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What do I mean by “grain-size”?

micro level  Fine-grained assessments, within-instruction

observations

meso level  Testing for instructional planning in the 
classroom, narrower standards 

macro level  Summative testing, Standardized testing, 

broader standards



Finding an appropriate level of 
detail/grain-size

Micro level  Fine-grained assessments, within-instruction observations

about: Relatively fine grain-size knowledge, “in-pieces” 
(definition of density, initial buoyancy experiences, 
what it means to measure a length)

for: Teacher, computerized teaching software-level, student,
how often: Brief education time-periods 

(i.e., sequence of concepts within a unit, etc.),
purposes: Smaller-scale instructional decisions 

(what tactic to use next in discussing a certain idea with students)



Finding an appropriate level of 
detail/grain-size

Meso level  Testing for teaching, Broader standards:

about: Teachable Constructs 
(e.g., buoyancy, variability, measurement)

for: Teacher-level, student-level (when old enough)
how often: Instructional-scale time-periods and up 

(days, weeks, teaching units, etc.)
purposes: Instructional decisions 

(planning for day/week’s topics, what topics to revisit, which students 
need extensive help)



Finding an appropriate level of 
detail/grain-size

Macro level  Summative testing, Standardized testing:

about: Coarse, administrative, composite constructs 
(Science, Language Arts, Geometry, etc.) 

for: Teacher/Parent level and up
(i.e., administrators/policy-makers, etc.)

how often: Longer education time-periods 
(Years, Semesters, program length, etc.)

purposes: Large-scale decisions 
(Pass-Course, Advancement, course-placement, etc.)



What do I mean by “grain-size”?

micro level  Fine-grained assessments, within-instruction

observations

meso level  Testing for instructional planning in the 
classroom, narrower standards 

macro level  Summative testing, Standardized testing, 

broader standards



Measurement at the meso/micro levels: 
An Example Project 

• NSF Collaborative Research Project: Modeling Assessment 
to Enhance Teaching and Learning (MAETL?)

• Collaboration Among: 
• Rich Lehrer, Leona Schauble and Corey Brady (Vanderbilt 

University); 

• Mark Wilson and Perman Gochyyev (UC Berkeley) 

• A bunch of graduate students at both universities



The Project

• Products: 
• A shared conceptual framework for describing instructional goals and valued forms of 

teaching and learning—i.e., the learning progression**; 

• a set of electronic tools to help educators detect, share, analyze, and interpret data—
BASS and TOTs; and 

• classroom and school-level community professional development structures to 
support and sustain the practice of assessing to guide instruction*. 

• Topics: 
• Measurement of:  Length, Area, Volume, Angle, and 

• Measured Quantities as entrée to Rational Numbers (Fractions as quantities, fractions 
as operators)

*Lehrer, R., Kim, M-J., Ayers, E., & Wilson, M.  (2014).  Toward establishing a learning progression to 
support the development of statistical reasoning.  In A. Maloney, J. Confrey & K. Nguyen (Eds.) Learning 
over Time: Learning Trajectories in Mathematics Education (pp. 31-60). Charlotte, NC: Information Age 
Publishers.

** Wilson, M., & Lehrer, R. (2021). Improving learning: Using a learning progression to coordinate 
instruction and assessment. Frontiers in Education, 6: 654212. doi.org/10.3389/feduc.2021.654212 



Having something to measure 

• The Construct: ToML—Theory of Measurement--Length

• Describes how children come to constitute a theory of measure to 
compare magnitudes (extents) of lengths. 

• A theory of measure refers to the web of “big ideas” and procedures involved 
in developing these comparisons.

• Expressed using a “construct map”



The Levels of the Construct Map: 
ToML—Theory of Measurement-Length

6. Generalizing relationships (e.g., Measure of A in B is the 
reciprocal of measure of B in A)

5. Partitioning and symbolizing involving 3-splits and 
composition of 2- and 3-splits 

4. Partitioning, iterating, symbolizing partitioned units—2-splits

3. Iterating units and symbolizing distance traveled

2. Explaining properties of units and their role in 
accumulation

1. Directly comparing



A note on Construct Maps

• A construct map such as ToML is not intended to portray every 
nuance of learning about the mathematics of length measurement, but 
instead, to highlight critical conceptual and procedural attainments. 

• Each waypoint of the construct is composed of sub-levels that 
collectively constitute a network of the ideas and procedures that 
describe the particular way of knowing and doing expressed in a level. 

• Hence, the waypoints should be regarded not as a ladder, but as ideas 
and procedures that are coordinated to develop the form of thinking 
described by the overarching level. 

• Concepts and procedures described at lower waypoints are resources for forms 
of learning described at a higher level



The Levels of the Construct Map: 
ToML—Theory of Measurement-Length

6. Generalizing relationships (e.g., Measure of A in B is the 
reciprocal of measure of B in A)

5. Partitioning and symbolizing involving 3-splits and 
composition of 2- and 3-splits 

4. Partitioning, iterating, symbolizing partitioned units—2-splits

3. Iterating units and symbolizing distance traveled

2. Explaining properties of units and their role in 
accumulation

1. Directly comparing



• For example, 3 on a standard ruler is marked at the endpoint of the third 
unit not at the center. 

• This spacing distinguishes interpretation of a length as distance traveled 
rather than as merely counting a collection of units.

• The understandings constitute the beginnings of understanding a 
measurement scale—a way of specifying relations among units to mark 
quantities. 

• Students understand that a measure of 10u means that the measured 
length is 10 times as long as the length of 1 unit (u). Also, a measure of 10u
implies that the length can be subdivided into 10 congruent parts.

• However, they may not yet routinely understand the reciprocal relation, 
that 1 unit is 1/10 as long as 10 units.



Meso Level Online Assessment

• Delivered online using the Berkeley Assessment System Software  
(BASS)

• Data analysis conducted as a multidimensional Rasch model using 
both Conquest and BASS software

• One dimension for each construct map: Length, Area, Volume, Angle.



An item at level 3: Labeling Foot Ruler

4/10/20, 12:02 PMBASS

Page 1 of  2ht tps://d isme.bear- apps.com/items

Item Bank New Bundle New ItemItem List

 records per page Search: 

Constructs
Scoring

Guides
Actions

Updated

By

[ME] Labeling Foot-Ruler ToML Scoring
Perman

Gochyyev

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] Scaling Paperclip [4] ToML Scoring Corey Brady
Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] Scaling Paperclip [2] ToML Scoring Corey Brady
Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

Relation among units - v03 -

duplicate
ToML Scoring

Perman

Gochyyev

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] Properties of Tiling Units -

overlap
ToML Scoring Jerred Jolin

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] Ordering Fractions with

Common Denominator
ToML Scoring Jason Sellers

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] Juanita ToML Scoring
Perman

Gochyyev

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] Ant Walk ToML Scoring
Perman

Gochyyev

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] 10 inch long fabric ToML Scoring
Perman

Gochyyev

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

[ME] Labeling Angles ToMA° Scoring

Ana Maria

Albornoz

Reitze

Oct 18,

2019

Oct 18,

2019

Perman

Gochyyev

Item name
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on ↑↓

Updated

on ↑↓

Showing 11 to 20 of 147 entries Previous 1 3 4 5 … 15 Next

 10

2

  

Preview Scoring Supplemental Content

Here is one of Maria’s footprints.  

Maria used copies of her footprint to make this foot-ruler. But Maria forgot to label her foot-ruler.

Drag the numbers onto the foot-ruler to label the units. Use only the numbers that  you need

[ME] Labeling Foot-Ruler

ToML



Wright Map: Length construct

Figure X. 
 

 
 

Items

-2

0

2

4

L
o

g
it
s

ToML 2A

ToML 2A

ToML 3A

ToML 3A
ToML 3C

ToML 3F

ToML 4B
ToML 4C

ToML 4D
ToML 4E

ToML 4E ToML 4F

ToML 5F

ToML 5G

ToML 5G

ToML 3E

ToML 4C

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Wright Map

R
e

s
p

o
n

d
e

n
ts

Length construct

  2 

  3 

  4 

  5 

ToML 
levels 

  1 

BASS 
Wright 
Map:
Results 
from 
2019 
posttest



Example BASS Report for a class
(2018/19 ToML data)

Sort students by

Theory of Measurement: Length Construct for Grade_1_Boles (Kerry Boles) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_1_Fears (Sarah Fears) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_1_Marshall (Amanda Marshall) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_1_Moseley (Shaina Moseley) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_2_Hampton (Cassie Hampton) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_2_Prater (Gaile Prater) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_2_Smithpeters (Jamie Smithpeters) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_3_Harriman (Jessica Harriman) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_4_Copeland (Cristina Copeland) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_4_Cunningham (Madison Cunningham) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_4_Donnell (Jenna Donnell) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_5_Scalf (Christian Scalf) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

Theory of Measurement: Length Construct for Grade_5_Wiggins (Jennifer Wiggins) (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

BASS Constructs Items Scoring Guides Activities Delivery Scoring Import Calibrations Analysis Reports System 695 "  markw@berkeley.edu 

Reports  Showing results for PRETEST_Bass_items_only ToML
Filter Data Change Data

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1156Student 1156

Student 1157Student 1157

Student 1153Student 1153

Student 1147Student 1147

Student 1159Student 1159

Student 1141Student 1141

Student 1151Student 1151

Student 1162Student 1162

Student 1148Student 1148

Student 1145Student 1145

Student 1146Student 1146

Student 1163Student 1163

Student 1160Student 1160

Student 1142Student 1142

Student 1154Student 1154

Student 1161Student 1161

Student 1152Student 1152

Student 1149Student 1149

Student 1143Student 1143

Student 1158Student 1158

Student 1155Student 1155

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1183Student 1183

Student 1168Student 1168

Student 1180Student 1180

Student 1178Student 1178

Student 1169Student 1169

Student 1184Student 1184

Student 1165Student 1165

Student 1177Student 1177

Student 1167Student 1167

Student 1166Student 1166

Student 1176Student 1176

Student 1174Student 1174

Student 1170Student 1170

Student 1164Student 1164

Student 1185Student 1185

Student 1182Student 1182

Student 1179Student 1179

Student 1172Student 1172

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1224Student 1224

Student 1222Student 1222

Student 1211Student 1211

Student 1225Student 1225

Student 1218Student 1218

Student 1223Student 1223

Student 1213Student 1213

Student 1210Student 1210

Student 1209Student 1209

Student 1227Student 1227

Student 1216Student 1216

Student 1221Student 1221

Student 1217Student 1217

Student 1214Student 1214

Student 1215Student 1215

Student 1219Student 1219

Student 1220Student 1220

Student 1229Student 1229

Student 1228Student 1228

Student 1212Student 1212

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1199Student 1199

Student 1205Student 1205

Student 1203Student 1203

Student 1187Student 1187

Student 1202Student 1202

Student 1191Student 1191

Student 1194Student 1194

Student 1204Student 1204

Student 1198Student 1198

Student 1192Student 1192

Student 1207Student 1207

Student 1201Student 1201

Student 1196Student 1196

Student 1188Student 1188

Student 1193Student 1193

Student 1208Student 1208

Student 1197Student 1197

Student 1195Student 1195

Student 1189Student 1189

Student 1200Student 1200

Student 1206Student 1206

Student 1190Student 1190

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1246Student 1246

Student 1237Student 1237

Student 1241Student 1241

Student 1247Student 1247

Student 1255Student 1255

Student 1238Student 1238

Student 1244Student 1244

Student 1239Student 1239

Student 1242Student 1242

Student 1245Student 1245

Student 1235Student 1235

Student 1252Student 1252

Student 1251Student 1251

Student 1243Student 1243

Student 1236Student 1236

Student 1248Student 1248

Student 1240Student 1240

Student 1250Student 1250

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1066Student 1066

Student 1065Student 1065

Student 1045Student 1045

Student 1055Student 1055

Student 1051Student 1051

Student 1115Student 1115

Student 1052Student 1052

Student 1049Student 1049

Student 1048Student 1048

Student 1056Student 1056

Student 1057Student 1057

Student 1050Student 1050

Student 1063Student 1063

Student 1058Student 1058

Student 1044Student 1044

Student 1062Student 1062

Student 1059Student 1059

Student 1064Student 1064

Student 1054Student 1054

Student 1046Student 1046

Student 1047Student 1047

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1085Student 1085

Student 1079Student 1079

Student 1076Student 1076

Student 1074Student 1074

Student 1073Student 1073

Student 1083Student 1083

Student 1081Student 1081

Student 1071Student 1071

Student 1086Student 1086

Student 1084Student 1084

Student 1082Student 1082

Student 1078Student 1078

Student 1067Student 1067

Student 1088Student 1088

Student 1087Student 1087

Student 1069Student 1069

Student 1068Student 1068

Student 1072Student 1072

Student 1089Student 1089

Student 1080Student 1080

Student 1077Student 1077

Student 1075Student 1075

Student 1070Student 1070

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1028Student 1028

Student 1024Student 1024

Student 1023Student 1023

Student 1021Student 1021

Student 1029Student 1029

Student 1026Student 1026

Student 1030Student 1030

Student 1025Student 1025

Student 1020Student 1020

Student 1027Student 1027

Student 1019Student 1019

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1005Student 1005

Student 998Student 998

Student 1002Student 1002

Student 997Student 997

Student 996Student 996

Student 1017Student 1017

Student 1012Student 1012

Student 1004Student 1004

Student 1001Student 1001

Student 1006Student 1006

Student 994Student 994

Student 1013Student 1013

Student 1003Student 1003

Student 1016Student 1016

Student 995Student 995

Student 999Student 999

Student 993Student 993

Student 1008Student 1008

Student 1018Student 1018

Student 1010Student 1010

Student 1009Student 1009

Student 1014Student 1014

Student 1007Student 1007

Student 1015Student 1015

Student 1000Student 1000

Student 1011Student 1011

Level 1 Level 2 Level 3 Level 4 Level 5

Student 990Student 990

Student 985Student 985

Student 971Student 971

Student 974Student 974

Student 982Student 982

Student 978Student 978

Student 989Student 989

Student 988Student 988

Student 984Student 984

Student 983Student 983

Student 991Student 991

Student 980Student 980

Student 979Student 979

Student 975Student 975

Student 968Student 968

Student 986Student 986

Student 977Student 977

Student 973Student 973

Student 992Student 992

Student 981Student 981

Student 969Student 969

Student 970Student 970

Student 976Student 976

Student 987Student 987

Student 966Student 966

Student 967Student 967

Student 972Student 972

Level 1 Level 2 Level 3 Level 4 Level 5

Student 943Student 943

Student 958Student 958

Student 942Student 942

Student 945Student 945

Student 944Student 944

Student 954Student 954

Student 964Student 964

Student 963Student 963

Student 959Student 959

Student 949Student 949

Student 946Student 946

Student 957Student 957

Student 953Student 953

Student 947Student 947

Student 961Student 961

Student 965Student 965

Student 962Student 962

Student 951Student 951

Student 952Student 952

Student 955Student 955

Student 941Student 941

Student 960Student 960

Student 956Student 956

Student 948Student 948

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1263Student 1263

Student 1276Student 1276

Student 1281Student 1281

Student 1268Student 1268

Student 1279Student 1279

Student 1280Student 1280

Student 1278Student 1278

Student 1262Student 1262

Student 1258Student 1258

Student 1275Student 1275

Student 1265Student 1265

Student 1269Student 1269

Student 1270Student 1270

Student 1264Student 1264

Student 1257Student 1257

Student 1261Student 1261

Student 1277Student 1277

Student 1266Student 1266

Student 1271Student 1271

Student 1256Student 1256

Student 1267Student 1267

Student 1274Student 1274

Student 1273Student 1273

Student 1272Student 1272

Student 1260Student 1260

Student 1259Student 1259

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1134Student 1134

Student 1119Student 1119

Student 1122Student 1122

Student 1133Student 1133

Student 1117Student 1117

Student 1131Student 1131

Student 1124Student 1124

Student 1126Student 1126

Student 1125Student 1125

Student 1139Student 1139

Student 1121Student 1121

Student 1140Student 1140

Student 1123Student 1123

Student 1129Student 1129

Student 1136Student 1136

Student 1132Student 1132

Student 1116Student 1116

Student 1127Student 1127

Student 1138Student 1138

Student 1120Student 1120

Pro! ciency



Micro Level Online Assessment

• A teaching/learning context-Day 1:

• In previous classroom activity, the teacher had students measure a 
distance  in the hallway with clipboards, or with dowel rods, or with 
their feet. 

• These activities were aimed primarily at ToML Level 2 with support 
for “edging” into Level 3.

• There were more than 1 of each type of unit (feet, naturally, were in 
inexhaustible supply). 



A teaching/learning context-Day 1

• The class observed children as they 
conducted their measurements.

• With whole class conversation that 
followed the class established that 
shorter units resulted in greater measure 
of the same distance (and why), 

• And they explained that the units had to 
be translated so that there were no gaps
or laps.

 
 



“When is 4 feet 4 feet?”-Day 2

• New challenge (from teacher)
• using just one standard unit, the length of her foot 

(u), create a path with measure 4u. 

• Teacher took photos of student strategies
• class discussed problems and prospects of a few 

of these strategies*. 

• Each pair cut a strip of paper just as long as 
the path—what happened when they were 
compared?

• The class used the teacher’s photos to try to 
investigate why.

*She was looking for evidence of ToML 3A.



Micro Levels of the Construct Map
Earlier Levels as Resources for Current Level 

3A  Re-use (iterate) a unit to measure.  
2F  Qualitatively predict the inverse relation between size of unit and measure.  

2E  Consider suitability of unit and explain why.  

2D Count with reservoir of identical units to tile a length and represent measure by the total. If units are not 

identical, distinguish among them.  
2C Use identical units and explain why.  

2B Tile and explain why (the explanation is required).  

2A Associate measure with count.  

1F Develop and use local (classroom) conventions to distinguish or order two or more objects by a single attribute.  

 
.
.
.

.

.

.

*

*



Measurement at the micro level : TOTs

• TOTs = “ Teacher Observation Tools ”

• A mobile data-gathering ipad application

• Designed for teacher use while teaching in their classrooms

• A sample screenshot …





2020/21 Data: Evaluations across time for one class



20/21 Data: BASS Report for TOTs data
Sort students by

Theory of Measurement: Length Construct for TOTS_only_1 class (Perman Gochyyev)

!  Level 5

!  Level 4

!  Level 3

!  Level 2

!  Level 1

BASS Constructs Items Scoring Guides Activities Delivery Scoring Import Calibrations Analysis Reports System 695 "  markw@berkeley.edu 

Reports  Showing results for TOTS_only_1 ToML
Filter Data Change Data

Level 1 Level 2 Level 3 Level 4 Level 5

Student 1138Student 1138

Student 1132Student 1132

Student 1122Student 1122

Student 1117Student 1117

Student 1089Student 1089

Student 1220Student 1220

Student 1142Student 1142

Student 1077Student 1077

Student 1074Student 1074

Student 1209Student 1209

Student 1199Student 1199

Student 1223Student 1223

Student 1212Student 1212

Student 1196Student 1196

Student 1086Student 1086

Student 1083Student 1083

Student 1080Student 1080

Student 1157Student 1157

Student 1228Student 1228

Student 1147Student 1147

Student 1204Student 1204

Student 1161Student 1161

Student 1152Student 1152

Student 1188Student 1188

Student 1191Student 1191

Student 1215Student 1215

Pro! ciency



2020/21 Data: BASS Pretest
TOTs during year
BASS Posttest



Grade means



Conclusion

This work helps us …

(a) create the possibility of a more robust classroom assessment 
system by integrating across grain-sizes to represent 
student performance, and 

(b) perhaps more importantly, growth in student knowledge

(c) while being accountable1 to students and teachers in the 
sense of creating systematic opportunities for conceptual 
development.

1 I.e., accountable to the classroom (R. Lehrer)



Conclusion

Micro: The work at the micro level helps teachers

record their observations about instruction in-place
and plan for the next (micro) instructional event 

Meso: The work at the meso level helps teachers 

think about the outcomes from instruction, and 
plan for the next phase

And so, my answer to the question of the right grain-size is
both micro and meso.



Thank-you

• MarkW@Berkeley.edu



ToML-2 Explaining properties of units and 
their role in accumulation

• At the second level, ToML-2, students focus on the nature of a unit.

• Units enable indirect measurements via accumulation and count 
(instead of directly comparing)

• . Units allow for both additive (how much longer?) and multiplicative 
comparisons (how many times longer?). 

• Students must develop understandings of the properties that enable 
these uses. Hence, students at this level explain the roles of identical 
units and tiling. 



• Students anticipate an inverse relation between unit length and the 
measure of a given length: shorter units, compared to longer units, 
result in a greater measure (i.e., larger numbers) representing the same 
magnitude (i.e., extent of the length). 

• Students begin to develop a sense of the suitability of a particular 
choice of unit for the goal at hand.

• Students tile units and explain why no “gaps” or “laps.”

EXPLAINING PROPERTIES OF UNITS and 
 

HOW THESE PROPERTIES GROUND ACCUMULATION (COUNT) 
 

At the second level, ToML-2, students focus on the nature of a unit. Units enable indirect 

measurements via accumulation and count; instead of directly comparing, children who 

count units produce a measured quantity. Units allow for both additive (how much 

longer?) and multiplicative comparisons (how many times longer?). But before units can 

be put to these uses reliably, students must develop understandings of the properties that 

enable these uses. Hence, students at this level explain the roles of identical units and 

tiling. They measure a length by tiling it with units that span its extent and explain that 

gaps between units will result in unmeasured length (underestimating the true length 

measure) and that overlaps between units will result in measuring a portion of the length 

more than once (overestimating the true length measure). Students anticipate an inverse 

relation between unit length and the measure of a given length: shorter units, compared to 

longer units, result in a greater measure of the same magnitude (i.e., extent of the length).  

 

Similarly, longer units, compared to shorter units, result in a diminished measure. For 

example, a fixed distance measured with foot units is always more than the same distance 

measured with mile units. But at this level, children may not know how many more. 

Students also begin to develop a sense of the suitability of a particular choice of unit for 

the goal at hand. For example, yards are better than inches for measuring longer 

distances. Students also begin to understand the importance of conventional units—for 

instance, how using the length of their teacher’s foot as a shared unit enables comparison 

of lengths.  

• Directly Comparing 

• Explaining Properties of Units 

• Iterating Units and Symbolizing  

    Distance Traveled 

• Partitioning By 2 

• Partitioning By 3 and 2 

• Generalizing Relationships 



The Levels of the Construct Map: 
ToML—Theory of Measurement

6. Generalizing relationships (e.g., Measure of A in B is the 
reciprocal of measure of B in A)

5. Partitioning and symbolizing involving 3-splits and 
composition of 2- and 3-splits 

4. Partitioning, iterating, symbolizing partitioned units—2-splits

3. Iterating units and symbolizing distance traveled

2. Explaining properties of units and their role in 
accumulation

1. Directly comparing



Sub-Levels 2: More detail

3A  Re-use (iterate) a unit to measure.  
2F  Qualitatively predict the inverse relation between size of unit and measure.  

2E  Consider suitability of unit and explain why.  

2D Count with reservoir of identical units to tile a length and represent measure by the total. If units are not 

identical, distinguish among them.  
2C Use identical units and explain why.  

2B Tile and explain why (the explanation is required).  

2A Associate measure with count.  

1F Develop and use local (classroom) conventions to distinguish or order two or more objects by a single attribute.  
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Preview Scoring Supplemental Content

Carlos started measuring the height of the blue book, but he does not have enough units. Carlos says he cannot

! nish measuring the height.

Do you agree with Carlos?

 

Page break

Drag the black unit to help Carlos measure the height of the blue book. The height of the blue book is  units.

 

[ME] Height of Book
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