atan(

1
2𝑌𝐵

′ (𝑅𝑜 − √𝑅𝑜
2 + 4𝑋𝐵

′ 𝑌𝐵
′𝑡𝑎𝑛𝛿)

𝑡𝑎𝑛𝛿
) (3.5) 

 

where 𝑋𝐵
′  и 𝑌𝐵

′  represent coordinates of the point 𝐵′ (Fig. 3.2) arising as a result of the adopted 

number of blades and the length, i.e. the cascade density. 

 

Chord line length L represents the blade length and depending on the adopted number of blades in 

the cascade 𝑍𝑔𝑣, the parameter of cascade density is derived [34]: 

 
𝐿

𝑡𝑜
=

𝐿

2𝑅𝑜𝜋
𝑍𝑔𝑣

 
(3.6) 
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where the pitch 𝑡𝑜 it is usually expressed by the dividing circle of the cascade on which the axes 

of rotation (pivot points) of the blades in the cascade lie, but for the reason that this geometric 

parameter is not of interest to the research, the pitch is calculated at the cascade outlet circle, as 

relevant for the analysis.  

 

The inlet circle of the guide vanes is calculated using the Pythagorean Theorem from the 

projections of the length of the chord line along the x and y-axes and the outlet radius: 

 

𝑅𝑖 = (𝐿𝑥
2 + (𝐿𝑦 + 𝑅𝑜)

2
)
0,5

 (3.7) 

 

Parameterisation of the opening clearance ao between the blades shows particular difficulty, 

whether it is analysed between 2 profiles or theoretically 2 chord lines, where its interpretation on 

a relative basis is analytically represented through the relation: 

 

𝑎𝑜𝑛 =
𝑎𝑜

𝐿
 (3.8) 

 

 

3.3. Criteria for blade profile design 
 

3.3.1. Calculation of flow kinematic parameters in the vaneless space 

 

Guide vane blade profile design is represented as a consequence of the flow kinematic quantities 

present at the very entrance to the turbine runner, for certain design (operating) turbine conditions. 

As shown in Chapter 2, from the Euler equation, the simplified relation remains in the analysis for 

the optimal operating point of the turbine (Eq.2.29 and 2.34.1). 

 

By calculating the inlet velocity triangle in the runner, for the design parameters of the turbine, the 

peripheral component of the absolute flow velocity at the runner inlet gives the inlet circulation to 

the runner: 

 

Γ1 = 2𝑅1𝜋𝑐𝑢1 (3.9) 

 

According to the law of free vortex, the circulation in the vaneless space is maintained, so the ratio 

of the peripheral (tangential) components to the absolute velocity in that space is obtained as: 

 

Γ𝑜 = Γ1 ;  𝑣𝑜𝑢 = 𝑐1𝑢

𝑅1

𝑅𝑜
 (3.10) 

 

where 𝑣𝑜𝑢 is a projection of the outlet velocity of the guide vanes along the circumference of the 

cascades outlet circle.  

 

The radial component of the absolute velocity, i.e. the runners meridional inlet velocity is 

calculated through the geometric boundaries of the runner inlet and the designed flow rate as: 
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𝑐1𝑚 =
𝑄𝑑

2𝑅1𝜋𝐵1
 (3.11) 

 

The kinematic relation needs to be preserved as: 

 

𝑡𝑔𝛼1 =
𝑐1𝑚

𝑐1𝑢
 (3.12) 

 

in order to obtain a constant meridional velocity (reduction of flow losses) and to be scaled to the 

guide vanes outlet radius for: 

 

𝑅𝑜 > 𝑅1 (3.13) 

 

a solution would be to reduce the height of the guide vane blade in the cascade in relation to the 

height of the runner: 

 

𝐵𝑜 < 𝐵1 (3.13.1) 

 

Due to constructive reasons, in the case of low-speed Francis turbines which have a proximity of 

the runner and the guide vanes, the height of the guide vanes is performed almost equal to the inlet 

height of the runner: 

 

𝐵𝑜 ≈ 𝐵1 (3.13.2) 

 

resulting in a reduction of the radial velocity component, and thus a reduction in the flow angle 

they provide: 

 

𝑣𝑜𝑟 =
𝑄𝑑

2𝑅𝑜𝜋𝐵𝑜
 (3.14) 

 

𝑡𝑔𝛼𝑜 =
𝑣𝑜𝑟

𝑣𝑜𝑢
<  𝑡𝑔𝛼1 =

𝑐1𝑚

𝑐1𝑢
 (3.15) 

 

These relations show the flow laws in the vaneless space between the guide vanes and the runner. 

The flow velocity at the guide vanes outlet is: 

 

𝑣𝑜 = (𝑣0𝑟
2 + 𝑣𝑜𝑢

2 )0.5 (3.16) 

 

from which the required opening clearance between two blades can be roughly defined as: 

 

𝑎0𝑝 =
𝑄𝑑

𝑍𝑔𝑣𝐵𝑜𝑣𝑜
 (3.17) 
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3.3.2. Blade profile camber line definition 

 

There are several recommendations and standards for performing the camber line equations of 

hydro profiles (airfoils), where some of them give many limitations in terms of the shape (brakes 

and slopes) of the profile. For this reason, a 3rd order polynomial function is derived from the 

theory of wing development in tailless aircrafts: 

 

𝑦𝑐 = 𝐴𝑥3 − 𝐵𝑥2 + 𝐶𝑥 = (𝑎𝑏 − 𝑎)𝑥3 − 𝑎𝑏𝑥2 + 𝑎𝑥 (3.18) 

 

where 𝑥 is a dimensionless length of the blade (profile). The coefficients of the polynomial are 

solved and defined in strictly defined limits of dimensionless chord length from 0 to 1, where the 

boundary conditions are defined for those two positions. That is, the first derivative of the 

polynomial will be: 

 
𝑑𝑦𝑐

𝑑𝑥
= 3𝐴𝑥2 − 2𝐵𝑥 + 𝐶 = 3(𝑎𝑏 − 𝑎)𝑥2 − 2𝑎𝑏𝑥 + 𝑎 (3.18.1) 

 

where for 𝑥 = 0, the derivative of the function at the starting point gives the tangent to the angle 

of inclination of the line, i.e.: 

 

𝑎 = 𝐶 = 𝑡𝑔(𝛽𝑖) (3.18.2) 

 

and for 𝑥 = 1, the derivative of the function gives the tangent of the angle of inclination of the 

line, i.e.: 

 

𝑡𝑔(𝛽𝑜) = 3(𝐵 − 𝑡𝑔(𝛽𝑖)) − 2𝐵 + 𝑡𝑔(𝛽𝑖) = 3𝐵 − 3𝑡𝑔(𝛽𝑖) − 2𝐵 + 𝑡𝑔(𝛽𝑖) (3.18.3) 

 

𝑡𝑔(𝛽𝑜) = 𝐵 − 2𝑡𝑔(𝛽𝑖) (3.18.4) 

 

𝐵 = 𝑡𝑔(𝛽𝑜) + 2𝑡𝑔(𝛽𝑖) (3.18.5) 

 

The polynomial coefficients defined in this way, through the angles of the tangents at the beginning 

and the end of the chord line, give the camber line function: 

 

𝑦𝑐 = 𝐴𝑥3 − 𝐵𝑥2 + 𝐶𝑥 (3.19) 

 

with the coefficients: 

 

𝐵 = 𝑡𝑔(𝛽𝑜) + 2𝑡𝑔(𝛽𝑖) (3.19.1) 

 

𝐴 = 𝐵 − 𝑡𝑔(𝛽𝑖) (3.19.2) 

 

𝐶 = 𝑡𝑔(𝛽𝑖) (3.19.3) 
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where 𝛽𝑖 represents the inlet angle of the blade chord line enclosed with the inlet angle of the flow 

in the cascade, and 𝛽𝑜 represents the outlet angle of the blade chord line enclosed with the outlet 

flow angle of the cascade. 

 

 
Fig.3.3 Schematic representation of the camber line derived between the flow angles and the chord line 

[33] 
 

This shows that the camber line coefficients are strongly dependent on the flow angles through the 

blade chord line. This equation was developed to obtain profiles with the so-called reflective 

camber line, which is presented in the following figures. 

 

 
Fig.3.4 Example of a camber line for a negative angle at the chord line ending 

 

 
Fig.3.5 Example of a camber line for a positive angle at the chord line ending 

 

 
Fig.3.6 Example of a camber line for a negative angle at the chord line beginning 
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3.3.3. Blade profile thickness distribution with weighted parameters 

 

The general expression for describing the thickness distribution of a profile is [35]: 

 

𝑦𝑇 = 𝑥𝑚(1 − 𝑥)𝑛𝑓(𝑥) (3.20) 

 

and represents a change in the relative thickness of the profile, where 𝑚, and 𝑛 are parametric 

quantities, and 𝑓(𝑥) is a function that has no real roots in the interval from 0 to 1. This expression 

can be written in many different forms as needed. Also, for obtaining other standardised profiles, 

the laws of distribution from the leading edge to the location of the maximum thickness are applied 

through a parabolic, hyperbolic, or elliptical law, which gives the equation various forms. Instead 

of this approach, the so-called "Bezier Spline" function is used, which requires several weight 

parameters to which the function asymptotically tends. 

 

  
Fig.3.7 Bezier curve example with n=4 weight 

parameters 

Fig.3.8 Bezier curve example with n=5 weight 

parameters 

 

The weight parameters of the curve are given through some natural and geometric laws, such as: 

 

• The weight parameters that describe the leading edge of the profile are derived according 

to a simple law of single parabola (NACA standards); 

• The weight parameters that describe the location and intensity of the maximum thickness 

are free for manipulation in the zone of 20-45% of the chord length; 

• The weight parameters that describe the tail of the profile (trailing edge distribution) have 

a downward trend with a mutual angle of inclination in the range of 4 to 8 degrees to avoid 

possible flow separations. 

 

Practically, more weight parameters give a more accurate asymptotic curve for the distribution 

function. For this case, 9 weight parameters are performed to which the profile distribution curve 

is described. 

 

 
Fig.3.9 Bezier asymptotic curve example for leading edge thickness distribution [36] 
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The leading edge is defined by three weights: 𝑃0, 𝑃1 and 𝑃2 which actually represent points on 𝑥𝑦 

plane with coordinates 𝑃0(𝑃0𝑥 𝑃0𝑦), 𝑃1(𝑃1𝑥 𝑃1𝑦) and 𝑃2(𝑃2𝑥 𝑃2𝑦). The coordinate values of the 

initial (zero) parameter are: 

 

𝑃0 = (0,0) (3.21) 

 

which defines the starting point of the curve at the coordinate origin, which must be preserved. 

Weight parameters 𝑃1 and 𝑃2 are directly dependent on the adopted maximum thickness that the 

profile should have, expressed as a percentage of the unit length: 

 

𝑡𝑦 =
1

2

𝑇𝑦

100
𝑥 ; 𝑥 = 1 (3.21.1) 

 

where 𝑇𝑦 represents the actual maximum profile thickness as a percentage of the length, and 𝑡𝑦 is 

half the actual thickness which should be given equally on both sides (pressure and suction profile 

contours) related with the camber line. The thickness parameter is related to 𝑃4(𝑃4𝑥 𝑃4𝑦) where 

𝑃4𝑦 = 𝑡𝑦 represents the magnitude of the maximum thickness, and 𝑃4𝑥 = 𝑑𝑥 which represents the 

location of the maximum profile thickness along the x axis, expressed as a percentage of the unit 

length of the chord. The weight parameters 𝑃3 and 𝑃5 have equal magnitudes along the y 

coordinate, and along the chord line they are located on ±10 ÷ 20% from the adopted location of 

maximum thickness 𝑑𝑥, in order to concentrate those points in the zone of maximum thickness, 

and to increase tendency of the asymptotic curve in that zone. The weight parameter 𝑃3 is adopted 

to represent the smaller radius of the ellipse that describes the leading edge of the profile. The 

weight parameters 𝑃1 and 𝑃2 are represented as tangent coordinates that describe the elliptical law 

of the leading edge, occupying the radius of the initial inscribed circle in the profile (parameter 𝑃1 

according to NACA standards): 

 

𝑟 = 0.204𝑇𝑦 ; 𝑃1𝑥 = 0 ; 𝑃1𝑦 = 2𝑟 (3.21.2) 

 

The weight parameter 𝑃2 is derived towards the beginning of the profile curvature according to the 

location of the maximum thickness, taken from the Russian standards [8] for construction of hydro 

profiles in terms of the location of the maximum thickness and magnitude as 𝑃2𝑥 = 0.11𝑑𝑥 and 

𝑃2𝑦 = 0.8𝑡𝑦. 

 

 
Fig.3.10 Weight parameters that define the thickness distribution of the profile 

 

The weight parameters 𝑃6 and 𝑃7 are at 75% and 90% of the chord length of the profile where their 

magnitude along the y coordinate is directly dependent on the adopted thickness at the end of the 
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profile. The weight parameter 𝑃8 represents the minimum thickness of the profile at its very end, 

where according to the Russian recommendations [8] for making guide vane blades is 𝑃8𝑦 = 0.01𝑥 

at length of 𝑃8𝑥 = 𝑥. 𝑃6𝑦 and 𝑃7𝑦 have a downward trend with respect to a defined angle of 4 −

8 [𝑑𝑒𝑔] to prevent eventual flow separations. The Bezier Spline curve [37] can be written as: 

 

𝐵(𝑡) = ∑(
𝑛

𝑖
) (1 − 𝑡)𝑛−𝑖𝑡𝑖𝑃𝑖

𝑛

𝑖=0

 ;  (
𝑛

𝑖
) =

𝑛!

𝑖! (𝑛 − 𝑖)! 
 (3.22) 

 

where 𝑛 is the number of weight parameters, 𝑖 the very parameter number, 𝑡-variable and 𝑃𝑖 is the 

weight parameter. The following figures show several derived standard profiles compared to 

profiles obtained with this technique. 

 

  
𝑁𝐴𝐶𝐴 0016 (𝑑𝑥 = 0.3 ; 𝑇𝑦 = 0.16) 

  
𝑁𝐴𝐶𝐴 66 − 018 (𝑑𝑥 = 0.45 ; 𝑇𝑦 = 0.18) 

Fig.3.11 Standard derived profiles Fig.3.12 Bezier created profiles 
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3.4. Geometric dimensionless (normalised) radial cascade 
 

The entire calculation procedure and the criteria for profiling the blades of the guide vanes are 

implemented in a calculation code in MATLAB. For initial design parameters of a turbine, such 

as flow rate, head, runner inlet diameter, and rotational speed, the calculation procedure is 

performed by defining the required flow velocities and angles that are present at the runner inlet, 

as well as the required velocities and angles at the guide vanes outlet. In that sense, in the following 

presentations, the geometric specification of the cascades will be given in dimensionless form, 

representing the percentage of the outlet diameter versus the inlet diameter of the runner, the 

cascades inlet and outlet diameters ratio, the density, the number of blades, angle relative to the 

pitch angle of the cascade, and the location and maximum thickness of the blades. 

 

3.4.1. Example 1 - HPP St. Petka in Macedonia 

 
Tab.3.1 Turbine input parameters 

 
 

Tab.3.2 Obtained cascade parameters 

 
 

  
Fig.3.13 Geometry of calculated guide vane 

configuration (ex.1.) 
Fig.3.14 Existing geometry technical drawing 

 

  

Qd 

[m3/s]
Hn [m] n [rpm] D1 [m] B1 [m]

50 40 214,29 2,484 0,97

L/t [-] Cro [-] Cri [-] Zgv [-] fi_n [-] dx [-] ty [-]

1,15 1,075 1,16 24 1,2184 0,275 0,17
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3.4.2. Example 2 - HPP Tokke in Norway 

 
Tab.3.3 Turbine input parameters 

 
 

Tab.3.4 Obtained cascade parameters 

 
 

  
Fig.3.15 Geometry of calculated guide vane 

configuration (ex.2.) 
Fig.3.16 Existing geometry technical drawing 

 

  

Qd 

[m3/s]
Hn [m] n [rpm] D1 [m] D2 [m] B1 [m]

31 377 375 3,1875 1,7799 0,306

L/t [-] Cro [-] Cri [-] Zgv [-] fi_n [-] dx [-] ty [-]

1,333 1,06 1,093 28 1,3665 0,2 0,2
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4. Criteria for analysis  
 

As mentioned in Chapter 2, the analysis generally goes in several directions, considering the 

interaction between the shape of the blades, the hydrodynamic conditions, and the variable speed. 

According to this, the main criteria on which the conclusions will be made are derived. It will be 

considered in what way different types of guide vane geometries affect turbine efficiency and 

velocity profiles created in the vaneless space. In other words, if the analysis starts from the 

turbine’s needs to operate with variable speed, what is the guide vane configuration that arises and 

by that, what kind of velocity profiles are obtained in the vaneless space. 

 

This analysis is complicated by the introduction of new parameters, whether they are geometric, 

hydraulic, or energy parameters. The narrowing of the analysis moves towards the definition of 

several parameters: 

 

a) Geometric parameters of the guide vanes: number of blades, cascade density, enclosed blade 

angle, and, additionally, blade opening clearance; 

 

b) Hydraulic parameters: flow pattern, velocity profiles, and additional pressure losses and energy 

losses; 

 

c) Energy parameters: efficiency of the turbine and operating range expansion.  

 

4.1. Flow field criterion, velocity profiles, and dominant hydrodynamic 

quantities 
 

The flow field and the velocity profiles obtained in the vaneless space between the guide vanes 

and the runner are drastically different from the analytical methods of calculating average 

velocities, which were derived in the previous chapters. The velocity profile is viewed three-

dimensionally, along the outlet circle of the guide vanes, and by height. The results obtained for 

the different cases, when analysing the influence of the variable speed on the velocity profile, will 

be considered in the sections of uniformed flow along with the height of the blade (blade midspan 

surface). For the cases of non-uniform blades at three heights of the blade, where a criterion for 

uniformity of the velocity profile according to BS 1042: Section 2.4. (1989) – Measurement of 

fluid flow in closed conduits (Part 2. Velocity-area method) [38], which gives: 

 

𝑌 =
𝜎𝑈𝑖

𝑈
=

1

𝑈
√[

∑ (𝑈𝑖 − 𝑈)2𝑛
𝑖=1

𝑛 − 1
] (4) 

 

and represents the standard deviation of the individual velocity values obtained along the 

measuring zone. Thus, the index of uniformity of the profile is calculated, and it is related to the 

type of the cascade, which gives a complete hydraulic-geometric parameterisation of the 

conducting apparatus.  
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Other hydraulic quantities in the vaneless space, such as pressure distribution, circulation, etc. are 

calculated as averaged values on the surface of the guide vanes outlet and are analysed in relation 

to the required adopted values that the cascade should achieve. 

 

4.2. Criterion for extending the operating characteristic of a turbine with 

variable speed  
 

This criterion, as mentioned in Chapter 2, is defined in relation to the design position of the 

openness of the guide vanes 𝑎𝑜 = 𝑐𝑜𝑛𝑠𝑡. where the deviation of the turbine efficiency around its 

optimum will be analysed, for different rotational speeds. As mentioned, the cascade which gives 

smaller efficiency deviations at variable speeds results in an extension of the turbine operating 

range.  

 

Therefore, conclusions were drawn for profiling the blades by height, instead of using single-

profile blades; it is expected that a certain zone of the blade is a dominant carrier when directing 

the flow towards the guide vane outlet, about the required rotational speed of the runner.  

 

4.3. Methods for comparing results 
 

The calculations of the turbine coefficients for defining the characteristic are made on the basis of 

the standard IEC60193 [39] for performance evaluation, using dimensionless parameters 𝑛𝑒𝑑 [−], 
𝑄𝑒𝑑  [– ] and 𝑇𝑒𝑑  [−]. 
 

Due to the existence of several parameters in the analysis, some of the results are presented in 3D 

charts, where the x and y-axes represent certain geometric parameters of the guide vanes, versus 

the design parameters of the guide vanes (design flow rate), in order to define the geometries of 

the guide vanes that are closely or precisely defined for the given input parameters of the turbine. 

The turbine efficiency is presented as an outcome on the vertical z-axis.  

 

The points obtained in space are interconnected by a statistically trending approximate surface 

according to the method of least squares (Response Surface Methodology) which provides a view 

of the dependencies of the variables with the responsive variable, in this case, the turbine 

efficiency. The approximate surface introduces an error in the approximation through the points 

obtained from the analyses, but it globally gives a view of the mutual influences of the individual 

parameters, from where the conclusions will be drawn and the following models will be derived. 

 

  



39 

 

5. Numerical modelling 
 

The performed analyses and the obtained results in this dissertation are based on numerical flow 

modelling, with special review to the approach to flow simulation in hydraulic turbines, using the 

commercial software package ANSYS FLUENT 20. The numerical models are firstly based on 

defining the individual fluid domains, which practically represent the individual subsets of the 

hydraulic turbine, such as the spiral casing, stay vanes and guide vanes, turbine runner, and the 

draft tube. Their presentation for the purposes of the simulations is done through the discretisation 

of the fluid flow volumes and defining the initial and boundary conditions in which the numerical 

solution is expected. 

 

5.1. Fluid flow governing equations and turbulence modelling 
 

If a three-dimensional flow of an incompressible fluid is considered where the density is constant 

𝜌 = 𝑐𝑜𝑛𝑠𝑡., then the basic principles are known [40]: 

 

• Law of mass conservation (Continuity equation) 

 

∇𝑣 =
𝜕𝑣𝑥

𝜕𝑥
+

𝜕𝑣𝑦

𝜕𝑦
+

𝜕𝑣𝑧

𝜕𝑧
= 0 (5.1) 

 

• Law of momentum conservation (Navier-Stokes equations) 

 

𝜕𝑣 

𝜕𝑡
+ ∇ ∙ (𝑣 ⊗ 𝑣 ) = −∇𝑝 + ∇ ∙ 𝜏 + 𝐹  (5.2) 

 

𝜏 = 𝜇(∇𝑣 + ∇𝑣 𝑇) −
2

3
∇ ∙ 𝑣 𝐼 (5.3) 

 

The turbulent flow is characterised by velocity fluctuations over time about one constant value of 

the velocity, the so-called average velocity. Considering one of the components of the velocity, it 

can be written that: 

 

𝑣𝑥(𝑡) = 𝑣𝑥 =
1

∆𝑡
∫ 𝑣𝑥(𝑡)𝑑𝑡

𝑡+∆𝑡

𝑡

 (5.4) 

 

where at any given moment the instantaneous velocity is the sum of the mean and fluctuating 

components (pulsation): 

 

𝑣𝑥(𝑡) = 𝑣𝑥 + 𝑣𝑥
′(𝑡) (5.5) 

 

Other fluctuating hydromechanical, vector or scalar quantities are written as: 

 

𝑓(𝑡) = 𝑓 + 𝑓′(𝑡) (5.6) 
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Substituting these expressions into the Navier-Stokes equation gives the so-called Reynolds 

equation for turbulent flow of incompressible viscous fluid (RANS): 

 

𝜕𝑣 

𝜕𝑡
+ (𝑣′⃗⃗  ⃗, ∇)𝑣 = −∇𝑝 + ∇ ∙ (𝜏 − 𝑣′) + 𝐹  (5.7) 

 

To solve the Reynolds equation, it is always necessary to go along with the continuity equation. 

To obtain the turbulence, the member in the equation 𝑣′ represents the Reynolds flow stresses, 

which need to be mathematically modelled in order to complete the solution. The Reynolds stresses 

are in relation to the gradients of the mean velocity and the turbulent viscosity, where for a two-

dimensional flow, they are written as: 

 

𝑣′ = 𝑣𝑥𝑣𝑦 = 𝜇𝑡 (
𝜕𝑣𝑥

𝜕𝑥
+

𝜕𝑣𝑦

𝜕𝑦
) −

2

3
𝛿𝑥𝑦 ∙ (𝑘 + 𝜇𝑡

𝜕𝑣𝑧

𝜕𝑧
) (5.8) 

 

the so-called Boussinesq hypothesis, so the Reynolds transport equation can be written as: 

 

𝜕𝑣𝑥

𝜕𝑡
+

𝜕

𝜕𝑦
(𝑣𝑥𝑣𝑦) = −

𝜕𝑝′

𝜕𝑥
+

𝜕

𝜕𝑦
[𝜇𝑒𝑓𝑓 (

𝜕𝑣𝑥

𝜕𝑦
+

𝜕𝑣𝑦

𝜕𝑥
)] + 𝐹 (5.9) 

 

where 𝜇𝑒𝑓𝑓 = 𝜇 + 𝜇𝑡 is the effective viscosity and the pressure is: 

 

𝑝′ = 𝑝 +
2

3
𝑘 +

2

3
𝜇𝑒𝑓𝑓

𝜕𝑣𝑧

𝜕𝑧
 (5.10) 

 

where for incompressible flows the last member is neglected. If it is assumed that the turbulent 

viscosity is dependent on the kinetic energy of turbulence: 

 

𝜇𝑡 = 𝐶𝜇𝜌
𝑘2

𝜀
 (5.11) 

 

where 𝐶𝜇 is a constant, and 𝑘 and 𝜀 are alternately the kinetic and dissipative energies of 

turbulence, and they are the result of two transport equations: 

 
𝜕

𝜕𝑡
(𝜌𝑘) + ∇(𝜌𝑉𝑘) = 𝛻 ∙ [(𝜇 +

𝜇𝑡

𝜎𝑘
)𝛻𝑘] + 𝑃𝑘 − 𝜌𝜀  (5.12) 

 
𝜕(𝜌𝜀)

𝜕𝑡
+ 𝛻 ∙ (𝜌𝑉𝜀) = 𝛻 ∙ [(𝜇 +

𝜇𝑡

𝜎𝜀
)𝛻𝜀] +

𝜀

𝑘
(𝐶𝜀1𝑃𝑘 − 𝐶𝜀2𝜌𝜀)  (5.13) 

 

These two equations are known as 𝑘 − 𝜀 standard turbulence model. In case of rotational frames 

in the numerical model, as an example of rotational frame movement of a turbine runner, the 

turbulent viscosity is calculated in the same way, where the coefficient 𝐶𝜇 ≠ 𝑐𝑜𝑛𝑠𝑡. and is 

expressed as: 
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𝐶𝜇 =
1

𝐴0 + 𝐴𝑠
𝑘𝑉
𝜀

 (5.14) 

 

where 𝐴0 and 𝐴𝑠 are constants, 𝑉 = 𝑓(Ω̅) is depending on the mean value of the fluid flow rotation 

seen in the rotating domain, which is dependent on the angular velocity of the domain Ω̅ = 𝑓(𝜔𝑘). 

The transport equations for 𝑘 and 𝜀 will then be: 

 
𝜕

𝜕𝑡
(𝜌𝑘) + ∇(𝜌𝑉𝑘) = 𝛻 ∙ [(𝜇 +

𝜇𝑡

𝜎𝑘
)𝛻𝑘] + 𝑃𝑘 − 𝜌𝜀  (5.15) 

 

𝜕(𝜌𝜀)

𝜕𝑡
+ 𝛻 ∙ (𝜌𝑉𝜀) = 𝛻 ∙ [(𝜇 +

𝜇𝑡

𝜎𝜀
) 𝛻𝜀] + 𝜌𝐶1𝑆𝜀 − 𝜌𝐶2

𝜀2

𝑘 + √𝜇𝜀
+

𝜀

𝑘
𝐶𝜀1𝐶𝜀3𝐺𝑏 + 𝑆𝜀 (5.16) 

 

These two equations are also 𝑘 − 𝜀 turbulence model, known as “Realizable” model that exceeds 

certain limits in the equation of kinetic energy dissipation of the turbulence in the standard 

description, where parameters of rotating flow domains in the numerical model are inserted and 

performs better prediction in case of flow separations along the walls. This model has been adopted 

and will be used in further numerical simulations.  
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5.2. Modelling of Boundary Layer Flow 
 

Turbulent flows depend on the presence of walls. In the flow field where the average velocity is 

obtained, the non-slip condition of the walls has an impact. Modelling close to the walls 

significantly affects the reliability of the numerical solution, if the walls are the main source of 

turbulence or eddy current. Therefore, accurate representations of flow near walls allow 

predictions of turbulent flows in those areas.  

 

Numerous experiments show that the zone near the wall (boundary layer) can generally be divided 

into three smaller zones. In the internal layer, called the "viscous sublayer", the flow is almost 

laminar, and molecular viscosity plays a dominant role in maintaining fluid motion. In the outer 

layer, called the completely turbulent layer, turbulence plays a major role. There is a zone between 

the viscous sublayer and the completely turbulent layer where the effects of molecular viscosity 

and turbulence are equally influential.  

 

 
Fig.5.1 Zones in the boundary layer of the flow 

 

Common practice shows that engineering analyses do not require flow modelling in the viscous 

sublayer and that the numerical modelling of the boundary layer flow along the walls is satisfied 

with a great accuracy, by using the above turbulence models and defining a dimensionless distance 

from the wall to the core of the flow within 30 < 𝑦+ < 300, i.e. in the zone of logarithmic law of 

distribution. The stated dimensionless distance is nothing more than a calculation of the height and 

growth of the cells in the numerical mesh from the walls to the flow core. Thus, the dimensionless 

value of the height of the first cell next to the wall is calculated as: 

 

𝑦+ =
𝜌𝑣𝜏𝑦

𝜇
 (5.17) 

 

where 𝑣𝜏 represents the friction velocity of the fluid in the wall zone, where the tangential stress 

𝜏𝑤 is calculated depending on the coefficient of frictional resistance of the wall. 

 

𝑣𝜏 = √
𝜏𝑤

𝜌
 (5.18) 
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Flow around aerodynamic bodies is adopted, an approximate value of the frictional resistance is 

given in the theory as a dependence of the ratio of the maximum thickness of the profile and the 

length of its chord line 𝐶𝑤𝑡 = 𝑓(𝑡𝑦/𝐿) = 0.08 ÷ 0.04 [41]. For simplification, an average 

coefficient of resistance of the profiles 𝐶𝑤𝑡 = 0.06 is adopted. From here, the tangential stress is 

calculated as: 

 

𝜏𝑤 =
1

2
𝐶𝑤𝑡𝜌𝑣∞

2  (5.19) 

 

where 𝑣∞ represents the average velocity of the flow in the profile zone. If the initial value for the 

dimensionless height of the first cell is set, the actual height of the first cell in the boundary layer 

can be calculated as: 

 

𝑦 =
𝑦+𝜇

𝑣𝜏𝜌
 (5.20) 

 

According to the chart in Fig. 5.1, for solving the boundary layer in the purely logarithmic area 

where the completely turbulent layer is dominant, the dimensionless value of the cell height is 

𝑦+ > 60, so that in the further simulations the value is adopted as 𝑦+ = 100. It is recommended 

that the number of cells in the boundary layer is not less than three, and the mutual growth of cells 

is within the range of 1.1 to 1.3, thus adopting an increase in the further simulations of 1.2.  

 

 
Fig.5.2 View the development of the cells for solving the boundary layer  

in the logarithmic zone 
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5.3. Description of the reference model from the analysis - The Francis 99 

turbine 
 

The Francis 99 turbine represents a scaled model (1:5.1) of a prototype turbine at the Tokke 

hydropower plant in Norway [42]. The turbine is consisted of a spiral casing with inserted 14 stay 

vane blades, 28 guide vane blades, and a runner with 15 full and 15 splitter blades which form 30 

front (leading) edges at the runner inlet, as well as an elbow type draft tube with variable cross-

section. The runner inlet and outlet diameters are 𝐷1 = 0.63 [𝑚] and 𝐷2 = 0.349 [𝑚], 
respectively. The turbine model is situated at the Water Power Laboratory at the Norwegian 

University of Science and Technology in Trondheim. The cross-section of the turbine model is 

given in Fig. 5.3. 

 

  
Fig.5.3 Cross-section through the Francis 99 turbine model 

[42] 

Fig.5.4 Geometric details at the runner 

inlet 

 

The turbine model is composed of (1) spiral casing, (2) stay vanes, (3) guide vanes, (4) turbine 

runner, (5) main blades of the runner, (6) splitter blades, (7) draft tube cone section and (8) draft 

tube elbow section. The turbine runner represents a low-speed (high-head) Francis turbine with 15 

full and 15 splitter blades. From the performed model tests, the following data is available for the 

turbine in the partial (low) operating mode (PL – Part load), in the zone of maximum efficiency 

(BEP – best efficiency point) and in the high operating mode (HL – High load): 

 
Tab.5.1 Derived characteristics of the model Francis 99 [42] 

 
 

  

81,0°
83,0°

1,0°

Ø
6
2
0

12,0°

ρ [kg/m3] g [m/s2] ned [-] Qed [-] η [-] Hn [m] Q [m3/s] n [rpm] T [Nm]

PL 999.23 9.821 0.215 0.07 0.7169 12.29 0.071 406.2 144.06

BEP 999.19 9.821 0.18 0.15 0.9303 11.91 0.203 335.4 628.41

HL 999.2 9.821 0.195 0.19 0.9066 11.24 0.221 369.6 605.62
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5.4. Definition of a numerical model, verification and determination of 

numerical error and deviations from laboratory measurements 
 

According to the previously mentioned methods of numerical modelling, an analysis was 

performed with CFD simulation of the model of the Francis 99 turbine, which is a taken as a 

reference in this dissertation and the further analyses, and it will be referred to as "zero model" or 

Model 0.  

 

In the previous analyses and published results in papers [29], [30], [43], [44], [45], the simulations 

are conducted without the participation of the spiral casing and the stay vanes, because analyses 

have been conducted on the inflow effects in the guide vanes, the inflow directions and its effects, 

as well as on a range of different models of guide vane blades that deviate from the conventional 

geometry available, to obtain more results and data on the behaviour of the guide vane geometry 

on the turbine characteristics.  

 

With this simplification, a reduction of the required computational time is obtained at the same 

time; the numerical model under examination has a reduced number of elements, thus the model 

is composed of the guide vanes, the runner, and the draft tube cone section. The spiral casing and 

the stay vanes of the turbine model have been previously analysed through numerical simulations, 

where energy losses are obtained and later included in the calculation model to determine the net 

head (Fig. 5.5). 

 

 

∆𝐻𝑧 = 𝑚𝑠𝑝𝑄
𝑛 

𝑚𝑠𝑝 = 1.5516 

𝑛 = 1.7656 

Fig.5.5 Hydraulic losses curve of spiral casing and stay vanes  

and module and exponent of hydraulic loss curve 
 

For the performance of the numerical model, the starting data are the energy parameters of the 

turbine model, where for the best efficiency point the data is as follows: 

 
Tab.5.2 Derived data for best efficiency point of the turbine 

 
  

y = 1.5516x1.7656

R² = 0.9998

0
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0.1
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0.14

0.16

0 0.05 0.1 0.15 0.2 0.25 0.3

H
z
 [

m
]

Q [m3/s]

SP_SV

BEP ρ [kg/m3] g [m/s2] ned [-] Qed [-] D1 [m] D2 [m] n [rpm] Hn [m] Qd [m3/s] T [Nm]

998.2 9.81 0.18 0.15 0.62 0.349 333.33 11.76 0.2017 624.44
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5.4.1. Runner meshing 

 

The runner with its characteristic dimensions is presented in Fig. 5.6. The runner mesh is 

performed according to analytical calculations for the growth of cells along the walls, for the given 

flow rate, i.e. calculation of the relative flow velocity at the inlet. For 𝐷1 ≈ 0.62 [𝑚], 𝑛 =
333.33 [𝑚𝑖𝑛−1], 𝐵1 ≈ 0.06 [𝑚],𝑄𝑑 = 0.2017 [𝑚3/𝑠] and runner blades leading edge angle of 

𝛿1 ≈ 82 [°], the velocity triangle is analytically determined at the inlet, where the relative velocity 

is 

 

𝑤1 ≈ 1.75 [𝑚/𝑠] 
 

The calculated value for the relative velocity is assumed to be 2[m/s], for the reason that the 

thickness of the blades is not taken into account. Тherefore, the height of the first cell is calculated 

as 0.05 [mm], and 5 cells are provided for the description of the boundary layer with mutual growth 

of 1.2 (20% growth). The runner is consisted of 6 ∙ 105 cells. 

 

  
Fig.5.6 Cross-section of the Francis 99  

model runner 
Fig.5.7 Runner mesh 

 

5.4.2. Guide vane meshing 

 

The guide vanes with their characteristic dimensions are presented in Fig.5.8. The analytical 

calculation of the velocities in the vaneless space obtained that the maximum velocity between 

two blades is 

 

𝑣𝑜 ≈ 10 [𝑚/𝑠] 
 

thus the height of the first cell on the walls of the blades of the guide vanes is 0.025[mm]. The 

developed mesh is consisted of 5 ∙ 105 до 6 ∙ 105 cells. 
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Fig.5.8 Guide vanes dimension of  

model Francis 99 
Fig.5.9 Guide vanes mesh 

 

5.4.3. Draft tube mesh 

 

As previously mentioned, only the conical part of the draft tube is taken into account in order to 

reduce the time required for the simulations. At the design flow rate at the runner outlet diameter, 

the velocity is calculated as 

 

𝑣𝑑𝑖𝑓𝑓 ≈ 2 [𝑚/𝑠] 

 

from where the height of the first cell of the draft tube wall is calculated as 𝑦 = 0.4 [𝑚𝑚]. The 

boundary layer is described by 5 cells with mutual growth of 1.2. The draft tube is consisted of 

9 ∙ 104 cells.  

 

  

Fig.5.10 Example of mesh – Bottom view 
Fig.5.11 Example of mesh at guide vanes and 

turbine runner 
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5.4.4. Boundary conditions of the numerical model 

 

Because the emphasis of the analysis itself is on the guide vanes and their effects on the flow that 

is created at the runner inlet, as well as their influence on the operating characteristics, the spiral 

casing and the stay vanes are not included in the simulation analyses. Because previous research 

[43] has been done, these 2 elements of the turbine are excluded from the analysis, where analyses 

were made to define the enclosure angle of the blades, the manner and influence of the inflow in 

the guide vanes by comparing convex and concave blades in the cascade, as well as to analyse 

different blade lengths and cascade densities. 

 

At the guide vanes inlet, the constant flow rate is given as a boundary condition, for the reason that 

the solution convergence is better, with percentual components at the circumference on the inlet 

circle giving radial and tangential component of the vectors (streamlines inclination) constant at 

full circle. The boundary condition at the draft tube is defined as outlet static pressure. The runner 

is a separate volume in the numeric domain with given angular velocity around the vertical 

rotational axis, which numerically assigns to the volume cells a rotational component, i.e. the flow 

in that volume in terms of relative velocity is solved, and the overall flow pattern of the solution 

is a "frozen rotor" – quasi-stationary flow pattern. The surfaces of the volume used to describe the 

turbine runner (the blades, the hub, and the shroud) are numerically free to rotate fictitiously in the 

direction of rotation of the runner, but without a set value (rotating vector) on the walls themselves, 

in order to accept the impulse from the rotation of the volume and transfer the velocities and 

pressures of the fluid towards the walls (turbine operating principle). The boundary conditions are 

schematically presented in Fig. 5.12. 

 

 
Fig.5.12 Schematic representation of the boundary conditions 
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5.5. Results and numerical error estimation 
 

Numerical simulations have been successfully converged by achieving the accuracy of the solution 

up to 10−6. Analogously, an arbitrary point is set in the flow domain, at which the velocity 

convergence is monitored (observed); it represents an additional criterion for of flow field solving 

and defining the required number of iterations to obtain it. 

 

  
Fig.5.13 Numerically obtained hill chart Fig.5.14 Model test hill chart [46] 

 

The relative error of the numerical simulations in the zone of obtained maximum efficiency can 

be calculated according to the location of the point through the reduced turbine parameters  

 

𝜀𝑛𝑒𝑑
= |

𝑛𝑒𝑑𝑚
− 𝑛𝑒𝑑𝑐𝑓𝑑

𝑛𝑒𝑑𝑚

| ∙ 100 ≈ 1.67 [%] 

 

𝜀𝑄𝑒𝑑
= |

𝑄𝑒𝑑𝑚
− 𝑄𝑒𝑑𝑐𝑓𝑑

𝑄𝑒𝑑𝑚

| ∙ 100 ≈ 3.92[%] 

 

𝜀𝜂 = |
𝜂𝑚 − 𝜂𝑐𝑓𝑑

𝜂𝑚
| ∙ 100 ≈ 0.107 [%] 

 

To check the solution and define the numerical error, a comparison was made by intersecting the 

two diagrams for reduced speeds 𝑛𝑒𝑑 = 0.165 ÷ 0.18 ÷ 0.195 [−] for the same openings of the 

guide vanes. 
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Fig.5.15 Cross-section through the hill charts 

А) 𝑛𝑒𝑑 = 0.165 [−] 
Average error 0.252 [%] 

B) 𝑛𝑒𝑑 = 0.18 [−] 
Average error 0.262 [%] 

B) 𝑛𝑒𝑑 = 0.195 [−] 
Average error -0.303 [%] 

 

It can be seen that the numerical solution of Model 0 does not deviate drastically from the 

laboratory model tests of the Francis 99 turbine. The point of maximum efficiency which is 

obtained by numerical simulations is shifted by rotational speed and by flow rate, where the 

deviation errors from the model are 1.67 [%] and 3.92 [%], respectively. The intensity of the 

maximum efficiency numerically obtained is 93.7 [%] compared to the model of 93.6 [%], i.e. 

with an error of 0.107 [%]. For another comparison, three intersections of the two hill charts were 

made at constant speed factors. For the first cross-section, the efficiency errors obtained 

numerically versus the model measurements range from +1.302 to -0.325 [%], i.e. an average 

cross-sectional error of 0.252 [%]. For the second section, the errors are in the range from 0 to 

+0.552 [%], i.e. the average section error is from 0.262 [%], and in the third section, the errors are 

in the range from +0.225 [%] to -0.55 [%], i.e. average cross-sectional error of -0.303 [%]. 

 

With this comparison and evaluation, it can be concluded that the simplification of the numerical 

domain for the turbine description, in order to simplify the flow domain and reduce the solution 

time of the solver, gave accurate prediction of the turbine characteristic. All the steps taken to 

define it, numerical modelling and approach, meshing of the elements, the adopted boundary 

conditions, turbulence modelling, as well as they way to guide the numerical simulations, proves 

to be correct and quite precise and accurate, with negligible deviations from the available measured 

data.  
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6. Influence of individual geometrical parameters of the guide vanes 

on the hydrodynamic conditions and the efficiency of the turbine  
 

In this chapter, the results of partial analyses are derived where the effects between the geometry, 

flow conditions, and turbine efficiency at constant and variable speeds are treated [43][44]. The 

initial analyses are aimed at defining some general mutual influences, as well as at defining the 

boundaries in which the analyses will be conducted. 

 

 
Fig.6.1 Schematic view of the change of geometric parameters [43] 

 

6.1. Analysis of the influence of the geometric parameters on efficiency at 

constant rotational speed 
 

Based on the design parameters of the turbine, i.e. the best efficiency zone, 37 models of guide 

vanes were developed in the vaneless space between the runner and the stay vanes. The developed 

models are consisted of 24, 26, 28, and 32 blades, which form cascades with different density, 

clearance, radii ratios, and blade chord line closure angle. The criteria to profile the trailing edge 

of the blades for all the models is equal 𝛼𝑜 = 𝑐𝑜𝑛𝑠𝑡. and directly depends of the calculated outflow 

angle of the blades for the given turbine design point. The developed models are presented in Table 

6.1. 
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Tab.6.1 – Developed guide vane model configurations 

 
 

Numerical simulations of the models are performed under the constant head and rotational speed 

conditions, according to the adopted best efficiency point of the turbine. The results obtained for 

the efficiency of the turbine are presented on a relative basis, correlated with each other and later 

compared with the reference zero model from the previous simulations presented in Chapter 5. 

The mutual comparison is performed depending on the number of blades in the guide vanes, to 

obtain a global and local image of the influences of individual geometric parameters. 

 

 
Fig.6.2 Individual efficiencies by developed configuration [43] 

 

Komb. [-] Zgv [-] fi_n [-] Cro [-] Cri [-] L/t [-] ao/L [-] ao/t [-] δ_rel [-] dx [-] ty [-]

1 32 1.42 1.025 1.1 1.571 0.179 0.28 1.021 0.3 0.16

2 32 1.42 1.05 1.1 1.534 0.186 0.285 1.044 0.3 0.16

3 32 1.42 1.075 1.1 1.498 0.192 0.287 1.061 0.3 0.16

4 32 1.42 1.1 1.1 1.463 0.199 0.291 1.083 0.3 0.16

5 32 1.42 1.075 1.1 1.572 0.179 0.281 1.021 0.3 0.16

6 32 1.42 1.075 1.125 1.633 0.213 0.347 1.401 0.3 0.16

7 32 1.42 1.075 1.15 1.702 0.239 0.407 1.752 0.3 0.16

8 32 1.24 1.075 1.08 1.353 0.203 0.275 0.99 0.3 0.16

9 28 1.24 1.025 1.1 1.374 0.214 0.295 1.021 0.3 0.16

10 28 1.24 1.05 1.1 1.342 0.222 0.299 1.044 0.3 0.16

11 28 1.24 1.075 1.1 1.31 0.23 0.301 1.061 0.3 0.16

12 28 1.24 1.1 1.1 1.281 0.239 0.306 1.083 0.3 0.16

13 28 1.24 1.075 1.1 1.374 0.214 0.294 1.021 0.3 0.16

14 28 1.24 1.075 1.125 1.428 0.252 0.36 1.401 0.3 0.16

15 28 1.24 1.075 1.15 1.488 0.281 0.418 1.752 0.3 0.16

16 28 1.4 1.075 1.1 1.528 0.16 0.245 0.737 0.3 0.16

17 28 1.32 1.075 1.1 1.452 0.203 0.294 1.021 0.3 0.16

18 28 1.09 1.075 1.08 1.183 0.244 0.289 0.99 0.3 0.16

19 26 1.16 1.025 1.1 1.276 0.237 0.302 1.021 0.3 0.16

20 26 1.16 1.05 1.1 1.245 0.246 0.306 1.044 0.3 0.16

21 26 1.16 1.075 1.1 1.217 0.254 0.309 1.061 0.3 0.16

22 26 1.16 1.1 1.1 1.189 0.263 0.313 1.083 0.3 0.16

23 26 1.16 1.075 1.1 1.277 0.236 0.302 1.021 0.3 0.16

24 26 1.16 1.075 1.125 1.327 0.277 0.368 1.401 0.3 0.16

25 26 1.16 1.075 1.15 1.383 0.308 0.426 1.752 0.3 0.16

26 26 1.3 1.075 1.1 1.42 0.178 0.252 0.737 0.3 0.16

27 26 1.23 1.075 1.1 1.349 0.224 0.302 1.021 0.3 0.16

28 26 1.01 1.075 1.08 1.099 0.27 0.297 0.99 0.3 0.16

29 24 1.07 1.025 1.1 1.178 0.264 0.311 1.021 0.3 0.16

30 24 1.07 1.05 1.1 1.15 0.274 0.316 1.044 0.3 0.16

31 24 1.07 1.075 1.1 1.124 0.284 0.319 1.061 0.3 0.16

32 24 1.07 1.1 1.1 1.097 0.294 0.323 1.083 0.3 0.16

33 24 1.07 1.075 1.1 1.179 0.265 0.312 1.021 0.3 0.16

34 24 1.07 1.075 1.125 1.225 0.308 0.377 1.401 0.3 0.16
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6.1.1. Influence of the guide vanes density and clearance  

 

The global image of the influence of the cascade density and the relative clearance of the blades 

in the cascade is presented in terms of the maximum efficiency obtained from the simulations, 

regardless of the number of blades in the cascade. 

 

  
Fig.6.3 Cascade density and clearance influence 

on turbine efficiency 

Fig.6.4 Cascade density and clearance influence 

on turbine efficiency 

 

From Figures 6.3 and 6.4., it can be seen that the zone of maximal efficiency is satisfied for cascade 

densities in the range of 1.1 to 1.3, and relative clearance in the range from 0.24 to 0.29, regardless 

of the number of blades. The maximal efficiency zone corresponds with the turbine design flow 

rate, so the global image of the relative clearance is derived on basis of the design flow rate. 

 

  
Fig.6.5 Cascade relative clearance influence on 

design flow rate on basis of cascades pitch  

Fig.6.6 Cascade relative clearance influence on 

design flow rate on basis of blade length 
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Fig.6.7 Cascade relative clearance influence on 

efficiency on basis of cascades pitch 

Fig.6.8 Cascade relative clearance influence on 

efficiency on basis of blade length 

 

From the charts, it can be seen that the values corresponding to the clearance where the design 

flow rate is obtained are identical to the values for maximum efficiency. The clearance between 

the blades is represented in relation to the cascade pitch and in relation to the blade length, where 

the constraints are obtained, and these relations are adopted for further analysis, for developing 

cascades with these setups. The cascade pitch is analysed globally and individually by the number 

of blades in the guide vanes, from where its constraints were obtained. Optimization curves are 

obtained for the values of the cascade pitch, are included in the further analysis. 

 

  
Fig.6.9 Global cascade density influence on 

efficiency 

Fig.6.10 Cascade density influence on 

efficiency for 28 blades 
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Fig.6.11 Cascade density influence on efficiency for 

26 blades 

Fig.6.12 Cascade density influence on 

efficiency for 24 blades 

 

6.1.2. Influence of the blade enclosure angle and chord line leaning angle 

 

In its design position, the enclosure angle of the guide vane blades directly influences the turbine 

efficiency, and by that its constraints are defined, to reduce deviations from the maximum 

efficiency zone when it comes to defining the initial guide vane configuration for the given turbine 

design point. On the other hand, compared with the guide vanes outflow angle, the blade chord 

line leaning angle shows that the deviation of the best efficiency zone is minimized when they are 

collinear. 

 

  
Fig.6.13 Blades enclosure angle influence on 

efficiency 

Fig.6.14 Blades chord length leaning angle 

influence on efficiency 
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6.1.3. Development of a favourable guide vane configuration from the obtained results 

 

From the above obtained results for the particular geometric parameters and their influence on the 

turbine efficiency at the turbine design point, a favourable configuration which lies between the 

mentioned constraints is developed, and it is used in the following analysis. 

 

  
Fig.6.15 Developed configuration geometry in 

MATLAB 

Fig.6.16 Dimensions of the developed 

configuration 

 

The developed configuration has 𝑍𝑔𝑣 = 26 blades, forming a cascade with density of 𝐿/𝑡 =

1.242, has a relative opening clearance in ratio with the blade length of 𝑎0/𝐿 = 0.147. The 

inlet/outlet radii ratios to the runner respectfully are 𝐶𝑅𝑖 = 1.172 and 𝐶𝑅𝑜 = 1.075. The blades 

chord length leaning angle towards the needed outflow angle is 𝛿𝑟𝑒𝑙 = 1. Maximal thickness 

location on the blade is at 𝑑𝑥 = 0.3 and the relative maximal thickness is 𝑡𝑦 = 0.17. 

 

For simplifying the following analysis of non-uniform blades, it was convenient for the geometry 

to be adopted as symmetrical profile blades, where based on it, the degrees of blade curvature are 

more simply defined and presented. 
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7. Modelling and analysis of the effects caused from non-uniform 

blades shape of the guide vanes 
 

7.1. Development of the idea 
 

Starting from the previously executed analyses, mathematical relations and conclusions, an idea 

came up to use the variable-speed operation for achieving extended operational range. As 

previously mentioned, when the turbine runs with a variable speed, with constant head, a change 

of the flow rate - inversely proportional of the rotational speed - is inevitable. Thereby, taking into 

account the condition of optimal inflow at runner inlet (shock free entry), a conclusion is derived 

that a guide vane blade consisted of 1 profile, whose angle and chord line correspond with one 

operational point of the turbine, cannot satisfy the needed flow kinematic parameters against the 

change of the rotational speed. 

 

According to the theory, Fig.7.1 presents a comparison between three geometries of guide vane 

blades. The blades are positioned to equal opening clearance (a=const.), and they form different 

outflow angles towards the turbine runner (different trailing edge angles). In these conditions, the 

three different configurations give different flow rates, depending of the trailing edge 

configuration. 

 

 

 

Fig.7.1 Influence of the blade shape on the flow rate through the turbine for constant clearance [7][9] 
 

The following hypothesis comes up: what if the blades of the guide vanes were designed as a 

combination of these profiles? 

 

The starting assumption is that partial segments of the blade, through the blades’ height, will guide 

the fluid flow towards the runner, depending on the flow kinematic conditions needed for variable 

speeds. For example, the blade segment where the trailing edge angle is suitable for reduced 

rotational speed will influence the fluid flow to follow that angle towards the runner. Conversely 

defined, the blade segment where the trailing edge angle is suitable for flows of increased rotational 

speed will influence the fluid flow to follow that angle towards the runner.  
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The main study is based on several geometries of guide vanes, which were developed and 

numerically tested for one operating point of the turbine, and in the manner of how they behave 

when variable speed is applied, while they maintain the exact position. For the most promising 

configurations, a wider analysis was made, taking several opening positions of the blades, to 

observe the zones where the characteristics extends. 

 

Despite the fact that the possibilities to develop non-uniform (twisted) blades are theoretically 

almost unlimited, still, two neighbouring blades shall be designed so that they can form a total 

closure (overlap and saddling contact) between them, to stop the flow and shut down the turbine. 

As the axis of blade rotation has not got a geometrical or kinematical role in the blade rotation and 

its positioning, it is obtained that two neighbouring blades which are non-uniformly designed have 

to maintain a constant opening clearance throughout their height. Only in that case, the needed full 

closure and overlap contact saddling of the blades can be achieved. 

 

7.2. Development of test models 
 

The way of developing test models depends directly on the kinematic flow state that is obtained 

for changed rotational speed and the head and flow rate through the turbine. Testing of this 

dependence was made on several guide vane models, kept for constant clearance, to get insight 

into the change of the flow rate caused by a change of rotational speed, for constant head operation, 

and change of head for constant flow rate operation. Independent of the guide vane design, the 

turbine runner shows the following characteristics (Fig. 7.2 and 7.3.). 

 

  
Fig.7.2 Relative flow rate change with change of 

rotational speed for 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
Fig.7.2.1 Relative torque change with change of 

rotational speed for 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
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Fig.7.3 Relative head change with change of 

rotational speed for 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 
Fig.7.3.1 Relative torque change with change of 

rotational speed for 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 
It can be seen in Fig.7.2 that for the turbine test model (Francis 99), independently of the type of 

the guide vanes in front of the runner, the characteristics of the flow rate change through the turbine 

lies in the range between ±10 [%] for change of rotational speed from the nominal for the range of 

±15[%]. The torque in the range of ±15[%] of the nominal rotational speed changes for ±25[%].  

 

On Fig.7.3. for the turbine test model independently of the type of the guide vanes in front of the 

runner, the characteristics of the head change for ±12 [%] for change of rotational speed from the 

nominal for the range of ±15[%]. The torque in the range of ±15[%] of the nominal rotational 

speed changes for ±3[%]. 

 

Through these percentual ratios, the velocity triangles are derived with an aim to obtain the changes 

of the angle of attack and the intensity of the absolute velocity from the guide vanes to the runner 

inlet.  

 

  
Fig.7.4 Velocity triangles at variable speed for 

𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
Fig.7.5 Velocity triangles at variable speed for 

𝑄 = 𝑐𝑜𝑛𝑠𝑡. 
 

The velocity triangles at the runner inlet are derived according to the changes of rotational speed 

and for keeping shock-free inflow conditions to the runner. The velocity triangles at the outlet are 

obtained as a consequence of the changed rotational speed and the change of flow rate, following 

the runner blades trailing edge angle. For the turbine parameters (geometric and flow) the 

following results are obtained (Tab.7.1 and 7.1.1). 

 
Тab.7.1 Calculated velocity triangles at runner inlet for 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 

 
 

Тab.7.1.1 Calculated velocity triangles at runner inlet for 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 

 

w2"c2"

u2 u2"

b
2
=
d

2

b
2
=
d

2

u1

c1
w1

u1"

w1"c1"

u1'

c1'

w1'

D
a

'
a

1

b
1=d

1

b
1=d

1

b
1=d

1

D
a

"

u2'

c2'

w2'
c2 w2

b
2
=
d

2

a
2=

90
°

Da2'

D
a

2
"

D
a

"

D
a

2
"

Da
2'

a
2=

90
°

D
a

'

u1 u1"u1'

c1c1' c1"

b
1=d

1

b
1=d

1

b
1=d

1

a
1

u2'

c2'

w2'

u2"

w2"c2"
c2

w2

u2

b
2
=
d

2

b
2
=
d

2

b
2
=
d

2

D1 

[m]

D2 

[m]

B1 

[m]

δ1 

[deg]

δ2 

[deg]
n [-] n [min-1] H [m]

Q 

[m3/s]

u1 

[m/s]

c1m 

[m/s]

w1 

[m/s]

u1-c1u 

[m/s]

c1u 

[m/s]

c1 

[m/s]

α1 

[deg]

Δα 

[deg]

0.62 0.35 0.06 82.9 18.2 1 333.33 11.5 0.2 10.82 1.71 1.72 0.21 10.61 10.75 9.26 -

1.15 383.33 11.5 0.178 12.44 1.52 1.53 0.19 12.25 12.34 6.92 -2.34

0.85 283.33 11.5 0.194 9.2 1.87 1.88 0.23 8.97 9.16 11.69 2.43

D1 

[m]

D2 

[m]

B1 

[m]

δ1 

[deg]

δ2 

[deg]
n [-] n [min-1] H [m]

Q 

[m3/s]

u1 

[m/s]

c1m 

[m/s]

w1 

[m/s]

u1-c1u 

[m/s]

c1u 

[m/s]

c1 

[m/s]

α1 

[deg]

Δα1 

[deg]

0.62 0.35 0.06 82.9 18.2 0.85 283.33 8.92 0.2 9.2 1.71 1.72 0.21 8.99 9.15 10.73 1.47

1 333.33 11.7 0.2 10.82 1.71 1.72 0.21 10.61 10.75 9.26 0

1.15 383.33 14.86 0.2 12.44 1.71 1.72 0.21 12.23 12.35 7.99 -1.27



60 

 

 

According to the calculated values in tab.7.1, for 𝐻 = 𝑐𝑜𝑛𝑠𝑡. it can be seen that small changes of 

the absolute velocity angle are obtained, in the range of -2.34 [°] for +15 [%] increased rotational 

speed of the runner and decreased flow rate for 11[%] of Qnom, to +2.43 [°] for -15 [%] reduced 

rotational speed and increased flow rate for 9 [%] of Qnom. For 𝑄 = 𝑐𝑜𝑛𝑠𝑡., the changes are in the 

range of +1.47 [°] for -15 [%] reduced rotational speed and -1.27 [°] for +15 [%] increased 

rotational speed of the runner. 

 

These values represent a starting point for designing non-uniform blades, where the range is 

increased for the analysis needs, dependent on how the trailing edge angles intensities influence 

the turbine characteristics. For flow evaluation and visualisation, besides the radial outlet, three 

sections through the blade height are taken into account, which represent three zones: zone Z1 – 

root of the blade, zone Z0 – middle of the blade, and zone Z2 – top of the blade; they are mentioned 

several times in the following sections. 

 

 
Fig.7.6 Cut zones for flow analysis through the height of the vaneless space 
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7.2.1. Starting geometry (Model SYM – Symmetrical profile) 

 

The developed geometry described in the previous chapter is numerically tested for the given 

range of rotational speed change. The geometry given in Fig. 7.7 is formed from symmetrical 

profile of the blade, positioned for the best efficiency operating point of the turbine. 

 

  
Fig.7.7 Developed geometry in MATLAB Fig.7.8 Model SYM Dimensions 

 

The model is tested for constant flow rate of 𝑄 = 200 [𝑙/𝑠] in its design position, with changes in 

the runners’ rotational speed in the range of ±20[%] from the nominal speed. 

 

Тab.7.2 Constants in the numerical model 

 
 

The results are presented on normalised basis and nondimensional numbers, except for the 

efficiency, which is presented as numerically obtained absolute value and serves to evaluate the 

developed models. The results are presented in the Table 7.3. 

 

Тab.7.3 Model SYM - Results 

 
 

 

  

ρ [kg/m3] g [m/s2] μ [kg/ms] D1 [m] D2 [m] B1 [m] Ak1 [m2] Ak2 [m2]

998.2 9.81 0.001003 0.62 0.35 0.06 0.117 0.096

n [min-1] Q [m3/s] Hn [m] T [Nm] Ph [kW] Pm [kW] η [-] ned [-] Qed [-] ψ [-] ϕ [-]

266.66 0.20036 9.48 618.5585 18.6 17.27 0.9285 0.161 0.17 38.435 1.051

283.33 0.20036 9.87 612.9505 19.36 18.19 0.9396 0.168 0.166 35.446 0.99

300 0.20036 10.28 607.4283 20.17 19.09 0.9465 0.174 0.163 32.93 0.935

316.66 0.20036 10.72 602.1851 21.03 19.97 0.9496 0.18 0.159 30.821 0.885

333.33 0.20036 11.17 596.6872 21.92 20.83 0.9503 0.186 0.156 28.983 0.841

350 0.20036 11.62 590.7491 22.8 21.65 0.9496 0.191 0.153 27.347 0.801

366.66 0.20036 12.1 584.702 23.74 22.45 0.9457 0.196 0.15 25.947 0.765

383.33 0.20036 12.6 578.8613 24.72 23.24 0.9401 0.201 0.147 24.721 0.731

400 0.20036 13.11 572.8662 25.72 24 0.9331 0.206 0.144 23.622 0.701



62 

 

 

  
Fig.7.9 Turbine efficiency against speed factor Fig.7.10 Turbine efficiency against discharge factor 

 

It can be seen from the results that the symmetrical profile literally gives an almost symmetrical 

distribution of the characteristic in both ways of the optimum, with a slighter decrease in efficiency 

towards the decreased rotational speeds. With the change of the rotational speed, the pressure 

changes, i.e. increase of the rotational speed increases the pressure, because of the need to pass the 

same amount of flow rate (Fig. 7.11). 

 

   
Fig.7.11 Static pressure contours (Model SYM) 

A) 𝑛 = 0.8𝑛𝑛𝑜𝑚 B) 𝑛 = 𝑛𝑛𝑜𝑚 C) 𝑛 = 1.2𝑛𝑛𝑜𝑚 

 

From the static pressure contours, the difference in the pressure intensities is evident, as the 

stagnation point of the pressure at the runner blades leading edges. At decreased rotational speed, 

the stagnation point is on the pressure side of the runner blades. As the rotational speed increases, 

this point location changes until the relative flow between the runner blades starts to interact with 

the blades from the suction side. These effects are presented in the following Figures, with the 

vectors of relative velocity between the runner blades. 
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Fig.7.12 Relative velocity vectors for 𝑛 = 0.8𝑛𝑛𝑜𝑚 (Model SYM) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

   
Fig.7.13 Relative streamlines in runner for 𝑛 = 0.8𝑛𝑛𝑜𝑚 – Conformal mapped (Model SYM) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

In Fig.7.12, the relative velocity vectors are presented in the runner, which are relevant for flow 

description inside the runner. At decreased rotational speed, a shock flow entry is noticed at the 

blades pressure side, which leads to flow separations. Observing the three sections by the blade 

height, it can be noticed that the flow separation intensities are not equal. Increased flow separation 

is obtained at the blade top, which shows that the difference of the runner blades leading edges 

between the crown and band, influence the flow separation intensities, and it needs to be taken into 

account for defining the trailing edge of the guide vane blades. 

  



64 

 

   
Fig.7.14 Relative velocity vectors for 𝑛 = 𝑛𝑛𝑜𝑚 (Model SYM) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

   
Fig.7.15 Relative streamlines in runner for 𝑛 = 𝑛𝑛𝑜𝑚 – Conformal mapped 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

For nominal rotational speed, it can be seen that there are almost no flow separations, in all three 

sections through the blade height. More intensified flow separations are still present at the blades 

top, which shows the influence of the runner blade leading edge span angle difference. 
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Fig.7.16 Relative velocity vectors for 𝑛 = 1.2𝑛𝑛𝑜𝑚 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

   
Fig.7.17 Relative streamlines in runner for 𝑛 = 1.2𝑛𝑛𝑜𝑚 – Conformal mapped 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

For increased rotational speed, the flow separations in the runners’ changes throughout the blades’ 

height. At the blade root, it is intensified, but in the middle it is slightly decreased, which seams 

like the flow is centralized in this state. This intuitively shows how the distribution of the profiles 

at the non-uniform blades shall be, i.e. it demonstrates that there is a need of a change in the trailing 

edge geometry at the guide vane blades’ root and top. 

 

Analysing the flow separations, it can be concluded that the blade top of the guide vanes shall have 

a trailing edge correction towards increased rotational speeds (angular decrease of the trailing 

edge), and in the zone of the blade root, a correction towards decreased rotational speeds (angular 

increase of the trailing edge). With this, it is expected that the separations will decrease in the 

partial zones, which will lead to a more fluent flow and decrease of the shock entries at the runner 

inlet. 
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7.2.2. Influence of the trailing edge angle deformation 

 

Aside from the calculated values for the absolute velocity vector angles for various rotational 

speeds, larger portions of trailing edge angles deformations are analysed here in order to see the 

influence of the trailing edge angle on the turbine characteristics. Four configurations are 

developed with trailing edge deformation, where the blade is fully developed from one type of 

profile, keeping the opening clearance as constant. 

 

 
Fig.7.18 Model (+)10 

 
Fig.7.19 Model (-)10 

 
Fig.7.20 Model (+)5 

 
Fig.7.21 Model (-)5 

 

The models generated in MATLAB are numerically tested for conditions equal to those of the 

starting Model SYM and are then compared to it on the same basis, with the goal to define the 

mutual differences and effects that the blades have on the turbine characteristics. 
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7.2.2.1. Model (+)10 

 

  
Fig.7.22 Comparison [SYM and (+)10] Fig.7.23 Comparison [SYM and (+)10] 

 

According to the obtained results, it can be noticed that there is decrease in efficiency of the 

turbine, which is expected, because the change of the trailing edge angle does not correspond to 

the best efficiency operating point of the turbine. At the same time, this model shifts the 

characteristics in direction of increased flow rates, where local optimum is achieved. 

 

 
Fig.7.24 Comparison [SYM and (+)10)] 

for 𝑄 = 𝑐𝑜𝑛𝑠𝑡., 𝐻 ≠ 𝑐𝑜𝑛𝑠𝑡. 
 

The trailing edge angular deformation of (+)10 degrees compared with the symmetrical profile 

gives the local optimum in the zone of 0.9𝑛𝑛𝑜𝑚, i.e. decreased rotational speed for 10 [%]. It is 

noticeable that for 𝑛 = 0.8𝑛𝑛𝑜𝑚 it comes to efficiency increase, where a comparison of the flow 

patterns was made compared with the symmetrical profile from Fig.7.12, where it can be seen that 

this zone is covered up and no flow separations are present in the runner. 
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Fig.7.25 Relative velocity vectors for 𝑛 = 0.8𝑛𝑛𝑜𝑚 (Model (+)10) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

   
Fig.7.26 Relative stremlines in runner (Model (+)10) 

A) 𝑛 = 0.8𝑛𝑛𝑜𝑚 B) 𝑛 = 𝑛𝑛𝑜𝑚 C) 𝑛 = 1.1𝑛𝑛𝑜𝑚 

 

   
Fig.7.27 Static pressure contours (Model (+)10) 

А) 𝑛 = 0.75𝑛𝑛𝑜𝑚 

 

B) 𝑛 = 0.9𝑛𝑛𝑜𝑚 Local optimum 

 

C) 𝑛 = 1.05𝑛𝑛𝑜𝑚 
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7.2.2.2. Model (-)10 

 

  

Fig.7.28 Comparison [SYM and (-)10] Fig.7.29 Comparison [SYM and (-)10] 

 

According to the charts in Fig. 7.29, in this case, there is also a decrease in efficiency and a shift 

of the characteristics in direction of decreased flow rates, where a local optimum is achieved. The 

local optimum is obtained in the zone of 1.1𝑛𝑛𝑜𝑚, i.e. for increased rotational speed of 10 [%]. 

 

 
Fig.7.30 Comparison [SYM and (-)10)] 

for 𝑄 = 𝑐𝑜𝑛𝑠𝑡., 𝐻 ≠ 𝑐𝑜𝑛𝑠𝑡. 
 

   
Fig.7.31 Relative velocity vectors for 𝑛 = 1.2𝑛𝑛𝑜𝑚 (Model (-)10) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 
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Fig.7.32 Relative sstreamlines in runner for 𝑛 = 1.2𝑛𝑛𝑜𝑚 – Conformal mapped (Model (-)10) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

Compared with the vectors of the symmetrical profile for 𝑛 = 1.2𝑛𝑛𝑜𝑚, an evident improvement 

is obtained for this rotational speed value, using a blade with negative angular change of the trailing 

edge of (-)10 degrees. The relative streamlines show that there are no flow separations between 

the runner blades, which leads to increased efficiency for this rotational speed. Same as in the 

previous model, pressure increase is obtained as the rotational speed also increases, for the same 

amount of discharge needs to pass.  
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7.2.2.3. Model (+)5 

 

  
Fig.7.33 Comparison [SYM and (+)5] Fig.7.34 Comparison [SYM and (+)5] 

 

The trailing edge deformation of (+)5 degrees compared with the symmetrical profile contributes 

to characteristics shift towards increased flow rates, where a local optimum is obtained in the zone 

of 0.95𝑛𝑛𝑜𝑚, i.e. for decreased rotational speed of 5%. 

 

 
Fig.7.35 Comparison [SYM and (+)5)] 

for 𝑄 = 𝑐𝑜𝑛𝑠𝑡., 𝐻 ≠ 𝑐𝑜𝑛𝑠𝑡. 
 

   
Fig.7.36 Reative streamlines in runner for 𝑛 = 0.8𝑛𝑛𝑜𝑚 – Conformal mapped (Model (+)5) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 
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For 𝑛 = 0.8𝑛𝑛𝑜𝑚 the Chart in Fig. 7.35 shows insignificant increase in efficiency; by observing 

the streamlines, it can be concluded that this blade does not cover this operating zone efficiently, 

and it is followed by flow separations, compared with Model (+)10. According to that, this model 

is not included in the following analysis because it does not provide any qualitative improvement 

of the flow pattern and the efficiency.  

 

7.2.2.4. Model (-)5 

 

  
Fig.7.37 Comparison [SYM and (-)5] Fig.7.38 Comparison [SYM and (-)5] 

 

 
Fig.7.38.1 Comparison [SYM and (-)5)] 

for 𝑄 = 𝑐𝑜𝑛𝑠𝑡., 𝐻 ≠ 𝑐𝑜𝑛𝑠𝑡. 
 

According to the results, the effects obtained with trailing edge deformation of the blades are 

evident. Analysing the relative streamlines in the runner (Fig. 7.39) compared with the 

symmetrical blade, the flow separation is evident, even though with decreased intensity, which 

causes the efficiency to increase for 𝑛 = 1.2𝑛𝑛𝑜𝑚. Compared with Model (-)10, for this rotational 

speed the efficiencies become equal, and, compared on the basis of flow rate, it comes to increased 

efficiency. This model will be analysed in a combination with other profiles to see its participation 

in the operating range extension.  
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Fig.7.39 Relative streamlines in runner for 𝑛 = 1.2𝑛𝑛𝑜𝑚 – Conformal mapped (Model (-)5) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

7.2.2.5. Comparison of the models with trailing edge angle deformation 

 

  
Fig.7.40 Comparison of the models 

 

According to the obtained results, it can be concluded that with a change of rotational speed, certain 

blades lead to improvement in the flow pattern and the efficiency at off-design operating points. 

Observing the relative flow in the runner, for 𝑛 = 0.8𝑛𝑛𝑜𝑚, the blades with a positive trailing edge 

angle of (+)10 degrees give most favourable flow pattern, and also increase the efficiency. For 

nominal rotational speed, the symmetrical blades give the best efficiency and most favourable flow 

pattern. For 𝑛 = 1.2𝑛𝑛𝑜𝑚, from rotational speed point of view, both models with negative trailing 

edge angle of (-)5 and (-)10 give same efficiency, but from discharge point of view, model (-)5 

gives better efficiency, but worse flow pattern compared with model (-)10. 

 

The velocity profiles are analysed at the blades’ outlet, on a radial coordinate defined with the 

blades pitch (Fig. 7.41). Because the pitch of the blades is equal for the developed models, it is 

represented with a relative value of 𝑡𝑜 = 1 [−]. Despite the constant flow rate in the models, a 

change in the velocity intensities is obtained, which results from the different angles of the trailing 

edges. 
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Fig.7.41 Comparison of the velocity profiles 

 

Comparing the velocity profiles, the influence of each of the configurations on the velocity profile 

distribution can be identified. The uniformity of the velocity profile gives increased inflow 

efficiency. The models with a negative trailing edge angle of (-)10 and (-)5 degrees have intensified 

non-uniformity of the velocity and leaning the flow towards the neighbouring blade.   

 

7.2.3. Influence of a blade with collinear chord line and trailing edge angle 

 

On the basis of the results presented in Chapter 6, where the dependence between the blade chord 

leaning angle and the guide vane outflow angle when they meet collinearly was derived, the most 

favourable results in terms of efficiency are obtained. Accordingly, two models are defined here. 

Due to structural and energy reasons related to the turbine runner which is a reference in the 

analysis, the formation of a maximum fully rotated blade is possible only in the range of (±)4 

degrees of rotation, and at the same time, the closure criteria to be met, which means the blades to 

form equal opening clearances.  

 

The development of these 2 models is nothing more than taking the symmetrical profile once 

rotated for (+)4 degrees and once for (-)4 degrees. As it rotates, the clearance shrinks and expands, 

so both models are characterised with different blade length, with the aim of achieving the exact 

opening clearance as the starting model SYM (Fig.7.42 and Fig.7.43). 

 

  
Fig.7.42 Model (+)4 ROT Fig.7.43 Model (-)4 ROT 
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Fig.7.44 Comparison [SYM and (+)4 ROT] Fig.7.45 Comparison [SYM and (-)4 ROT] 

 

  
Fig.7.46 Comparison [SYM and (+)4 ROT] Fig.7.47 Comparison [SYM and (-)4 ROT] 

 

According to the results, the efficiency drops when the blades are rotated in direction of opening 

(Model (+)4 ROT), there is a local optimum achieved and the characteristic is shifted towards 

increased flow rates, i.e. decreased rotational speed of 0.95𝑛𝑛𝑜𝑚. On the other hand, the negative 

rotated blades (Model (-)4 ROT) give slight efficiency drop for increased speed, the characteristic 

shifts and has a local optimum towards decreased flow rates at 𝑛 = 1.05𝑛𝑛𝑜𝑚. 

 

The relative streamlines are derived in the runner, for the limit operational points of ±20% of the 

nominal speed. Both models show flow separations in the runner blade for these conditions. 

 

  
Fig.7.48 Model (+)4 ROT 

𝑛 = 0.8𝑛𝑛𝑜𝑚 

Fig.7.49 Model (-)4 ROT 

𝑛 = 1.2𝑛𝑛𝑜𝑚 
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7.2.4. Comparison of the results for the blades with trailing edge angle change and the blades 

with collinear chord line with the outflow angle 

 

With an aim to determine which blade type gives increased contribution towards the efficiency 

and off-design operating zones coverage, a primary comparison between the models is made, 

plotted against nondimensional factors.  

 

  
Fig.7.50 Comparison of the Models and the influences presented on the basis of discharge factor 

 

From the charts it can be seen that the blades with positive trailing edge angle (Models (+)5 and 

(+)10) give extension of the characteristics towards increased flow rates with better efficiency than 

the positively rotated model (+)4ROT. On the other hand, the model with negative rotation (-)4 

ROT gives better performance towards decreased flow rates, compared with the models with 

negative trailing edge angle.  

 

   
Fig.7.51 Comparison of 

efficiencies for 

 𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. and 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 

Fig.7.52 Comparison of the head 

for 

 𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. and 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 

Fig.7.53 Comparison of the 

torques for 

 𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. and 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 
 

It can be noticed from the comparison charts that for constant flow rate and variable speed, it 

comes to changes in the head and the developed torques. These characteristics are presented in 

terms of speed, discharge, and torque factors. 
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Fig.7.54 Comparison of torque factors for 

𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. and 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 
Fig.7.55 Reduced characteristics 

 𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. и 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 
 

The charts illustrate the torque, the speed and the discharge factors. With square red dots are 

presented the points where the rotational speed is at nominal value. In that way it can be noticed 

how each configuration influences the operating zone, i.e. tends towards increased or decreased 

rotational speed, respectively towards decreased or increased flow rates. In the following context, 

based on the reduced characteristics, the analysed models will be compared against the 

symmetrical blades, at the same rate of change of rotational speed, which will show eventual 

extensions or shrinks of the operational range of the turbine, analysed as pure geometric shape 

(area under the curve), for the reason that each of these reduced characteristics represents certain 

state of the total turbine characteristic and are not comparable to each other. Further, for up to 2-3 

rotational positions of the blades, the hill charts are generated for the developed configurations, 

and plotted for 𝐻 = 𝑐𝑜𝑛𝑠𝑡. and 𝑄 = 𝑐𝑜𝑛𝑠𝑡. and compared with the symmetrical blades to obtain 

the operating zone extension and efficiency increase for off-design rotational speeds, presented as 

in Chapter 2 in Fig.2.15. 

 

  
Fig.7.56 Reduced characteristics obtained for 

symmetrical blades 
Fig.7.56.1 Hill chart for symmetrical blades 
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For the symmetrical profile (Fig.7.56) by using the trapezoidal integral rule for calculating the area 

under the curve, an area towards the speed factor is obtained of  

 

𝐴𝑛𝑒𝑑𝑠𝑦𝑚
= 0.007 [−] 

 

and towards the discharge factor of 

 

𝐴𝑄𝑒𝑑𝑠𝑦𝑚
= 0.0047 [– ] 

 

From the obtained hill chart on Fig.7.56.1, as the peak efficiency is obtained for 𝐻 = 11[𝑚] and 

𝑄 = 0.2 [𝑚3/𝑠], for these conditions, a slice in the hill chart is presented for these two values, to 

obtain the characteristic operational curve (Fig.7.56.2). 

 

 
Fig.7.56.2 Slice of the hill chart for symmetrical blades for  

𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. ;  𝑄 = 𝑐𝑜𝑛𝑠𝑡. ; 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
 

The idea that is elaborated further is to develop non-uniform blades, formed as a combination of 

different profiles through the blades height, according to the obtained results. The purpose is to 

direct the flow towards the needed outflow angle suitable for the given rotational speed with an 

aim to cover efficiently the range and to expand it. According to the results, the tested models are 

formed as a combination of blade profiles with a different participation in the blade, depending on 

the characteristics that needs to be achieved. 
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7.3. Analysis of non-uniform blades 
 

7.3.1. Configuration 1  

 

This configuration is derived with an aim of primary recognition of the effects and the flow 

parameters induced by the non-uniform blade. The expectations are that the characteristic’s results 

will fall averagely between the partial characteristics of the symmetrical profile and the trailing 

edge deformed profile. The geometry is shown in Fig. 7.57. 

 

 
Fig.7.57 Configuration 1 (+)10-SYM 

 

It can be noticed in Figure 7.57 that the blade is formed of 2 profiles, a symmetrical profile and a 

profile with trailing edge angle in positive direction of (+)10 degrees, directly lofted, without 

defining partial portions of profile participation in the blade. The opening clearance between the 

blades is kept constant. 

 

  
Fig.7.58 (+)10-SYM characteristics Fig.7.59 (+)10-SYM characteristics 

 

According to the obtained results, the characteristics fall between the partial characteristics of the 

symmetrical profile and the profile with a positive angle on the trailing edge. In the zone of reduced 

rotational speeds, the presence of the profile section with a trailing edge angle curvature of +10 

degrees can be noticed. A local optimum is achieved in the zone of 0.95𝑛𝑛𝑜𝑚, which shows that 

the weighting outflow blade angle is with cca. +5 degrees. It was expected that the curve would 
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follow the trend of the symmetrical profile, but drop in efficiency occurred and the zone was not 

fully covered. 

 

 
Fig.7.60 Comparison [SYM and (+)10-SYM] 

for 𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. and 𝑄 = 𝑐𝑜𝑛𝑠𝑡. 
 

  

Fig.7.60.1 (+)10-SYM Hill Chart 
Fig.7.60.2 Comparison [SYM and (+)10-SYM] 

𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. ;  𝑄 = 𝑐𝑜𝑛𝑠𝑡. ; 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
 

From the obtained results it can be seen that the non-uniform blade of configuration (+)10-SYM 

compared to Model SYM gives slightly better performance at off design operation. The operating 

characteristic of Model SYM is narrower and shows a peak at the optimum, compared to model 

(+)10-SYM, where the characteristics is wider and has flatten optimal zone. For off-design 

rotational speed of 𝑛 = 0.8𝑛𝑛𝑜𝑚, the model (+)10-SYM shows increased efficiency of cca. 1 [%] 

and for 𝑛 = 1.2𝑛𝑛𝑜𝑚 for cca. 0.5 [%]. The optimal zone of model (+)10-SYM decreases for cca. 

0.6 [%], leading to flatten (wider) zone of operation. Overall, this shows that non-uniform blade 

design can lead to off-design improvements. 

 

According to relative streamlies of the flow in the runner, observing the three sections by the blade 

height, the difference is evident in the inflow patterns, especially at reduced rotational speed. The 

blade root where the trailing edge angle is curved for +10 degrees contributes to more favourable 

inflow conditions and fulfilment of the runner blade channels, decreasing the rate of flow 

0.9

0.91

0.92

0.93

0.94

0.95

0.96

0.7 0.8 0.9 1 1.1 1.2 1.3

η
[-

]

n/n_nom [-]

SYM
(+)10
(+)10_SYM

0.875

0.88

0.885

0.89

0.895

0.9

0.905

0.91

0.915

0.92

0.925

0.93

0.935

0.94

0.945

0.95

0.955

0.7 0.8 0.9 1 1.1 1.2 1.3

η
[-

]

n / n_nom [-]

Q=const.
H=const.

SYM (+)10_SYM



81 

 

separations. In the middle section of the blade, where the influence of the curved trailing edge is 

lost, a change in the direction of the relative flow vectors is noticed, which results in gaining an 

increased shock inflow conditions and flow separations at the suction side of the runner blades. 

The same effect intensifies at the blade top section, where the influence of the trailing edge 

curvature is almost gone. 

 

   
Fig.7.61 Relative streamlines at runner inlet for 𝑛 = 0.8𝑛𝑛𝑜𝑚 (Model (+)10-SYM) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

   
Fig.7.62 Relative streamlines at runner inlet for 𝑛 = 0.8𝑛𝑛𝑜𝑚 (Мodel SYM) 

Z1 – Blade root Z0 – Middle of blade Z2 – Blade top 

 

Fig. 7.61 presents the relative streamlines at runner inlet for the Model (+)10-SYM, and Fig.7.62 

for the Model SYM. The difference is evident compared with the fully symmetrical blade, for 𝑛 =
0.8𝑛𝑛𝑜𝑚, where it can be seen on all sections where the trailing edge angle is curved for +10 

degrees influences the flow direction and it makes more favourable inflow conditions. 

 

For increased rotational speed, the filament of the runner blades channels is followed by flow 

separations. For the analysis of the flow phenomena, the velocity profiles are derived for the three 

height sections of the blade, as ±9.2% from the blade’s height, top, and bottom. The profiles are 

compared with the singular blade’s velocity profiles.   

 



82 

 

  
Fig.7.63 Comparison of velocity profiles for 

Model (+)10 and zone Z1 where it is dominant 

Fig.7.64 Comparison of velocity profiles for 

Model SYM and zone Z2 where it is dominant 

 

From this comparison, it can be seen that the combination of these two profiles interferes each 

other. In the zone where the profile is with trailing edge curved angle of +10 degrees compared 

with the blade created of this type of profile only, it comes to a change in the shape and velocity 

intensity increase. Vice versa, in the zone where the symmetrical profile in the blade is dominant, 

a a change in velocity profile as well as decrease of the velocity intensity occurs.   

 

This comparison shows that the lofted type of blade (direct connection of two profile types), 

without particular percentual participation inside the blade, leads to mutual interference of the 

geometries in the forming of the velocity profile and their particular influence on the velocity 

profile creation cannot be seen. In addition, it can be seen that the characteristic curve that is 

obtained fits up between the two partial characteristic curves from the two types of blades, so in 

future, the characteristics of the non-uniform blade can be estimated between the two partial 

characteristic curves. 

 

The comparison of the reduced characteristics shows that there is extension of the areas under the 

curve, towards the speed factor of cca. 2.9 [%] and towards discharge factor of cca. 12.8 [%]. 

 

 

𝐴𝑛𝑒𝑑1
= 0.0072 [−] > 𝐴𝑛𝑒𝑑𝑠𝑦𝑚

= 0.007 [−] 

 

𝐴𝑄𝑒𝑑1
= 0.0053 [−] > 𝐴𝑄𝑒𝑑𝑠𝑦𝑚

= 0.0047 [– ] 

Fig.7.65 Comparison of the reduced characteristics  
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7.3.2. Configuration 2  

 

This configuration is developed as an assembly of two profiles with angular curvature of trailing 

edge and a symmetrical profile, where all the profiles are represented with 25% in the blades’ 

height, and the rest 25% are geometrical transition zones between the segments. 

 

  
Fig.7.66 Configuration 2 geometry (+)10-SYM-(-)10-3x25% 

 

Given that the profile with a positive angular curvature of the trailing edge of (+)10 degrees shows 

better performance for reduced rotational speed, at 10% reduced speed from the nominal, for 

achieving this flow, less energy is needed. Vice versa, the profile with a negative angular curvature 

of the trailing edge which shows better performance for increased rotational speed, at 10% 

increased speed from the nominal, more energy is needed to achieve this flow. The fluid flow 

always follows the direction of less effort, and so, the expansion inclination in this configuration 

is in the direction of reduced speed (Fig.7.67).  

 

  
Fig.7.67 Comparison for 𝑄 = 𝑐𝑜𝑛𝑠𝑡. , 𝐻 ≠ 𝑐𝑜𝑛𝑠𝑡. Fig.7.68 Comparison on basis of discharge factor 

 

Compared on the basis of rotational speed, the characteristics show no extensions and the 

efficiency is bit lower. Compared on the basis of flow rate, a shift of the characteristics is obtained 

in a way of increased flow rates, i.e. reduced rotational speeds.  
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7.3.3. Configuration 3 

 

Configuration 3 is configuration 2, but mirrored, to check if the reversed profile schedule has an 

influence on the characteristics. The results are shown in Fig.7.69. 

 

  
Fig.7.69 Comparison on basis of rotational speed Fig.7.70 Comparison on basis of discharge factor 

 

It can be noticed that in the narrow zone around the optimum, it comes to a slight alignment of the 

characteristics, which can point out that there is a slight expansion in that zone. The efficiency 

drops for reduced rotational speed show slight violation, a tendency that the operating range 

expands. The comparison with the symmetrical profile is given in Fig. 7.71. 

 

  

Fig.7.70.1 Configuration 3 - Hill Chart 
Fig.7.70.2 Comparison with Model SYM 

𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. ;  𝑄 = 𝑐𝑜𝑛𝑠𝑡. ; 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
 

From the obtained results it can be seen that the non-uniform blade of Configuration 3 compared 

to Model SYM gives better performance at off-design operation for increased rotational speed. For 

off-design rotational speed of 𝑛 = 0.8𝑛𝑛𝑜𝑚, configuration 3 shows insignificant increased 

efficiency of cca. 0.3 [%] and for 𝑛 = 1.2𝑛𝑛𝑜𝑚 for cca. 2 [%]. The optimal zone of Configuration 

3 decreases for cca. 0.2 [%]. 

 

The comparison of the reduced characteristics shows that there is extension of the areas under the 

curve, towards the speed factor of cca. 1.4 [%] and towards discharge factor of cca. 2.1 [%]. 
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𝐴𝑛𝑒𝑑3
= 0.0071 [−] > 𝐴𝑛𝑒𝑑𝑠𝑦𝑚

= 0.007 [−] 

 

𝐴𝑄𝑒𝑑3
= 0.0048 [−] > 𝐴𝑄𝑒𝑑𝑠𝑦𝑚

= 0.0047 [– ] 

Fig.7.71 Comparison of the reduced characteristics 

(configuration 3 and symmetrical profiled blade) 
 

 

According to the flow pattern, it can be noticed that particular profile segments of the blade, with 

angular curvature of the trailing edge, placed at the blades’ root and top, do not participate in flow 

improvements. The blade section with profile with positive angular curvature of the trailing edge 

of +10 degrees for reduced rotational speed of 𝑛 = 0.8𝑛𝑛𝑜𝑚 shows flow separations at the runner 

blades suction side. For nominal rotational speed 𝑛 = 𝑛𝑛𝑜𝑚 the midsection of the guide vane 

blades directs the flow efficiently, and, in the blade root section where the blade section has a 

profile with a negative angular curvature of the trailing edge of -10 degrees, it shows flow 

separations for increased rotational speeds.  

 

It can be concluded from this that the equal trailing edge curvatures of the blade trailing edge with 

same curvature angles form an angle similar to the symmetrical blade and cannot achieve the effect 

of flow direction for the given rotational speed, when they are compared to uniform profiled 

blades. Also, the comparison shows that the different guide vane configurations have different 

hydraulic losses. Increased pressure drops occur in blades with a negative angular curvature of the 

trailing edge. The reason for this is that the vector of velocity has increased projection in 

circumferential direction. And vice versa, the blades with a positive angular curvature of the 

trailing edge have a velocity vector projection increased in the radial direction. The cascades and 

the whole turbine configuration are tested for constant flow rates and equal opening clearances of 

the blade. Because the trailing edge curvatures, it comes to acceleration or deceleration flow behind 

the guide vanes, and so the difference in the losses occurs. The following analysis are made for 

blades consisted of profiles with similar energy losses, like, for example, the profile with a positive 

angular curvature of the trailing edge of +10 degrees and negatively rotated blade od (-)4ROT.  
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Fig.7.72 Static pressure drop comparison between 

the developed models 

Fig.7.73 Total pressure drop comparison between 

the developed models 
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А) Model (+)10-SYM-(-)10-3x25% 

Z1 – Blade root 

 

B) Model (+)10-SYM-(-)10-3x25% 

Z0 – Middle of blade 

  
C) Model (+)10-SYM-(-)10-3x25% 

Z2 – Blade top 
C.1) Model SYM for Comparison 

Fig.7.74 Relative streamlines at runner inlet for 𝑛 = 0.8𝑛𝑛𝑜𝑚 
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А) Model (+)10-SYM-(-)10-3x25% 

Z1 – Blade root 

  
B) Model (+)10-SYM-(-)10-3x25% 

Z0 – Middle of blade 
B.1) Model SYM for Comparison 

 

C) Model (+)10-SYM-(-)10-3x25% 

Z2 – Blade top 

Fig.7.75 Relative streamlines at runner inlet for 𝑛 = 𝑛𝑛𝑜𝑚 
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А) Model (+)10-SYM-(-)10-3x25% 

Z1 – Blade root 
A.1.) Model SYM for comparison 

 

B) Model (+)10-SYM-(-)10-3x25% 

Z0 – Middle of blade 

 

C) Model (+)10-SYM-(-)10-3x25% 

Z2 – Blade top 

Fig.7.76 Relative streamlines at runner inlet for 𝑛 = 1.2𝑛𝑛𝑜𝑚 
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7.3.4. Configuration 4  

 

The previous results show that the derived configurations of non-uniform blades do not lead to a 

significant extension of the operating characteristics. The effect of improving the flow pattern in 

partial operating modes is evident, especially for Model (+)10-SYM which has unilaterally 

positive angular curvature of the trailing edge. The following considered configuration is an 

assembly of a symmetrical profile with a negatively rotated profile from Model (-)4ROT. The 

distribution of the two profiles by height depends on the range covered by each of them. 

 

 
  

Fig.7.77 

Sketch of 

the blades 

Fig.7.77.1 Comparison of the models and 

improvement zone for 𝑛 = 1.15𝑛𝑛𝑜𝑚 

Fig.7.78 Comparison of the models on 

basis of reduced flow rate 

 

According to the results, this configuration did not fall between the two partial characteristics; a 

shifted characteristic is obtained with a tendency to operate in the zone of increased rotational 

speed, where there is also an increase in efficiency. The flow pattern is analysed in three sections 

of the blade by height, for rotational speed of 𝑛 = 1.15𝑛𝑛𝑜𝑚, where the difference in efficiencies 

is noticed and compared with the flow patterns with the symmetrical profile. This configuration 

shows consistency and efficiency maintenance more predominantly in the zone of increased 

rotational speed from 𝑛 = (1.05 ÷ 1.2)𝑛𝑛𝑜𝑚, which is assumed to be able to sustain this trend in 

combination with other blade profiles. 

 

   
Fig.7.79 Relative streamlines at runner inlet for 𝑛 = 1.15𝑛𝑛𝑜𝑚 (Model (-)4ROT-SYM) 

А) Zone Z1 – Blade root B) Zone Z0 – Middle of blade C) Zone Z2 – Blade top 
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According to the flow patterns, the presence of the rotated blade that corrects the flow at the runner 

inlet is evident, affecting from the middle of the blade to the top, where it is dominant. In the blade 

root zone, the symmetrical profile is dominant, and it is noticed that there are partial flow 

separations on the pressure side of the runner blades. 

 

   
Fig.7.80 Relative streamlines at runner inlet for 𝑛 = 1.15𝑛𝑛𝑜𝑚 (Model SYM) 

А) Zone Z1 – Blade root B) Zone Z0 – Middle of blade C) Zone Z2 – Blade top 

 

In Fig. 7.80, the relative streamlines for symmetrical blade profile for 𝑛 = 1.15𝑛𝑛𝑜𝑚, are shown 

to compare the flow patterns with the developed Model (-)4ROT-SYM. The differences are 

obvious in all of the three zones of the blade. In the blade root zone, where the two models have 

the symmetrical profile shape, due to the partial impact of the rotated profile which induces less 

flow separations, compared with the flow pattern of Model SYM. 
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7.3.5. Configuration 5 

 

This configuration is a combination of profiles with a positive curvature of the trailing edge of +10 

degrees, symmetrical profile, and negatively rotated profile with collinear chord line (-)4ROT. The 

outcome of the previous results from individual uniform blades composed of these profiles is to 

develop this configuration, which show the best performance in terms of increased and decreased 

rotational speed and similar energy losses in the cascades. 

 

  
Fig.7.81 3D configuration view 

 

The profile height layout is adopted according to the points in the characteristics obtained for the 

individual blades. The range of ± 20 [%] of the rotational speed is taken as a representative by 

height of the blade, and which profile how much contributes in it (Fig.7.82). 

 

 
Fig.7.82 Division of the participation of the profiles in the blade 

according to the performance of the expanding zones 
 

The chart shows the participation zones of the individual uniform blades. From here, it is started 

with dividing the blade by height, according to the performance of the profile expected to be 

obtained. Eight points of division are obtained, which give the maximum efficiency for the given 

rotational speed, according to the order of the rotational speeds that are examined. Two operating 

points belong to the blade with a curved trailing edge of (+)10, three points to the symmetrical 

blade and three points to the blade with a rotated profile with collinear chord line (-)4ROT. The 

height of the guide vanes is 𝐵𝑜 = 60[𝑚𝑚], so as a percentage of the height, the profile with a 

trailing edge curvature of +10 degrees is participating with 25% in the blade (15 mm), and the 

symmetrical profile and the rotated profile with 37.5% (22.5 mm) each. 

0.925

0.93

0.935

0.94

0.945

0.95

0.955

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4

η
[-

]

n/n_nom [-]

SYM

(+)10

(-)4_ROT
(+)10 

Zone 

SYM Zone 

(-)4ROT Zone 



93 

 

 

  
Fig.7.83 Comparison on basis on rotational speed Fig.7.84 Comparison on basis on discharge factor 

 

According to the results, there is a decrease in efficiency, and a milder slope of the characteristic 

in the direction of increased speed, indicating that the rotated blade (-)4ROT in that zone manages 

to affect the characteristic. There is a gradual change of the characteristic before the local optimum, 

which shows a small dose of consistency of the operating range in that zone. In the direction of 

reduced speed, the characteristic decreases, which indicates that the profile (+)10 at the blade root 

does not cover sufficiently the reduced speed zone. For 3 positions, the hill chart is obtained in a 

narrow zone, to see how influences the characteristics in general. 

 

  

Fig.7.84.1 Configuration 5 - Hill Chart 
Fig.7.84.2 Comparison with Model SYM 

𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. ;  𝑄 = 𝑐𝑜𝑛𝑠𝑡. ; 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
 

From the obtained results it can be seen that the non-uniform blade of Configuration 5 compared 

to Model SYM gives better performance at off-design operating rotational speed. For off-design 

rotational speed of 𝑛 = 0.8𝑛𝑛𝑜𝑚, configuration 5 shows increased efficiency of cca. 1 [%] and for 

𝑛 = 1.2𝑛𝑛𝑜𝑚 for cca. 2 [%]. The optimal zone of Configuration 5 decreases for cca. 0.4 [%].  

 

The comparison of the reduced characteristics shows that there is shrinkage of the areas under the 

curve, towards the speed factor of cca. -2.9 [%] and towards discharge factor of cca. -4.3 [%]. 

 

0.9

0.91

0.92

0.93

0.94

0.95

0.96

0.7 0.8 0.9 1 1.1 1.2 1.3

η
[-

]

n/n_nom [-]

SYM

(-)4ROT_SYM_(+)10

0.9

0.91

0.92

0.93

0.94

0.95

0.96

0.135 0.145 0.155 0.165 0.175

η
[-

]

Qed [-]

SYM (-)4ROT_SYM_(+)10

0.875

0.88

0.885

0.89

0.895

0.9

0.905

0.91

0.915

0.92

0.925

0.93

0.935

0.94

0.945

0.95

0.955

0.7 0.8 0.9 1 1.1 1.2 1.3

η
[-

]

n / n_nom [-]

Q=const.
H=const.

SYM

(-)4ROT_SYM_(+)10



94 

 

 

𝐴𝑛𝑒𝑑5
= 0.0068 [−] < 𝐴𝑛𝑒𝑑𝑠𝑦𝑚

= 0.007 [−] 

 

𝐴𝑄𝑒𝑑5
= 0.0045 [−] < 𝐴𝑄𝑒𝑑𝑠𝑦𝑚

= 0.0047 [– ] 

Fig.7.85 Comparison of the reduced characteristics  

 

A comparison of the flow pattern of this configuration with the fully symmetrical blade was made. 

In Fig.7.86, it can be seen that the flow separates at the pressure side of the runner blades for 𝑛 =

1.15𝑛𝑛𝑜𝑚 which does not give an increase in efficiency (Fig.7.83) in that zone and is identical 

compared with the symmetric profile.  

 

   
Fig.7.86 Relative streamlines at runner inlet for 𝑛 = 1.15𝑛𝑛𝑜𝑚 (Model (-)4ROT-SYM-(+)10) 

А) Zone Z1 – Blade root B) Zone Z0 – Middle of blade C) Zone Z2 – Blade top 

 

   
Fig.7.87 Relative streamlines at runner inlet for 𝑛 = 1.15𝑛𝑛𝑜𝑚 (Model SYM) 

А) Zone Z1 – Blade root B) Zone Z0 – Middle of blade C) Zone Z2 – Blade top 
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7.3.6. Configuration 6  

 

This configuration is a modification of configuration 5, done by replacing the profile with a curved 

trailing edge of (+) 10 degrees to (+) 15 degrees in order to obtain coverage of the zone at reduced 

rotational speeds. 

 

 
Fig.7.88 Blades sketch 

 

  
Fig.7.88.1 Comparison on basis on rotational speed Fig.7.89 Comparison on basis on discharge factor 

 

According to the results, the additional deformation of the trailing edge contributes to the 

correction of the efficiency and change of the characteristic for reduced speed. On the other hand, 

a slightly smaller decrease in efficiency is obtained at increased speeds. The following figures of 

the flow patterns show that the flow is affected by the additional curvature of the output edge, 

compared with the previous model, get reduced flow separations, so there is an increase in 

efficiency in that area compared with the previous Model. 
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Fig.7.90.1 Configuration 6 - Hill Chart 
Fig.7.90.2 Comparison with Model SYM 

𝑛 ≠ 𝑐𝑜𝑛𝑠𝑡. ;  𝑄 = 𝑐𝑜𝑛𝑠𝑡. ; 𝐻 = 𝑐𝑜𝑛𝑠𝑡. 
 

From the obtained results it can be seen that the non-uniform blade of Configuration 6 compared 

to Model SYM gives better performance at off-design operating rotational speed. For off-design 

rotational speed of 𝑛 = 0.8𝑛𝑛𝑜𝑚, configuration 6 shows increased efficiency of cca. 1 [%], for 

𝑛 = 0.85𝑛𝑛𝑜𝑚 shows increased efficiency of cca. 0.6 [%] and for 𝑛 = 1.2𝑛𝑛𝑜𝑚 for cca. 0.75 [%]. 

The optimal zone at 𝑛 = 𝑛𝑛𝑜𝑚 of Configuration 6 decreases for cca. 0.5 [%]. 

 

   
Fig.7.91 Relative streamlines at runner inlet for 𝑛 = 0.8𝑛𝑛𝑜𝑚 (Model (+)15-SYM-(-)4ROT) 

А) Z1 – Blade root (+)15 B) Z0 – Middle of blade (+)10 C) Z2 – Top of blade (-)4 

 

  
Fig.7.92 Comparison of the static pressure drop of 

the Models 

Fig.7.93 Comparison of the total pressure drop of 

the Models 
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According to the static pressure drop chart, the last two Models compared with the symmetrical 

reference blade have almost identical static pressure drop and increased total pressure drop, which 

shows that they inefficiently distribute the energy through them. On the other hand, the charts of 

the change of the total pressure at the inlet and outlet of the runner under identical operating modes 

are performed, where it can be seen that there is almost no difference in the degree of energy 

exchange. 

 

  
Fig.7.94 Runner inlet head comparison Fig.7.95 Runner outlet head comparison 

 

  
Fig.7.96 Runner head comparison Fig.7.97 Turbine head comparison 

 

  
Fig.7.98 Comparison of torques  Fig.7.99 Comparison of reduced characteristics 
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The classical energy parameters presented in the charts make it obvious that the turbine as a 

system, and also the runner itself, behaves identically regardless of the type of the guide vanes. 

Therefore, the vectors at the runner inlet which form the velocity triangles are analysed, and the 

inflow loses at the runner are calculated.  

 

  

Fig.7.100 Absolute velocity vector comparison 
Fig.7.101 Circumferential velocity vector 

comparison 

 

  
Fig.7.102 Meridian velocity vector comparison Fig.7.103 Relative velocity vector comparison 

 

 
Fig.7.104 Runner inlet incidence losses 

 

The only differences in the calculation of the velocity components at the runner inlet appear on the 
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same way as using a symmetrical blade. The difference in the efficiency and in the shape of the 

characteristics, as it can be noticed in this case, depends mainly on the drop of the total pressure 

through the cascades, but also on other flow phenomena that need to be investigated, such as the 

occurrence of rotational flow pattern due to the variety of profiles of the blade by height.  
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8. Conclusions and recommendations for further work  
 

Variable speed turbine analysis is by no means a simple task because it is multidisciplinary and 

requires much more research, physical measurements, as well as real operating conditions of 

hydropower plants on that principle, to gain more practical experiences in this area. Although the 

electrical equipment allows this kind of turbine operation, the turbine itself and the created fluid 

flow under such conditions is a topic that continues to evolve, in the direction of the turbine runner, 

and the guide vanes and the other turbine parts as well. 

 

In this doctoral dissertation a step forward is made towards defining the guide vanes’ meaning in 

a variable speed operated hydraulic turbine. In this way, a contribution is made to insufficient body 

of literature in this field, especially on the topic of radial cascades used as guide vanes. 

 

Several steps have been taken to reach the main goal, and that is the analysis of non-uniform guide 

vane blades and and their effect on the turbine characteristics at variable speed operation. At the 

beginning, the basic mathematical relations that describe the fluid flow are derived for the vaneless 

space, with a brief analysis of what variable speed means, from a kinematic and energy aspect. 

 

In Chapter 3, using the basis of the derived physical laws, a parameterisation of the geometry and 

its mathematical description was realised in order to obtain various forms of guide vanes, which 

are used in the further analysis. This very approach for defining the geometry of the guide vanes 

is a novelty, same as defining the blade surface contours and their profiling which is influenced by 

the needed flow vector behind them, for a certain turbine operating point implemented in a program 

code. 

 

The numerical model setup for the CFD simulations is based on a referent model of high-head 

Francis turbine (Francis 99) tested in the Waterpower Laboratory in NTNU, which represents a 

scaled model of the HPP Tokke turbine in Norway. This model is used in the analysis and the 

simulation guidance was defined by it in all the other performed analyses. 

 

In this way, conditions are created for testing different geometries of guide vanes in order to define 

several limitations in the design itself. Influence of the pitch, clearance, or cascade density is 

examined through simulations to finally define a favourable blade geometry to which special 

geometric changes have been made to obtain non-uniformly profiled blades. 

 

In Chapter 6, despite the mentioned analysis, a very important conclusion is reached regarding the 

blade placement in the cascade - that the blade chord lines should be collinear with the trailing 

edge angle, i.e. with the needed cascade outflow angle towards the runner for the given operating 

point. Any designed blade that deviates from this criterion can lead to off-design points and non-

fulfilment of the fluid flow conditions. Introducing this criterion for the design of the guide vanes 

gives a direction for future designers on how to approach this part without searching through 

various blades positions. 

 

Using all the conclusions from the previous chapters, an approach was made towards defining non-

uniformly profiled blades. The starting geometry is a symmetrical blade profile, because of its 
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simple geometry, and all the geometric changes on the trailing edge and on the blade chord line 

were made on the basis of it, as to achieve a collinearity with the flow angle. 

 

The analyses show that small changes in the blade lead to a change – shift of the characteristics. 

So, the idea was developed to include all those partial changes as one, i.e. one blade made as 

combination of profiles which can cover the shifting to obtain group characteristics, with a lower 

efficiency in the best efficiency point, but with extended operating zone. 

 

Changes in the profile geometry give unambiguous solutions, shifted characteristic in the direction 

of an increased or decreased rotational speed and appearance of local optimum in that zone. 

Thereby, a hydraulically favourable flow pattern is obtained in those operating zones which the 

base symmetrical blade cannot achieve. 

 

Double geometry changes, i.e. a geometry composed of two profiles, give a characteristic that fits 

exactly between the partial characteristics of the two profiles separately. They also shift it 

somewhere between the two partial characteristics, at the same time hydraulically covering the 

entire range favourably, as for the flow pattern and in terms of efficiency, slightly reduced 

compared to the base model.  

 

The goal achieved is covering both zones of increased and decreased rotational speeds. 

Theoretically, and intuitively, according to the results shown, the blade is formed of three profiles 

through its height to cover the operating range. Analyses of several models have shown that the 

characteristics extends, the efficiency increases for off-design rotational speeds, while the 

efficiency in the optimum slightly decreases. Configurations 3, 5 and 6, consisted of three profiles, 

show that there is an increase in operating efficiency for 20% reduced speed, from 0.3% to 1%. 

The optimal zone in these configurations decreases compared to the base model from 0.2% to 

0.75%, and for increased speed of 20%, give an increase in efficiency of 0.5% to 2%. 

 

Mainly, all the obtained characteristics are under the influence of the main blade formed by a 

symmetrical profile. This leads to a rough conclusion that a symmetrical profile is favourable for 

these operating conditions and covers all the rotational speed zones. Partial segments of the blades 

somewhere meet the flow conditions at a certain rotational speed. The overview that is obtained is 

that all three profiles by height influence on each other and form a weighted outflow conditions 

with one angle of flow distribution, but with lower performance at nominal speed and better at off-

design speeds; similar to the conditions of placing a uniform blade, as well as for example 

increased losses in the guide vanes itself. 

 

One of the conclusions in upgrading this research is related to the reference model, the high-head 

Francis 99 turbine. All the variable speed turbine analyses mentioned in the introductory chapters 

indicate that the low-head Francis turbines would benefit more from this technique. Also, from the 

aspect of turbine construction and type, Francis 99 is designed for very small blade openings and 

narrow manoeuvring spaces, where with only from 1 ÷ 2 [°]change in the blade position, flow rate 

can change from 10 to 15%. It is concluded that the same analyses need to be performed for a low-

head Francis turbine type with a known characteristic, so that the effect of the non-uniform blades 

of the guide vanes can be seen. 
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In general, for those turbines, from the aspect of turbine construction, the guide vane blade is 

characterised by an increased height, the flow created behind the guide vanes is a potential helical 

flow and there is a possibility for increased manipulation of the blade profiles by height and at the 

same time by the outflow angle, because these turbines operate at much larger opening angles. 

 

The idea certainly turns out as justified. The effects are achieved for all non-uniform blades, where 

it can be seen that for a changed rotational speed, the individual zones make efficient flow filling 

of the runner, with less flow separations and with zone extension. It is concluded that the theory 

set forth in this study is that the variable speed, from a flow kinematic point of view, requires a 

different vector arrangement in the vaneless space, and it is possible to achieve this through the 

blades trailing edge. This defines the influence of the guide vanes on the turbine characteristics; it 

turns out that it can shift it and change it, a fact which so far in practice has not received significant 

attention. 

 

Further research can take several directions. For example, to optimise the non-uniform blade, 

where each of its individual cross-sections in height gives the same hydraulic characteristic but 

different fluid flow direction. These include variations in the profile lengths for the cross-sections, 

as well as their percentage of participation in the blade, which is expected to give a flow energy 

balance in the guide vanes.  

 

Another direction which arises from the obtained results is to analyse guide vanes with a possibility 

to change the trailing edge angle (wing flaps). The idea already exists in aircraft wings, where the 

trailing edge is retractable and rotates around a point; just in this case this effect can be used to 

direct the flow to the required flow angle for the assigned rotational speed.  

 

The third possibility is to develop double-row (tandem) cascades. The first row should be 

composed of blades that will be designed for the nominal operating point, and the second row to 

make corrections of the flow direction when changing the rotational speed and achieving the 

necessary conditions.  

 

And, finally, the fourth direction, more as an idea, comes from the research mentioned in the 

introductory part, and that is using blowing blade trailing edge water jets. The jet is supplied with 

pressure turbine penstock, so the same amount of water needed would be used to improve the flow 

in the vaneless space. Underwater jets have a much higher flow velocity compared to the speed 

between two blades to make a flow “curtain” (barrier) and additionally direct the flow with the 

required intensity and direction.   

 

The above suggestions and guidelines for further work are still based on the main idea that a change 

of rotational speed leads to a change of the operating point, i.e. new hydraulic condition is obtained, 

an so a new vector arrangement with new intensities and directions, which need to be achieved in 

the vaneless space, for efficient turbine operation and coverage of that operating zone, no matter 

how it would be achieved. To define in which direction the further research can go, analyses of all 

these proposed solutions are needed, both energy and techno-economic, to examine which solution 

provides the best hydrodynamic conditions for a variable speed turbine, which solution covers the 

operating range best. The solution also depends on the operating conditions of the hydropower 
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plant, how long and how it would work in such a mode, to see which solution satisfies, and at the 

same time to be economically viable for a longer period.  
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Abstract: This paper is focused on the guide vane cascade as one of the most crucial stationary
sub-systems of the hydraulic turbine, which needs to provide efficient inflow hydraulic conditions
to the runner. The guide vanes direct the flow from the spiral casing and the stay vanes towards
the runner, regulating the desired discharge. A parametric design tool with normalized geometrical
constraints was created in MATLAB, suitable for generating guide vane cascade geometries for
Francis turbines. The goal is to determine the limits of these constraints, which will lead to future
faster prediction of initial guide vane configurations in the turbine optimal operating region. Several
geometries are developed using preliminary design data of the turbine and are investigated using
CFD simulations close to the best efficiency point (BEP) of the turbine. This research is part of
the Horizon-2020—HydroFlex project led by the Norwegian University of Science and Technology
(NTNU), focusing on the development of a flexible hydropower generation.

Keywords: guide vanes; parametric design; Francis turbine; CFD

1. Introduction

Hydropower, as a part of the family of renewable energy sources, is an active engineer-
ing and scientific field which focuses on optimization of the entire energy transformation
process so as to attain more efficient, flexible, and reliable electricity generation. Increased
electricity demands for balancing and, sometimes, temptingly high profit margins for
off-design operation have pushed hydroturbines to their structural limits. The turbines are
being operated at unfavorable loads, which has raised concerns and challenged the existing
design philosophy. The critical requirements for modern turbines are high efficiency and
stability over the wide operating range. Increasing flexibility in energy production from
hydropower plants is a task demanded by the hydropower sector in Europe and world-
wide, especially in off-design operation conditions of the turbines. The turbines need to
operate with more start–stop cycles and high ramping rates. Variable-speed operation of
Francis turbines is seen as an alternative solution to achieve high ramping rates and more
efficient energy production in off-design operating conditions [1–3].

As a part of the HydroFlex project, the goal of this research is to develop a robust
parametric tool for the generation of radial guide vane cascades for low specific speed
Francis turbines. In this case, the open Francis-99 turbine geometry was used as a reference,
and the tool was developed and further tested for this particular geometry [1]. However,
the research shows that the applied methods can be generalized and used for various types
of high-head Francis turbines as well.

Due to confidentiality, it is very hard to get to the turbine design approaches used
by the manufacturers, which makes it difficult for researchers to engage their skills and
knowledge in evaluating the turbine designs. Computational fluid dynamics (CFD) is
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generally used for the design of turbine passages and for evaluation of the hydrodynamic
behavior of the entire machine. Combining CFD with parametrically defined guide vanes,
numerical calculations for different cascade configurations are performed with the goal
to identify the limits of the guide vane design procedure for high-head Francis turbines,
in this case, the zone of best efficiency operation of the turbine, taken as a starting point
for the design. The limits of the geometrical parameters are further used to propose an
optimization objective in the narrow range, and to improve the tool in MATLAB for guide
vane cascade configuration development.

2. Geometry Description

Figure 1 shows the main geometrical parameters that are considered for the develop-
ment of the guide vane cascade [4–8]. Primarily, the goal is to estimate the ranges for these
parameters under the design conditions of the turbine.

Figure 1. Radial cascade geometry parameters: (a) Geometrical scheme representation; (b) description of geometrical
parameter symbols.

As Figure 1 shows, all geometrical parameters are obtained in relation to the turbine’s
center of rotation. Their values are defined according to the turbine runner inlet diameter,
inlet height, rotational speed, and design flow rate and head. All of these geometrical
constraints are further generalized to obtain a “non-dimensional” guide vane cascade [9].

The main geometrical parameters of the guide vanes include the guide vane outlet
circumference radius Ro. It represents the distance from the blades’ trailing edges to the
runner inlet edges in the turbine design conditions, which, in this case, is the best efficiency
point. It is represented as a ratio from the runner inlet radius as:

Ro

R1
= CRo. (1)

The guide vane inlet circumference radius Ri represents the cascade inlet circle. The
vanes’ hydraulic profiles are positioned between these radii. The inlet radius is represented
as a ratio of the guide vane outlet radius as:

Ri
Ro

= CRi . (2)
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A fixed point (starting point) of the chord line is selected on the guide vane outlet
radius, indicated as Point A. The point where the chord line begins is on the top of the
guide vane inlet radius, noted as Point B, as shown in Figure 2. A rotation of the chord
line is introduced around the turbine rotation axis to place the chord line between the
guide vane radii by rotating the top Point B positioned on the inlet radius. For an arbitrary
number of blades in the cascade, noted as Zgv, the blades angular distribution will be:

ϕgv =
360
Zgv

, (3)

and the normalized (relative) wrap angle of the chord line will be the ratio of the actual
wrap angle ϕ and the blades’ angular distribution ϕgv:

ϕN =
ϕ

ϕgv
. (4)

Figure 2. Radial cascade development: (a) Chord line positioning; (b) angular normalization.

The chord line forms an angle δ with the cascade outlet diameter; the angle shows the
leaning of the chord line towards the outlet.

The chord length, indicated as L, represents the actual blade length, and according to
the selected number of blades Zgv, a cascade pitch is formed, marked as t, to obtain the
cascade density, as the ratio between the length and the pitch:

L
t

=
L

2Rxπ
Zgv

, (5)

where the pitch t is calculated according to the axis radius Rx where the blades are assumed
to be pivoted. In this initial case, as the pivot point location is not observed, the axis radius
is calculated as the average radius between the inlet and outlet circumference:

Rx =
Ri + Ro

2
. (6)

For the obtained position of the chord line, a simplified calculation is made for the ve-
locity triangles at the guide vane inlet and outlet. According to the free-vortex theory [9–12],
where the circulation remains constant in the vaneless space, the flow velocity and its radial
and tangential components are obtained, yielding the flow direction that the guide vanes
need to achieve. Deriving from the Euler turbine equation, the needed inflow angle at the
turbine design point is obtained as:

tgα1 =
nd
60

Qd
Br1gHn

, (7)
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where nd is the design rotational speed, Qd is the design flow rate, Hn is the design net
head, Br1 is the runner inlet height, and g is the gravitational acceleration. According to this,
the runner inlet velocity triangle is obtained. The angle αo in Figure 1 is the cascade outlet
flow angle which needs to be developed, and it slightly differs from the absolute velocity
angle α1 at the runner inlet, due to the free-vortex effect in the vaneless space. The radial
cascade outflow conditions are guided from the outlet velocity and its components in a
radial (which represents the flow rate) and the tangential (which represents the circulation)
manner. The free-vortex law which preserves in the vaneless space is transferred from the
runner inlet to the guide vane outlet, with respect to the change of the radial distance as:

vou = c1u
R1

Ro
, (8)

where vou represents the tangential velocity component of the guide vanes and c1u is the
tangential velocity at the runner inlet. The radial velocity component is directly influenced
by the turbine flow rate at certain radial distance, with respect to the cascade height Bgv as:

vor =
Qd

2RoπBgv
. (9)

The vector sum of these two components gives the outlet velocity of the cascade:

→
vo =

→
vor +

→
vou , (10)

and it has an angle αo at the cascade outlet:

tgαo =
vor

vou
. (11)

The inflow angle to the guide vanes is pre-defined from the spiral casing and the
stay vanes of the observed turbine. These calculated flow angular directions are enclosing
angles with the chord line, shown in Figure 3, from which a polynomial equation is derived
and the camber line yc of the blades can be calculated as follows [13]:

yc = Ax3 − Bx2 + Cx , (12)

where x represents the non-dimensional chord length. The following relations for the
coefficients of the equation are obtained:

B = tg(βo) + 2tg(βi) ; A = B− tg(βi) ; C = tg(βi) , (13)

where βo is the enclosed outflow angle and βi is the enclosed inflow angle with the
chord line. This shows that the camber-line polynomial equation coefficients are strictly
dependent from the flow angles which are enclosed with the chord line. This equation is
developed to obtain hydrofoils with a reflexed camber-line, if needed [13]. After obtaining
the camber-line, a Bezier curve is developed for the thickness distribution, where the curve
weights are selected in the range of several recommended hydrofoil configurations. The
idea was to enable changes in the location of maximal thickness of the blade and to include
it into the optimization procedure. The Bezier parametrized points are calculated as [14]:

B(t) =
n

∑
i = 0

(
n
i

)
(1− t)n−itiPi ;

(
n
i

)
=

n!
i!(n− i)!

(14)

where n represents the number of parameters (weights) and Pi are the adopted parameters
for thickness distribution development of the blade.
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Figure 3. Development of a hydrofoil blade: (a) Calculated velocity flow angles enclosed with
the chord line (scheme); (b) Bezier thickness distribution and camber-line used for developing
a hydrofoil.

The opening between two blades ao, presented in Figure 1, shows particular difficulty
for geometrical parametrization. In this case, the opening is observed afterwards as a
relative parameter aoN in a ratio to the chord length, and it is further investigated as an
obtained result of:

aoN =
ao

L
(15)

3. Turbine Inputs and Developed Guide Vane Configurations

The developed guide vane configurations correspond to the previous geometrical
explanations and flow considerations. The turbine inputs, which are crucial for the initial
design, are given in Table 1. The following parameters represents the Francis-99 turbine
model installed at the Waterpower Laboratory at NTNU [15], for which, from the model
hill chart, the following values have been adopted:

Table 1. Turbine input parameters.

Description Symbol Unit Value

Net head Hn (m) 11.2
Design flow rate Qd (m3/s) 0.2

Design rotational speed nd (rpm) 333.33
Runner inlet diameter Dr1 (m) 0.62

Runner outlet diameter Dr2 (m) 0.349
Guide vane height Bgv (m) 0.06

Speed factor (IEC60193) ned (–) 0.185
Discharge factor (IEC60193) Qed (–) 0.1567

According to the turbine inputs, several guide vane configurations were developed
within the available space of the examined turbine. Changes were made in the guide vane
geometries by analyzing the relative position of the guide vane outlet diameter from the
runner Cro, their inlet diameter relative to the outlet diameter Cri, blade chord wrap angle
ϕ, and number of blades Zgv. The hydrofoil profile thickness distribution function was
fixed, but the overall shape changes as the camber-line changes, with the chord wrap angle
ϕ and Cri. The thickness to length ratio is also kept constant. The following configurations
are presented in Figure 4.
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Figure 4. Developed guide vane configurations: (a) Developed configuration geometrical data;
(b) schematic representation of the geometry changes and analysis of opening space and overlap
section with examples of several developed configurations in MATLAB.

It is evident from Figure 4b that a change of the inlet/outlet radii leads to a change
of the chord wrap angle of the blades, which causes the change of the blade length. That
results in an increased or decreased opening between the blades, and it also influences their
overlap, affecting the cascade density. All the configurations are developed for shock-free
inflow conditions of the cascade, and the trailing edge bending angles are developed for
shock-free flow entrance into the runner (αo = const.), for the given turbine inputs.

The configuration geometries were developed in MATLAB and transferred to AN-
SYS Workbench, where the flow domains were created. The mesh was built in ANSYS
TurboGrid and assembled with a previously meshed runner of the Francis-99 turbine. The
simulations were guided in ANSYS Fluent. The numerical model is simplified to the guide
vanes, the runner, and the draft tube cone. The numerical mesh consists of ca. 1.5 million
cells, where the runner and the draft tube cone consist of 810 k and 150 k cells, respectively.
A zone mesh independence test for the guide vane domain was carried out, observing the
total pressure drop through the cascade, for obtaining low deviations of the total pressure
in front of the runner, i.e., the guide vane outlet, where a number of cells from 0.4 to
1 million gave a total pressure deviation of ±2%, so the meshes for the guide vanes were
created within the range of 550 k to 650 k cells [–]. Sections of the numerical mesh and the
zone mesh independence test are shown in Figure 5.
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Figure 5. Numerical mesh: (a) Mesh at the hubs; (b) overall mesh preview; (c) guide vane zone mesh independence test.

In order to obtain the value of the turbine design head, the boundary conditions of
the model are inlet and outlet total pressures, where a fixed flow direction is imposed at
the inlet. Realizable k-ε is used as turbulence model, using standard wall functions. The y+
distance for the guide vane blades changes throughout the blades’ height, having a growth
rate of 1.2. For around 83.3% of the blades’ height, the mesh has a y+ range from 3.5 to 30,
giving an average value of ~16, so a larger portion of the blade is covered where the flow
phenomena are predominant. The other 16.7%, which is near the ends of the blade (the top
and low point near the hub and shroud), has a value of y+>30.

The runner of the Francis-99 turbine consists of 15 full blades and 15 splitter blades,
which are assumed as “moving walls”, along with the runner hub and shroud surfaces,
with no slip conditions. The runner domain frame is given motion around the z-axis as a
“frozen rotor”. The guide vane models consist of 24 to 32 blades. The frames are connected
to each other via moving reference frame interfaces. The simulations were guided as
steady state.

4. CFD Results

As mentioned, the guide vane configurations are developed according to the turbine
design point, i.e., the best efficiency point. Other operating points of the turbine are not
observed in this analysis because the main goal is to determine the influence of some
geometrical parameters towards the design point. The turbine efficiency are calculated
according to the IEC 60193 [16] standard, by defining the total pressure differences at the
guide vane inlet and the draft tube cone outlet. The variations of the head between the
analyzed cases are in the range of ±3% of the design net head given in Table 1, so they are
taken without any correction. The turbine efficiency is calculated as:

η =
Pm

Ph
=

Tnum·ω
ρ·g·Hnum·Qnum

[−] (16)

where Pm is the mechanical power of the turbine runner developed, calculated as the prod-
uct of the numerically obtained runner torque Tnum and the angular velocity ω, divided
by the hydraulic available power Ph in the system, which is product of the numerically
obtained head Hnum and flow rate Qnum. The combination which results in the highest
absolute value for the efficiency from the CFD analysis is normalized as η = 1 [–], and all
other efficiencies are compared to this value in relative terms. The influences of particular
geometrical constraints are represented by 2D contour plots, where the variable geometry
parameters are set on the x and y axis, and the turbine efficiency is presented on the vertical
z axis, to observe how certain changes of geometrical constraints influence the turbine
efficiency. Primarily, a chart of all the combinations is plotted in Figure 6 against relative
turbine efficiency to further determine which zones of interest shall be implemented in an
optimization algorithm.
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Figure 6. Relative turbine efficiency for each of the tested combinations described in Figure 4 and the
highest and lowest efficiencies for the tested combinations.

Despite the applied theory for designing the guide vanes for all the configurations,
some configurations show higher efficiencies and some of them show lower efficiencies.
In this analyzed case, the lowest efficiency is obtained for combination 16 and the best for
combination 21, both shown in the results of this analysis.

For a given constant number of guide vanes Zgv, the 2D charts presented in Figures 7–10
are obtained, from which it can be seen that a peak of the curve is formed, showing the
potential optimization zone when the cascade consists of that number of blades.

Figure 7. Results interpretation for Zgv = 32 blades: (a) Cascade density vs. relative turbine efficiency; (b) relative opening
vs. relative turbine efficiency; (c) contour plot of (a,b).

Figure 8. Results interpretation for Zgv = 28 blades: (a) Cascade density vs. relative turbine efficiency; (b) relative opening
vs. relative turbine efficiency; (c) contour plot of (a,b).
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Figure 9. Results interpretation for Zgv = 26 blades: (a) Cascade density vs. relative turbine efficiency; (b) relative opening
vs. relative turbine efficiency; (c) contour plot of (a,b).

Figure 10. Results interpretation for Zgv = 24 blades: (a) Cascade density vs. relative turbine efficiency; (b) relative opening
vs. relative turbine efficiency; (c) contour plot of (a,b).

It can be noted from Figures 7–10 that for a certain number of blades in the cascade,
the analyzed density and the opening between the blades change. These geometrical
parameters are results of the given cascade configuration. For cascades consisting of
32 blades, the zone of optimal operation lies between densities of 1.35–1.55 and a relative
opening to length ratio from 0.075–0.125. For cascades consisting of 28 blades, the zone of
optimal operation shifts and, regarding the density, skews in the range of 1.2–1.4 and the
relative opening to length ratio ranges from 0.1–0.17. For cascades consisting of 26 blades,
the zone shifts towards larger opening to length ratios from 0.125–0.175 and towards
smaller cascade densities, in the range of 1.05–1.35. For cascades consisting of 24 blades,
the zone shifts as in the previous case in the range of densities from 1.05–1.25 and opening
to length ratios from 0.17–0.21.

These charts represent the geometrical constraints which are related to the future
development of the guide vanes for high-head Francis turbines, which need to be taken
into account. Additionally, a comparison between the ratios of the guide vanes’ outlet
diameter and inlet diameter is shown in the charts in Figure 11.

From the charts in Figure 11, it can be concluded that as the number of the blades
decreases, the optimal zone of guide vane diameter ratios expands. The outlet diameter of
the guide vanes, which is related to the runner inlet diameter, has the greatest influence.
The guide vane inlet diameter, related to the outlet diameter, changes slightly in the range
of 1.09–1.12 for all cases.
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Figure 11. Results interpretation for guide vane diameters ratios: (a) For Zgv = 32; (b) for Zgv = 28; (c) for Zgv = 26.

An interesting behavior of the chord angle enclosed with the outlet diameter is noticed.
Taking into account the outflow angle of the cascade, shown in Figures 1 and 3 as αo and
calculated in accordance with the Euler turbine equation, the relation can be presented as:

δrel =
δ

αo
(17)

The chart in Figure 12 shows that if this angle varies around the calculated outflow
angle, we exit from the optimal operation zone of the turbine. The fitting curve tends
towards the calculated cascade outflow angle. This is crucial for further development of the
guide vanes and the wrap angle of the blades related to the outflow angle of the cascade,
to obtain a cascade which performs well in the design zone.

Figure 12. Relative chord angle to outlet diameter against relative turbine efficiency.

The current obtained ranges will be further implemented in an optimization algorithm,
using the ANSYS Design Explorer, to test the design configurations in these limited ranges
and to maximize turbine efficiency.

In Figure 13, a comparison between combinations 16 and 21 is made, as these two
combinations showed the lowest and the highest efficiencies, shown in Figure 6. The
geometrical and flow differences between them are shown throughout CFD post-processed
images. The configurations were generated according to equal theory and initial turbine
data. Their main differences are the inlet/outlet radius ratio, the number of guide vanes,
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and the chord wrap angle, which lead to different cascade densities and different opening
spaces between the blades. The blades trailing edge angles in all the cases are constant and
derived from the calculations in the MATLAB code, with an expected result of different
magnitudes of the slip effects between the configurations. The blades’ thickness to length
ratio for all cases is constant, maintained at 16% of the blades’ length, no matter how long
the blades are.

Energies 2021, 14, x FOR PEER REVIEW 11 of 13 
 

 

processed images. The configurations were generated according to equal theory and 
initial turbine data. Their main differences are the inlet/outlet radius ratio, the number of 
guide vanes, and the chord wrap angle, which lead to different cascade densities and 
different opening spaces between the blades. The blades trailing edge angles in all the 
cases are constant and derived from the calculations in the MATLAB code, with an 
expected result of different magnitudes of the slip effects between the configurations. The 
blades’ thickness to length ratio for all cases is constant, maintained at 16% of the blades’ 
length, no matter how long the blades are. 

    
(a)  (b) 

Figure 13. CFD post-process of velocity streamlines: (a) Combination 16—streamlines (Cri = 1.1; 
Cro = 1.075; L/t = 1.456; a/L = 0.071 ; fi = 1.4 ; Zgv = 28); (b) combination 21—streamlines (Cri = 1.1; 
Cro = 1.75; L/t = 1.138 ; a/L = 0.155 ; fi = 1.09 ; Zgv = 26). 

From the velocity streamlines, it can be seen that combination 16 does not perform 
efficient filling of the runner blade inner channel, creating flow separations in the runner, 
compared to combination 21. For these two cases, a comparison between their velocity 
profiles was made. The velocity distribution was observed [17] at the guide vanes’ outlet 
radius, between two blades. It can be seen in Figure 14b that the velocity profile of 
combination 21 is more symmetrical and uniform compared to combination 16 (Figure 
14a), plotted against the guide vane relative outlet pitch to. 

  
(a) (b) 

Figure 14. Velocity profile comparison: (a) Combination 16; (b) combination 21. 

  

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

re
la

tiv
e 

ve
lo

ci
ty

relative otulet pitch

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

re
la

tiv
e 

ve
lo

ci
ty

relative otulet pitch

Figure 13. CFD post-process of velocity streamlines: (a) Combination 16—streamlines (Cri = 1.1; Cro = 1.075; L/t = 1.456;
a/L = 0.071; fi = 1.4; Zgv = 28); (b) combination 21—streamlines (Cri = 1.1; Cro = 1.75; L/t = 1.138; a/L = 0.155; fi = 1.09;
Zgv = 26).

From the velocity streamlines, it can be seen that combination 16 does not perform
efficient filling of the runner blade inner channel, creating flow separations in the runner,
compared to combination 21. For these two cases, a comparison between their velocity
profiles was made. The velocity distribution was observed [17] at the guide vanes’ outlet
radius, between two blades. It can be seen in Figure 14b that the velocity profile of
combination 21 is more symmetrical and uniform compared to combination 16 (Figure 14a),
plotted against the guide vane relative outlet pitch to.

Figure 14. Velocity profile comparison: (a) Combination 16; (b) combination 21.

5. Conclusions

In this paper, an approach for further optimization of the guide vane design for high-
head Francis turbines has been presented, by developing several geometries within a design
space pre-described by the Francis-99 turbine model from the Waterpower Laboratory at
NTNU. First, a MATLAB calculation tool for generating guide vane configurations suitable
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for Francis turbines was developed; the tool creates plausible cascade geometries according
to turbine input data. The free geometry parameters for the final choice of the desired
cascade are described and changed in a range which the design space dictates.

Several cascade geometries were developed and tested through CFD simulations for
the turbine model in order to obtain the crucial geometrical parameters and their influence
on the turbine efficiency, as a way of determining their limits of change which need to be
implemented in an automated algorithm for further optimization. In order to obtain the
relative values for the system efficiency, the CFD model was simplified and consisted of
guide vanes, a runner, and a draft tube cone. All the geometries were developed according
to the adopted turbine design point, which is the highest efficiency point, and the analysis
was carried out to see how the guide vane configurations deviate from the efficiency around
this point.

The results were obtained with curve fitting and surface fitting between two variable
parameters and the turbine efficiency, while the third variable parameter was left uncon-
trolled. This showed how certain geometrical relations, such as inlet/outlet radius, cascade
density, guide vanes’ opening clearance, chord line wrap angle, etc., within their tight
range, influence the turbine efficiency and design flow rate. According to the results, limits
for the mentioned geometrical constraints were interpreted for their further development.
One of the main conclusions which can be derived from this analysis is the chord leaning
angle towards the guide vanes’ outlet diameter, which has to be collinear with the cascade
outflow angle. This conclusion for the chord leaning angle will be implemented, along
with the blade thickness distribution law and the maximal blade thickness location, which
were fixed geometrical constraints in this analysis, and they will be separately tested within
the further developed optimization.

This approach offers a better understanding for the basic cascade geometrical rela-
tions and their influence, especially for high-head Francis turbines, whereas for low-head
machines, it is expected that the region of the limits will change, as these machines are
inclined towards greater guide vanes’ opening angles. Additionally, two optimization
objectives can be derived from this analysis, which can be further implemented—one is to
maximize the turbine efficiency and the other is to maximize velocity profile uniformity.
The second objective comes from the velocity profile comparison, where combination 21
obtained in this analysis shows a more uniform velocity profile towards the turbine runner.
Further, an index of asymmetry can be introduced for the relative shape of the velocity
profile [18] of the guide vanes, in a relation with some geometrical parameters, in order to
obtain hydraulic/geometry parametrization for further optimization.

It is important to note that some other objectives, such as the static pressure losses
or the energy losses through the cascade, turned out to be unnecessary as they can lead
to misguidance towards the estimation of optimal turbine operation; however, they are
crucial in cases when the guide vane cascade is developed separately from the turbine.
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Abstract. Hydropower as a part of the family of renewable energy sources represents an 

engineering and scientific field which inspires researchers to work on development of the 

systems and sub-systems in a way of optimizing the whole energy transformation process to 

obtain more efficient, flexible and reliable hydropower operation with the best possible water to 

energy ratio. This research is part of a Horizon 2020 HydroFlex project by the Norwegian 

University of Science and Technology (NTNU), where the main goal is development of a flexible 

hydropower generation. The guide vane cascade is one of the most crucial stationary sub-systems 

of the hydraulic turbine and is a subject of this study. Its re-design for obtaining a quality “flow-

feeding” of a variable speed high head Francis turbine is developed. Having this goal in mind, a 

MATLAB code was generated, based on several key parameters, such as initial energy 

conditions as net head and turbine discharge at best efficiency point (BEP). Turbine runner 

geometrical constraints are taken into account during this process, while using recommendations 

for some initial guide vane calculations such as their number, inlet and outlet diameter, guide 

vane axis diameter, delivery angles etc. Using an inverse Euler turbine equation, the operating 

range of the turbine was calculated for a variable speed and discharge conditions, keeping the 

shock-free flow for all states at the runner’s inlet, as it is the most favourable inflow condition. 

For those operating points, the flow streamlines angles were obtained at the guide vanes leading 

and trailing edges. With an interpolating mathematical functions between the angles of the 

leading and trailing edges, the camber lines of the hydrofoils were obtained for further guide 

vane cascade geometry development. This algorithm can be implemented on any given runner 

geometry. The guide vane design is then exported into ANSYS Workbench for further numerical 

tests, such as CFD simulations for verifying the hydrodynamic characteristics and FEM analysis 

for verifying the structural integrity of this sub-system for variable speed operating conditions. 

 

Keywords: Guide Vanes, Parametric Design, Variable Speed, Francis Turbines 
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1.  Introduction 

Increasing flexibility in energy production from hydropower plants is a task demanded by the 

hydropower sector in Europe and worldwide, especially at off-design operation conditions of the 

turbines. Using flexibility, variable speed operation (VSO) can be implemented to perform more 

efficient energy production at off-design operating conditions. As part of the HydroFlex project, the 

goal of this research is to develop a parameter based code for generating favourable designs of a radial 

guide vane cascade for low specific speed Francis turbines. In this case, the code was developed for the 

existing Francis 99 turbine runner from the open source web-site of the Waterpower Laboratory [11] at 

NTNU, but the research shows that it can be generalized for various high head Francis turbine runners. 

To start with, the theoretical background was implemented and researched by using the classic 

turbine theory to obtain the one-dimensional mathematical relations which describe the flow conditions 

in the guide vanes, especially the flow conditions between the guide vanes and the runner. Secondly, the 

physics of variable speed turbine was studied and mathematically simplified as one dimensional models 

to obtain the relations and dominant parameters which need to be examined. Next, a matrix based 

calculation was performed to obtain the operating ranges of the turbine and the guide vanes openings 

mailto:filip_stojkovski@outlook.com
http://www.h2020hydroflex.eu/


30th IAHR Symposium on Hydraulic Machinery and Systems
IOP Conf. Series: Earth and Environmental Science 774 (2021) 012112

IOP Publishing
doi:10.1088/1755-1315/774/1/012112

2

 

 

 

 

 

 

for settled range of rotational speed and discharges, by keeping constant head as the situation is observed 

as steady state. 

The geometry of the radial cascade blades was developed by using recommendations for 

developing a 4 digit NACA hydrofoils and by implementing the camber and thickness functions. As 

previously the operating ranges of the turbine were calculated, following the one dimensional mid-span 

streamline curvature at the inlet and outlet of the guide vanes, by interpolating the hydrofoil camber 

functions, the camber line of the blade was obtained, and the thickness was obtained from other static 

calculations. Later, the initially obtained geometry was tested with Computational Fluid Dynamics 

(CFD) simulations for the previously given operating conditions and it was compared with the 

numerically obtained results for the existing guide vanes of the Francis 99 turbine. 

 

2.  Theoretical Background 

During turbine operation, flow to the runner is managed by the guide vanes and depending on the 

opening position, turbine torque varies. The guide vane is the stationary component, and the runner is 

the rotating component of a turbine. We can represent the flow conditions between the guide vanes and 

the runner inlet i.e. in the vaneless space, considering the equation of motion of an ideal fluid in the 

vector form Lamb – Gromeko [2,3]: 
 

𝜕�⃗� 

𝜕𝑡
+ Ω⃗⃗ × �⃗� = −𝑔𝑟𝑎𝑑(𝑔𝐻) (1) 

 

where 𝐻 is the specific energy of the fluid in absolute movement, �⃗� = (𝑉𝑧⃗⃗  ⃗, 𝑉𝑟⃗⃗  ⃗, 𝑉𝑢⃗⃗  ⃗) is the absolute velocity 

vector having components in a cylindrical coordinate system, and Ω⃗⃗ = 𝑟𝑜𝑡�⃗�  is the vortex vector whose 

projections on the axis of the cylindrical coordinate system are equal to: 

 

 
Fig.1. Absolute flow vector and its components in 

cylindrical coordinate system for the vaneless space 

Ω𝑟 =
𝜕𝑣𝑧

𝜕𝜑
−

𝜕𝑣𝑢

𝜕𝑧
 

 

Ω𝑧 = −
𝜕𝑣𝑢

𝜕𝑟
+

𝜕𝑣𝑟

𝜕𝜑
 

 

Ω𝑢 = −
𝜕𝑣𝑟

𝜕𝑧
+

𝜕𝑣𝑧

𝜕𝑟
 

(2) 

 

Experimental studies show that in the area between the guide vanes and the runner, the fluid motion 

with sufficient accuracy can be considered steady and axisymmetric. With reasonable accuracy, we can 

also accept that in front of runner, the specific energy of the fluid is constant. In that case, for steady 

flow and for axisymmetric conditions: 

 

𝜕�⃗� 

𝜕𝑡
= 0 ;  

𝜕(𝑣, 𝐻)

𝜕𝜑
= 0 (3) 

 

Two flow modules can be observed, i.e. the flow is potential, or the flow is rotational (helical type). 

For potential flow it can be derived that there are no changes in the velocity in the radial direction: 

 
𝜕(𝑣𝑢𝑟)

𝜕𝑧
𝑑𝑧 +

𝜕(𝑣𝑢𝑟)

𝜕𝑟
𝑑𝑟 +

𝜕𝑣𝑢

𝑟𝜕𝜑
𝑟𝑑𝜑 = 𝑑(𝑣𝑢𝑟) = 0 (4) 

 

and for helical flow, the vortex vector and the velocity vector are parallel to each other, i.e.: 
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𝑑(𝑣𝑢𝑟) =
𝜕𝑣𝑢

𝜕𝑟
𝑑𝑟 +

𝜕𝑣𝑢

𝜕𝑧
𝑑𝑧 = 0 (5) 

 

From both cases the “free vortex” equation can be derived, which shows that the circulation created by 

the guide vanes in the vanelesss space preserves: 

 

Γ = ∮𝑣𝑢 𝑑𝑙 = 2𝑟𝜋 ∙ 𝑣𝑢 = 𝑐𝑜𝑛𝑠𝑡. (6) 

 

According to this, several conclusions can be derived: 

 

 The guide vanes form a steady axisymmetric flow in front of the runner, which is either potential 

or rotational 

 In the case of potential flow, the swirl is constant for all points of the liquid in the region between 

the guide vanes and the runner 

 In the case of a rotational flow, the swirl of the flow maintains a constant value along the 

streamline and changes from one streamline to another 

 

Let’s consider in what cases behind the guide vanes potential or helical flow is formed. This is mainly 

determined by the outlines of the flowing part in the area between the guide apparatus and the runner, 

and also depends on the height of the guide apparatus. In the present case, a high-head Francis turbine 

runner is studied. The leading edge of the runner blade is located in the zone of radial movement of the 

liquid and represents a vertical line, i.e., 𝑟1 ≈ 𝑐𝑜𝑛𝑠𝑡. along the leading edge of the runner blade. 
 

  
Fig.2. Flow path of Radial-axial hydraulic turbine [1] Fig.3. Radial cascades [5] 

 

Following the classic turbine theory, a mean mid-span streamline method was used to develop the 

mathematical relations valid for the guide vanes outlet i.e. runner inlet conditions. The water flow in 

front of the runner is formed by the annular (radial) cascade of guide vanes, which is characterized by 

the form of the blade profiles and the chord spacing of the cascade [1]. The blade profile can be 

symmetric if the camber line of the profile is represented by straight line, or asymmetric if the camber 

line of the profile is curved. The cascade is defined by the pitch, which means the distance between two 

blades in the row, and the chord length of the blades. The ratio of the chord length and the pitch, i.e. 𝐿/𝑡 

indicates the cascade density. As the guide vane must ensure complete closure of the turbine runner, the 

ratio 𝐿/𝑡 is greater than unity, which shows that the cascade is sufficiently dense, and by that, it can be 

assumed that the direction of water velocity is very close to the direction of the blades outlet edges. For 

radial-flow cascade, the vector of absolute water flow can be presented as a sum of two vector 

components: the radial (meridian) component and the peripheral (circulation) component: 
 

𝑣0⃗⃗⃗⃗ = 𝑣0𝑟⃗⃗⃗⃗⃗⃗ + 𝑣0𝑢⃗⃗ ⃗⃗ ⃗⃗   (7) 

 

Knowing the flow rate through the turbine and the dimensions (height) of the guide vanes, the radial 

component can be specified as: 

𝑣0𝑟 =
𝑄

𝐷𝑜2𝜋𝐵𝑜
 (8) 
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The angle between the vector components is derived from the geometry relation of the guide vanes 

opening as: 

 
Fig.4. Guide vanes opening parameters [4] 

𝑣0 =
𝑣0𝑟

𝑠𝑖𝑛𝛼0
 ; 𝑣0𝑢 = 𝑣0𝑐𝑜𝑠𝛼0 (9) 

 

The flow conditions just in front of the runner, for high-head (low-speed) turbines, in a relation with the 

constant circulation created from the guide vanes (eq.6), the velocity parallelograms can be related as: 

 

 
Fig.5. Velocity parallelograms [1] 

𝑣1𝑚 =
𝑄

𝐷1𝑑𝜋𝐵1
 

 

𝑣1𝑢 = 𝑣0𝑢 ∙
𝐷𝑜2

𝐷1𝑑
 

 

𝑣1 = 𝑣1𝑚 + 𝑣1𝑢 
 

𝑢1 =
𝐷1𝑑 ∙ 𝜋 ∙ 𝑛

60
 

(10) 

 

Including the Euler turbine equation, the torque and the energy created in the runner can be written as: 

 

∑𝑀0 = 𝜌𝑄(𝑟1𝑐1𝑢 − 𝑟2𝑐2𝑢) =
𝜌𝑄

2𝜋
(Γ1 − Γ2) (11) 

𝑔𝐻𝜂ℎ = 𝑢1𝑐1𝑢 − 𝑢2𝑐2𝑢 =
𝜔

2𝜋
(Γ1 − Γ2) (12) 

 

from which several essential conclusions can be considered: 

 

 The principal importance is the structure of the flow in front and behind the runner. 

 Most favourable operating condition regarding the efficiency is the outlet circulation Γ2 ≈ 0; 

where the front circulation is constant and can be estimated as Γ1 ≈ Γ0 ≈ 𝑐𝑜𝑛𝑠𝑡. from the 

circulation created behind the guide vanes. 

 Most favourable inflow conditions can be estimated when shock-free (zero-incidence) entry in 

the runner is provided, i.e. the leading edge angle remains constant 𝛽1 = 𝑐𝑜𝑛𝑠𝑡. 
 

Previous explanations are derived for constant rotational velocity of the runner. The variable speed 

operation assumptions regarding the guide vanes, can be derived from the Euler equation observing the 

possibility of flow regulation with the guide vanes. After several mathematical operations, the flow 

regulation can be expressed as [3]: 

 

𝑄 =
(
𝑔𝐻𝜂ℎ

𝜔
) + (𝜔𝑟2

2)

(
𝑐𝑡𝑔𝛼0
2𝜋𝐵𝑜1

) + (
𝑟2𝑐𝑡𝑔𝛽2

𝐴2
)
  →   𝑐𝑡𝑔𝛼0 = [

(
𝑔𝐻𝜂ℎ

𝜔
) + (𝜔𝑟2

2)

𝑄
− (

𝑟2𝑐𝑡𝑔𝛽2

𝐴2
)] ∙ 2𝜋𝐵𝑜1 (13) 

 

where 𝑄 is the flow rate, 𝜔 is the angular velocity of the runner, 𝛼0 is the guide vanes outlet angle 

(fig.4), 𝛽2 is the runner blades trailing edge angle (fig.5) and 𝐴2 is the runner outlet surface. In the case 

that it is analysed, this equation was implemented in the previously tested operating region of the turbine, 

which is described later in this paper. The physical phenomenon of variable speed used at high-head 

(low-speed) turbines, keeping the head constant, at constant guide vanes opening, can be written as: 
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𝑢2 < √𝑔𝐻𝜂ℎ (14) 

 

which shows that the flow rate decreases with the increasing of the rotational speed of the runner [4]. 

Physically this can be described as the near positioning of the runner blades and the guide vanes, when 

the rotational speed increases, the rotational “frames” created of the runner blades inner channels are 

more frequent and they are “repelling” the amount of flow, in other case when the rotational speed 

decreases, the rotational “frames” of the runner blades inner channels are less frequent and the runner is 

absorbing increased amount of flow, observing runner with fixed number of blades. This shows how the 

runners rotational speed influence on the flow rate, for constant head and constant guide vanes opening 

[4]: 

𝐴 ∙
𝑑𝑄

𝑑𝜔
=

𝑢2
2 − 𝑔𝐻𝜂ℎ

𝜔2
+

𝑔𝐻

𝜔
∙
𝑑𝜂ℎ

𝑑𝜔
 (15) 

 

where A is positive number, and the change of the hydraulic efficiency with the rotational velocity can 

be neglected for further simplifications. 

 

3.  Hydrodynamic profile of a guide vane 
Profiling the hydrofoil of the guide vanes by using the derived one-dimensional relations can be made 

with several easy steps. Observing the hydrofoil camber line, for the calculated velocities and 

streamlines angles for the BEP of the turbine, we can “interpolate” the camber line as a function between 

the streamlines angles, taking into account the previously assumptions for most favourable inflow 

conditions. Observing fig.3. we can conclude that the guide vane hydrofoil camber is positioned in a 

way that the leading edge of the hydrofoil is corresponding with the spiral case and stay vanes outlet 

angle of the absolute velocity vector. The trailing edge of the guide vane hydrofoil shall be in accordance 

with the guide vanes outlet angle (fig.4) i.e. 𝛼0 ≈ 𝛼1, previously calculated for various runner inflow 

conditions. The NACA standards, are recommending equations for describing the geometry of their 4-

digit MPXX hydrofoils, such as [10]: 

 

 𝑦𝑐1 =
𝑀

𝑃2
(2𝑃𝑥 − 𝑥2) ; 𝑓𝑜𝑟 0 < 𝑥 < 𝑃 (16) 

 𝑦𝑐2 =
𝑀

(1 − 𝑃)2
[(1 − 2𝑃) + 2𝑃𝑥 − 𝑥2] ; 𝑓𝑜𝑟 𝑃 < 𝑥 < 𝑐 (17) 

 

where eq.16 describes the law of camber-line distribution from the beginning to the location of maximal 

camber deflection and eq.17 describes the camber-line distribution from the maximal camber location 

to the full length of the chord line ‘c’, M defines the maximal camber deflection and P is the location of 

maximal camber. The thickness distribution above and below of the hydrofoil is described as: 

 

±𝑦𝑡 =
𝑡

0,2
(𝑎0√𝑥 − 𝑎1𝑥 − 𝑎2𝑥

2 + 𝑎3𝑥
3 − 𝑎4𝑥

4) (18) 

𝑎0 = 0,2969 [−]; 𝑎1 = 0,1260 [−]; 𝑎2 = 0,3516 [−]; 𝑎3 = 0,2843 [−]; 𝑎4 = 0,1015 [– ] (19) 

 

The coordinate points for the hydrofoil up/low contour lines are calculated as: 

 

𝑡𝑎𝑛(𝜃) =
𝑑𝑦𝑐𝑖

𝑑𝑥
 (20) 

𝑥𝑈 = 𝑥 − 𝑦𝑡 ∙ 𝑠𝑖𝑛𝜃 ;  𝑦𝑈 = 𝑦𝑐𝑖 + 𝑦𝑡 ∙ 𝑐𝑜𝑠𝜃 (21) 

𝑥𝐿 = 𝑥 + 𝑦𝑡 ∙ 𝑠𝑖𝑛𝜃 ;  𝑦𝐿 = 𝑦𝑐𝑖 − 𝑦𝑡 ∙ 𝑐𝑜𝑠𝜃 (22) 

 

where 𝑥𝑈, 𝑦𝑈, 𝑥𝐿 and 𝑦𝐿 are the coordinates of the upper/lower curves respectively, and 𝜃 is the angle 

of the camber increment. The equations for the camber line can be equalized for M and P as the camber 

is represented by two functions having the same camber criterions - parameters. Using the tangency rule 

for the leading and trailing edge angles of the foil, with the eq.20, we can simply represent that the first 

camber function is strictly dependent from the leading edge angle, and the second camber function from 
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the trailing edge angle. Developing a system of two equations and representing M and P as two variables, 

for previously calculated angles of the leading edge (the angle of the stay vanes outflow) and trailing 

edge (delivery angle of the guide vanes), we can determine the M and P parameter of the hydrofoil for 

the calculated streamline angles: 

 

𝑃2 ∙ [𝑡𝑔𝛼0 − 𝑡𝑔𝛼𝑠𝑣𝑜] − 𝑃 ∙ [2𝑡𝑔𝛼0 + 𝑡𝑔𝛼𝑠𝑣𝑜] + 𝑡𝑔𝛼0 = 0 (23) 

𝑃 ∙ 𝑡𝑔𝛼𝑠𝑣𝑜 − 2 ∙ 𝑀 = 0 (24) 

 

Solving this system of equations gives the values of M and P, and then by implementing those values, 

by using the equations of the camber line, the hydrofoil geometry is determined. 

 

4.  Parametric Design Tool - Initial Calculations and Geometry Development 
All of the above equations and calculation procedure is implemented into a MATLAB code which is 

performing calculations for deriving the initial geometry of the radial guide vane cascade, where all 

previously described assumptions and simplifications are respected. First, the theoretical velocity 

triangles for the given runner geometry are calculated for obtaining the location of the best efficiency 

point. After that, the code is developed for calculating the velocity parallelograms for the vaneless space 

between the guide vanes and the runner, and also at the guide vanes inlet (constraints from the spiral 

case and stay vanes distributors). The number, diameters and pivot diameter for the guide vanes are 

calculated acc. to recommendations from the literature, which gives us space for further optimization 

including these variables. As it was mentioned, the principle of variable speed was implemented. For 

the given runner and measured model data, a flow and speed range were determined in the working area 

of the runner. According to eq.13, as the runner speed and flow are changing, disregarding the changes 

in the head (eq.3), the resulting variable is the guide vane flow delivery angle. All results are represented 

in relative values. 

 

   
Tab.1. Turbine and Guide 

Vanes Calculated Design 

Parameters 

Fig.6. Guide vanes delivery angles  

H=const.;Q=var.; n=var 

Fig.7. Guide vanes delivery angles  

H=const.;Q=var.; n=var 

 

From the charts on fig.6 and 7, it can be concluded that the guide vanes flow delivery angle increases 

with the rate of increased flow and runner speed. The function curvature is concave instead of convex 

because the losses through the guide vanes are neglected. The range on the 3D surface plot shows the 

maximal opening the guide vanes can have in the defined range of calculation for the machine, and the 

range on the 2D contour plot is constrained within the range up to 12 [deg] where later CFD calculations 

are performed. Using simplified mathematical models for the hydraulic losses in the turbine and with 

the indirect method for determining the efficiency, the theoretical hill chart was calculated using the 

one-dimensional theory developed before for the mid-streamline, within the runners operating domain, 

and also the mechanical torque that the runner can produce for these conditions. 
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Fig.8. Predicted turbine hill (H=const.;Q=var.; n=var) Fig.9. Runner Torque (H=const.;Q=var.; n=var)  

 

From the predicted hill chart it can be concluded that the previously calculated BEP corresponds with 

the iso-lines for the zone of maximal predicted efficiency.  From the chart on fig.9, it is evident that the 

torque increases with the increased amounts of discharge and reduced runner’s speed. The point of 

variable speed in our case is to catch and connect the local best efficiency points of the turbine in 

different operating conditions. As expected, for keeping the head constant, and changing the guide vanes 

opening and runner rotational speed, we will obtain a similar behavior as double regulated turbine. Using 

the relations described in part 3, a guide vane hydrofoil is developed for the BEP and a radial guide vane 

cascade is plotted, which is later exported into ANSYS Workbench and ANSYS CFX for further CFD 

analysis. 

  
Fig.10. Developed guide vane hydrofoil 

(M = -0,7265 ; P = 1,7738 ; XX=14%) 
Fig.11. Guide vanes radial cascade plot 

 

5.  CFD Analysis 

Two CFD models were built, tested and compared for similar mesh sizes and identical conditions, i.e. 

tested for constant head and ±5% off-design rotational speed. The first CFD model i.e. Model 0 is the 

original Francis 99 Turbine, where the guide vane cascade and runner performance ware examined and 

tested. Model 1 is represented with fig.10. from above, developed with the design tool. Comparison of 

the guide vanes hydrofoils is given on the figures 12 and 13. 

 

 
 

Fig.12. Francis 99 – Hydrofoil (Model 0) Fig.13. Developed Hydrofoil (Model 1) 

 

According to the calculations in the design tool, the developed geometry of the blades in Model 1 is 

shorter. Also the thickness of the blade was calculated according to the maximal hydrostatic pressure 

for prototype pressure conditions, i.e. calculated as 14% of the blade chord length. The leading and 

trailing edge angles differs also as the NACA recommendations were implemented for 4 digit hydrofoils 

where the maximal camber and its location is strictly influenced from the calculated streamline angles, 

where in this case, it pulls behind the camber extension. The hydrofoil of Model 0 has a maximal 

thickness of 20% located at 20% chord length, compared to Model 1 where the maximal thickness is 
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14% located at 30% of the chord length. The pivot point of the blades in Model 1 is adopted to be at the 

gravity center of the blade. These calculations do not take into account the pivot point location, as the 

blade torque need to be examined via CFD simulation in some positions of partial opening to obtain a 

“zero torque”. The numerical models are consisted of 3.3 - 3.4·106 cells. The number and size of the 

cells was selected according to previous performed CFD simulations of 3 operating points of the existing 

Francis 99 turbine model which showed good corresponding with the same points from the turbine hill 

chart. Zone mesh independence test for the guide vane domain was carried out, observing the total 

pressure drop through the cascade, for obtaining low deviations of the total pressure in front of the 

runner, i.e. the guide vanes outlet, where the number of cells from 0,4 to 1 million gave total pressure 

deviation of ±2%, so the meshes for the guide vanes were created within the range of 450-600·103 cells 

(fig.13.1.). The runner was consisted of 1.97·106 cells, the draft tube from 70·103 cells and the spiral 

casing with the stay vanes from 776·103 cells. The non-conformal meshes are connected with general 

grid interface. The boundary conditions of the models are set as constant inlet total pressure and outlet 

static pressure, i.e. the head is constant 𝐻𝑛 = 12,4 [𝑚] as it was calculated within the design tool. 

Multiple openings for the guide vanes were taken into account to obtain the operating range of turbine. 

The simulations were guided as steady using the “Frozen Rotor” interface model for the runner. The 

selected turbulence model is standard 𝑘 − 𝜀 as it was previously tested for giving best predictions for 

the hydraulic character of the guide vanes blades [7] and the efficiency of the turbine [8]. The number 

of iterations was set to 1000, and the convergence of the results was successful reaching a residuals for 

the continuity up to RMS to 10-8 (fig.13.2).  

 

  
Fig.13.1. Mesh independence test for the guide vanes  Fig.13.2. Convergence of residuals 

 

The results obtained from the CFD simulations represented on a relative and non-dimensional scales for 

the discharge and the efficiency, where the calculated parameters for the Model 0 are the basis and the 

results from Model 1 are compared with them. The results for the head from the CFD calculations which 

are calculated according to IEC 60193 [13] varied cca. ±0,06% which is negligible. The efficiency is 

calculated as the ratio of mechanical power of the runner with the hydraulic power of the turbine, i.e. 

 

 𝜂𝑡 =
𝑃𝑚
𝑃ℎ

=
𝑇 ∙ 𝜔

𝜌𝑔𝐻𝑛𝑄
 [−] (25) 

 

   
Fig.14. Turbine efficiency (n=1) Fig.15. Turbine efficiency (n-5%) Fig.16. Turbine efficiency (n+5%) 

 

According to the charts it can be concluded that the efficiency is increased with using the guide vanes 

in Model 1. For runner design rotational speed (n=333,33 [rpm], i.e. n=1 [-]) the BEP location is shifted 
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to increased discharge from the location of the design basis BEP and the trend of the curve is similar 

with the basis curve. For runner rotational speed decreased by -5%, the local BEP location corresponds 

with the basis local BEP location, where it can be seen that the trend of the efficiency curve is not similar 

with the trend of the basis curve. For runner rotational speed increased by +5%, the local BEP location 

corresponds with the basis local BEP location and the trend of the curve is wider than the basis curve. 

By capturing the local best efficiency points and connecting them, a non-dimensional graph 

(𝑄𝑒𝑑 [−], 𝑛𝑒𝑑 [−]) was plotted for showing the trend of the connected BEPs.  

 

  
Fig.17. Connected local best efficiency points 

(hill efficiency zones are symbolic and generalized) 
Fig.18. Guide Vanes outlet circulation v.s. flow rate 

 

From the chart on fig.17. it can be concluded that the curve of the connected local BEP’s for Model 1 is 

consistent showing how the runner’s flow rate decreases with the increased rotational speed and vice 

versa. For Model 0 at n+5% it can be seen that the guide vanes are shifting the local BEP for a decreased 

flow rate. The guide vanes of Model 1 maintain higher outlet circulation which is one of the primary 

criteria for the efficiency of the guide vanes and the efficient “flow feeding” of high head turbines. 

 

   
Fig.19. Mid-span streamlines in runner 

(Model 0, n=1, Local BEP) 

Fig.20.Mid-span streamlines in 

runner (Model 0, n=+5%, Local BEP) 

Fig.21. Mid-span streamlines in runner 

(Model 0, n=-5%, Local BEP) 

   
Fig.22. Mid-span streamlines in runner 

(Model 1, n=1, Local BEP) 

Fig.23.Mid-span streamlines in 

runner (Model 1, n=+5%, Local BEP) 

Fig.24. Mid-span streamlines in runner 

(Model 1, n=-5%, Local BEP) 
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Fig.25. Model 0 – Velocity 
Fig.26. Model 0 – 

Meridian velocity 

Fig.27. Model 0 – 

Circumferential Velocity 

Fig.28. Model 0 – Local 

Static pressure 

    

Fig.29. Model 1 –Velocity 
Fig.30. Model 1 – 

Meridian velocity 

Fig.31. Model 1 – 

Circumferential Velocity 

Fig.32. Model 1 – Local 

Static pressure 

 

The differences between the local BEP’s is represented by the velocity profiles developed behind the 

guide vanes for both models, where a sc. “index of asymmetry” of the velocity profile is pointed out. It 

shows the ratio of the standard deviation of the mean velocities calculated along each point with the 

mean axial fluid velocity of the channel (in our case the meridian velocity on the pitch between 2 guide 

vane blades) [6]. The surface between the 2 blades is represented as a rectangular cross section with the 

blades pitch length and the blade height. 

 

 𝑌 =
𝜎𝑈𝑖

𝑈
=

1

𝑈
√[

∑ (𝑈𝑖 − 𝑈)2𝑛
𝑖=1

𝑛 − 1
] (26) 

  
Fig.33. Meridian velocity profiles Fig.34. 3D Meridian velocity profile  

 

On fig.33 it can be seen that the meridian (radial) velocities are not constant despite the assumption of 

simplification presented in eq.3. The guide vanes are creating crests which disrupt the velocity vector 

field in the vaneless space. Also because the angular change at constant radius, a localization of the 

maximal meridian vector was obtained near the first (left) blade. The velocity profile is disturbed along 

the guide vanes height because the skin friction between the top and low guide vanes rings. All of all, a 

3D deformed meridian velocity vector profile is obtained which needs to be examined. If we neglect the 

deformity of the velocity profile along the guide vanes height, we can extract the angular change of the 

meridian velocity which is dominant in cases like this.  
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Fig.35. Comparison of the meridian velocity profiles for 

Model 0 and Model 1 at n=1 [-]; BEP 

Fig.36. Relative deviation of the partial velocity 

vectors from the average velocity vector 

 

At first sight, the primary difference between the velocity profiles for the both models occur at the 

location near the second (right) blade where for Model 1 the velocity vectors are more intense than the 

Model 0, resulting in reduced maximal meridian velocity. Using eq.26, the index of asymmetry is 

calculated for the observed profiles. Using the individual average velocity, the asymmetry is plotted and 

compared (fig.36.), where it can be concluded that deviation differences occur between the two observed 

velocity profiles from their average value, but the velocity profile of Model 0 shows slightly better than 

the Model 1 (35% vs. 50%) cca. difference of 15% which means that the velocity profile is more 

symmetric. Theoretically, obtaining more symmetric meridian velocity profile should produce more 

efficient inflow conditions for the runner. This situation preserves for all other cases and the asymmetry 

is produced mainly from the shape of the guide vanes. The asymmetry of the profile mostly changes 

with the guide vanes opening position and flow rate, where for constant guide vane opening and for 

variable speed conditions, the asymmetry remains almost constant and changes the intensity of the 

average meridian velocity vector because the changes in the flow rate. This shows that the one 

dimensional theory of velocity parallelograms is insufficient for describing all the phenomena occurring 

in the vaneless space. 

 

6.  Conclusions and Further Work 

In this paper, a one-dimensional mathematical model was presented and implemented for development 

a radial guide vane cascade for the purposes of variable speed high head Francis turbine. For the guide 

vane hydrofoil geometry, the recommendations for 4 digit NACA hydrofoils were considered and the 

geometry was obtained by interpolating the camber functions between the guide vanes previously 

calculated inflow and outflow angles. The obtained geometry is represented as a slightly non-

symmetrical concave hydrofoil (Model 1) and it was tested via CFD simulations and compared with the 

original guide vane hydrofoil (Model 0) from the turbine model Francis 99.  

 Primarily, the results are interpreted regarding the turbine efficiency, where the developed 

Model 1 showed better efficiency throughout the operating range of the turbine, for variable speed 

observed at ±5% change from nominal rotational speed, where at the best efficiency points, the 

efficiency increased up to 1%. This was obtained because the guide vanes of Model 1 keep higher values 

of the circulation in front of the runner, which is crucial for high head reaction turbines. Also, Model 1 

has minor pressure and energy losses than Model 0 about 1%, which shows that it is hydraulically more 

efficient. One step further was taken and the meridian velocity profile was examined behind the guide 

vanes where a 3D deformed velocity field was obtained. By its simplifications, two averaged by height 

meridian velocity profiles were compared for both models and were statistically examined for deviations 

of the partial vectors from the average velocity vector, showing the rate of asymmetry in circumferential 

direction. Model 0 showed 15% more symmetry than Model 1, mainly because the shape of the trailing 

edge of the guide vanes, and because Model 0 produces lower circulation intensity.  

 The main conclusions include determination of the crucial parameters which are dominant for 

developing guide vanes for variable speed high head turbines, such as the intensity of the developed 

circulation and potentially more symmetrical meridian velocity profile behind the guide vanes for all 

variable speed operating points, to obtain some kind of law of similarity between the velocity profiles 

for various rotational speeds, because the laws of velocity parallelograms are insufficient for describing 
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these effects. Further work should include the pressure distribution at the trailing edges of the guide 

vanes, to prevent occurring of blade tip vortices [12].  

The conclusions can be summarized as follows. First, the flow conditions in the vaneless space 

are far from axisymmetric, but they are repetitive for each guide vane section, which shows that the 

velocity profiles need to be examined to obtain theoretically close symmetrical meridian velocity profile. 

Also the average meridian velocity by theory shall be kept constant, which shows that this will influence 

the flow space between the guide vane blades. After that, the cascade shall be examined if it is 

accelerating or decelerating the fluid and how does it influence on the efficiency. Second, for high head 

turbines, the crucial parameter here is shown to be the circulation created by the guide vanes, which 

need to be increased or decreased for variable speed operations. Finally, the pivot point location and 

even eccentricity of the guide vanes shall be determined for obtaining “zero torque” on the blade. This 

condition will change the kinematical point of rotation of the blades, which can lead to reforming the 

shape of the flow path between two guide vanes, and by that, to change all flow conditions. 
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Abstract- Design of radial blade cascades, with the intend to 

become turbine guide vanes, lies in the basis of satisfying turbine 

runner needs for particular turbine design point of interest. More 

or less, for conventional turbine operation, the hydrodynamic 

parameters in the pre-runner space can be easily estimated. For 

variable speed turbine operation at constant head, these 

parameters change in a way that cannot be easily predicted using 

conventional techniques. In this paper, the guide vanes, as crucial 

turbine sub-system which needs to perform efficient runner flow 

feeding for these operating ranges, are numerically tested in 

various geometrical shapes and configurations, to observe the 

cascades behavior, in a way of estimating which cascade 

configuration satisfies certain hydrodynamic and efficiency 

considerations of the operating points of interest. The criteria 

which the guide vanes need to meet are based on hydrodynamic 

parameters and expansion of the turbine operating range. 

 

Index Terms- Guide Vanes, CFD, Francis Turbines, Variable 

Speed Operation (VSO) 

I. INTRODUCTION 

he design of guide vanes, more or less, so far has been 

developed for constant synchronous turbine runners, to meet 

some hydraulic criteria considering the turbine power output at 

given head/discharge conditions. For variable speed operating 

conditions, things changes drastically when the guide vanes 

design is considered, where multiple points of interest shall be 

met. The variable speed operating physics has been previously 

explained [6, 7] and this research represents a statistical upgrade 
towards definition of the influential geometrical constraints that 

the guide vane cascade has to the hydrodynamic and efficiency 

characteristics of the turbine.  

 

The variable speed operated (VSO) Francis turbine is developed 

under the circumstances of constant head. Several methods of 

operation can be examined, and by those, the developing 

procedure of designs can be established and further optimized. 

First method is that the VSO of a turbine is strictly depending 

from the turbine universal characteristic chart (hill chart), by 

tracking local most efficient zones in a certain range of rotational 

speed. In that way, variable-speed operation gives the 

opportunity to adjust and optimize the rotational speed of the 

runner according to the available head for each guide vane 

opening.  

Second method, which is observed, is focused on the result 

obtained from VS operation, i.e. expanding the operating range 

of the turbine, overall, and what hydrodynamic conditions has to 

be present in the pre-runner space to obtain operating range 

expansion. The definition of the hydrodynamic conditions for 

different rotational speed of the turbine runner directly influence 

the design of the guide vane cascade and the blades in the 

cascade. 

 

The VS operation, the hydrodynamic conditions and the blades 

design are interacting between each other, so strict correlation 

from one to another cannot be made easily, and that is why, 

several partial analysis have been made: how the geometry 

influences the hydrodynamic conditions and how the changes of 

hydrodynamic conditions, due to VS operation, influences the 

geometry. In this paper, the first approach has been analyzed, 

defining which cascade configuration gives shrinkage or 

expanding of the turbine operating range.  

II. VARIABLE SPEED OPERATION INTERPRETATION 

The VSO turbine, as it was mentioned, can be examined in two 

ways. First, according to the universal hill chart of the turbine, 

where tracking of the local most efficient zones is done.  

 

 
Fig.1. Variable speed operated turbine – example [5] 

 

From fig.1, it can be seen that the guide vanes design is not 

influencing the turbine operation, as the variable speed method 

taken here can be achieved with ordinary guide vane cascade. 

T 
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Thus, the hill chart shape also is obtained for a selected guide 

vanes configuration, and the situation looks like this.  

 

If we observe the guide vanes, how they influence on the general 

shape of the hill chart, the main goal is to expand the turbine 

operating region, i.e. how the guide vanes configurations and 

influence on the hill chart shape. The following scheme is 

expected (fig.2). 

 

 
Fig.2. Guide vane reconfiguration and VSO 

 

From the chart on fig.2 it can be seen that the guide vane curve 

characteristics are wider and it is expected to expand the 

operating region of the turbine (red iso-lines). Obtaining a guide 

vane configuration which will expand the operating region, than, 

by variable speed operation as in fig.1, the benefits are evident 

and the VSO effect is more dominant (magenta curve or black 
dashed curve).   

 

This interpretation of the VSO turbine by operating schemes and 

regions, thus is only sufficient for observing the expected overall 

turbine behavior. The hydrodynamic parameters which leads to 

obtaining such expansions, are mainly defined from the turbine 

runner inlet flow conditions when VSO is present, and how they 

can be achieved with the guide vanes, which means that they 

influence the guide vanes design and vice versa. The velocity 

parallelograms in front of the turbine runner for VSO are 

presented on fig.3. 

 

 
Fig.3. Runner inlet velocity triangles and guide vanes outlet 

velocity parallelograms 

From the schematic charts from fig.1 and 2, it is evident that for 

constant head and change of rotational speed, the discharge of 

the turbine changes, either it increases or decreases. On basis of 

that, the velocity triangles were developed (fig.3) and the 

velocity parallelograms at the guide vanes outlet. The following 

velocity vector configurations shows that the guide vanes shall 

meet these velocity ratios for VSO turbine. It can be noticed that 

the runner inflow angle is kept constant, as the inflow conditions 

is desired to remain as more efficient as possible, by providing a 

shock-free (zero incidence) inflow conditions to the runner [1]. 

III. GUIDE VANES CASCADES NUMERICAL TESTS 

As the last statement was to ensure shock-free inflow conditions 

to the runner, taking into account this criteria, several geometries 

were developed and tested through CFD analysis, to obtain how 

particular geometrical parameters influence on the overall turbine 

characteristics, when operation region expansion is demanded by 

VSO. The tested geometrical parameters of the cascades are the 

density L/t [-], the relative opening of the guide vanes a/L [-], the 

inlet cascade radius relative to the outlet CRI [-] and the relative 

angular positioning of the blade chord length regarding the 

turbine center of rotation φN [-]. These geometry parameters are 

general for description a various types of radial cascades, where 

some detailed parameters such as blade thickness distribution or 

maximal thickness location etc. are neglected for further analysis. 

 

 
Fig. Blade in the cascade description 

 

All the configurations are developed for shock-free inflow 

conditions to the cascade, and the trailing edge bending angles 

are developed for shock-free flow entrance into the runner, for 

the given turbine inputs (tab.1). 

 
Table 1: Turbine input parameters 

Net head Hn [m] 11,2 

Design flow rate Qd [m3/s] 0,2 

Design rotational speed nd [rpm] 333,33 

Runner inlet diameter Dr1 [m] 0,62 

Runner outlet diameter Dr2 [m] 0,349 

Guide vanes height Bgv [m] 0,06 

Speed Factor (IEC60193) ned [-] 0,185 

Discharge factor (IEC60193) Qed [-] 0,1567 

 

The configurations geometries were developed in MATLAB and 

transferred to ANSYS Workbench, where the flow domains were 

created. The mesh was built in ANSYS TurboGRID and 

assembled with previously meshed runner of the Francis 99 

turbine. The numerical model is reduced, consisted only from the 
guide vanes, the runner and the draft tube cone. The numerical 
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mesh is consisted of cca. 1.5 million cells, where approximately 

550 to 650k cells were used in the guide vanes, the runner is 

consisted of 810k cells and the draft tube cone from 150k cells. 

 

 
Fig.4. Mesh preview – example of the simulated models 

 

The boundary conditions of the model are inlet and outlet total 

pressures, to obtain the value of the turbine design head, where at 

the inlet, a cylindrical components of the vector were adjusted. 

The turbulence model used is standard k-ε. The runner of the 

Francis 99 turbine is consisted of 15 full blades and 15 splitter 

blades, which are assumed as “moving walls” along with the 

runner hub and shroud surfaces, with no slip conditions. The 

runner domain frame is given motion around the vertical ‘z’ axis. 

The guide vanes models are consisted from 24 up to 32 blades. 

The frames are connected between each other via interfaces, 

which allows further easiness of transient simulations using the 

sliding-mesh technique. The simulations were guided as steady, 

changing the runner rotational speed in the range of ±15% of the 

nominal speed. 

IV. RESULTS 

The guide vanes configurations are developed in one position, 

according to the turbine design point i.e. the best efficiency 

point. The same configurations are tested for off-design point of 

±15% of the nominal speed.  

 

 
Fig.5. Influence of cascade inlet radius on operating range 

expansion at different rotational speeds 

 

From fig.5. it can be concluded that the zone of optimal 

operation lies at the turbine design rotational speed n=1 [-], and 

with a cascade inlet radius from 5% to 10% larger than the outlet 

radius. Regarding the expansion of the operating range, it can be 

concluded that the iso-lines are most stretched at 7.5% of inlet 

radius ratio, which can be a guidance for further development of 

the “optimal” cascade. 

 
Fig.6. Influence of cascade blades chord line angular position on 

operating range expansion at different rotational speeds 

 

From fig.6 it can be seen that the biggest extension of the range 

is when a variable angular position of the chord is given. As this, 

technically is plausible if the blades are “profiled” and have a 

changeable angular shape, will be analyzed further. For standard 
radial cascades of fixed blade geometry, the weighted angular 

position of the chord shall be around 1.11 [-]. 

 

 
Fig.7. Influence of cascade density on operating range expansion 

at different rotational speeds 

 

On this chart, it can be easily concluded that the cascade density 

i.e. the overlap between the blades influences on the expansion of 

the operating range. Most expand region is obtained between 

10%-25% of blades overlap, i.e. cascade density of L/t=1.1 - 

1.25 [-]. 
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Fig.8. Influence of blades relative opening to their length on 

operating range expansion at different rotational speeds 

 

The blades relative opening shows that maximal operating range 

expansion is obtained when there is a change of the opening from 

12% to 17%. If the cascade is built from constant blade 

configurations, the weighted value of the relative opening shall 

be in the range around 14%-16% of the blade length.  

 

V. MODELS COMPARISON 

By taking the previous assumptions and calculations, how the 

cascade types behaves when variable speed is needed, for 

obtaining an expanded hill chart, previous analysis were guided 

to test and prove this approach for further development.  

 

A strict comparison was made with the existing guide vanes on 

the observed turbine model Francis 99 which is in the 

Waterpower Laboratory at NTNU. The guide vanes are consisted 

of 28 blades, and the cascade has the following geometry 

parameters (tab.2). The developed model is geometrically very 

close to the existing guide vanes, as the turbine model has very 

tight geometrical constraints where the guide vanes can be 

positioned and examined. The following analysis was carried out 

for further development of this cascade and to further perform 

model tests. 

 
Table 2: Model configurations compared 

CRi [-] L/t [-] a0/L [-] fi_n [-]

FR99 1,126 1,324 0,166 1,23

MODEL1 1,127 1,3 0,148 1,25  
 

The main difference between the cascades is the relative angular 

position of the chord lines of the blades, and the relative opening 

of the blades, which can be seen that the developed Model 1 has 

slightly smaller opening, related with the conclusions from the 

chart on fig.8. The other geometry parameters are selected to 

ensure that the developed cascade can be fitted in the turbine 

model test rig. 

 

 
Fig.9. Developed guide vanes model 

 

For several guide vanes openings and rotational speeds of the 

runner, for equal operating conditions, the turbine hill charts 

were obtained and plotted on relative efficiency scale from 0.9-1 

[-]. 

 

 
Fig.10. Developed guide vanes (Model 1) – turbine hill chart 

(pre-described operating limits and extensions) 

 

 
Fig.11. Francis 99 guide vanes model – turbine hill chart (pre-

described operating limits) 
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From the results obtained in the hill charts, it can be easily 

concluded that, by respecting only one of the previous derived 

criteria (in this example the relative guide vane opening), an 

expansion of the turbine operating range is obtained, especially 

in the range of reduced rotational speed and reduced flow rates. 

This is significant increase of the operating range which 

intuitively shows that this turbine can operate with good 

efficiency out of the previous described operating limits.  

 

According to fig.10 and 11 it can be concluded that the turbine 

characteristics compared for the 2 models, extends. Model 1 

gives better performance compared to FR99 guide vanes. 

Extended characteristics is obtained for reduced rotational speed, 

compared as the ratio between the limitations: 

 

 
 

For reduced flow rates, the characteristics extends compared with 

the previous limitation: 

 

 
 

 
Fig.12.1. Dynamic pressure contours (Developed Model 1) 

 

 
Fig.12.2. Dynamic pressure contours (Francis 99 Guide vanes) 

 

The velocity profiles at the outlet pitch of the blades is compared 

to show the plausible hydrodynamic reason for extension of the 

operating range. The velocity profiles are analyzed also in 

relative manner, to obtain not the intensity, but the uniformity 

(asymmetry) of the profile, given on equal blade pitch.  

 

From the chart on fig.13.1 it can be concluded that the velocity 

profile obtained for the developed model 1 remains almost equal 

for off-design rotational speeds, compared to the existing guide 

vanes, which for increases rotational speed of the runner, the 

velocity profile deforms and losses its symmetry.  
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Fig.13.1. Velocity profile – Model 1 
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Fig.13.2. Velocity profile – Francis 99 Guide Vanes 

 

According to this results, a decision was made to further develop 

a model of the guide vanes, to perform further measurements and 

mode tests, to prove these characteristics of operating range 

expansion and how does the guide vanes, overall, can re-shape 

the operating hill chart of the turbine. 

VI. CONCLUSION 

In this paper, a brief analysis was carried out for determining 

some of the influential geometry parameters of guide vanes, 

when variable speed operation is expected of the turbine runner, 

to cover more operating zones. Primarily, the guide vanes 

cascade is multiple times described and geometrically 

parametrized in the previous researches done, so a continuing to 

those researches was made here to the next step.  

 

Several cascade configurations (particularly 21 configurations) 

were examined, with various geometry parameters differences, 

from different cascade inlet radius, different angular position of 

the blades chord line, different cascade density, opening etc. All 
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these geometry parameters were tested with CFD simulations on 

a reduced numerical model of the Francis 99 turbine model from 

the NTNU Waterpower laboratory. All the cascades were 

developed for the best efficiency operating point of the turbine. 

The tests were carried out at constant head and opening, for 

variable rotational speeds of the runner. The results were plotted 

as contours (iso-lines) of 3 variables, the geometry parameter 

observed, the rotational speed and the turbine efficiency, to 

observe how the operating range extends and the optimal zone 

shifts with the change of rotational speed or with the change of 

the particular geometry parameter. 

 

According to the primary results, it was obtained how certain 

geometry parameters influence the extension of operating range 

of the turbine. A comparison was made for a developed guide 

vane cascade (Model 1) with the existing guide vane cascade of 

the Francis 99 turbine model, to observe how the blades opening 

change influence the range extension. The results showed 

extension of the range, so a decision was made to further build a 

model of the guide vanes to prove these operational extensions, 

by performing model test at the laboratory.  

 

From this analysis, generally, it can be concluded simply that the 

design of the guide vanes cascade is not unambiguous, but quite 

opposite. They represent a matter which needs to be evolved 

iteratively by certain combinations, which can give reasonable 

and favorable hydrodynamic conditions in the pre-runner space, 

and on the overall turbine efficiency. 
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