e
Noncommutative jet functors

Jet functors in noncommutative geometry

Henrik Winther
Joint with K. Flood and M. Mantegazza

Masaryk University, Brno, Czech Republic

August 21, 2022

1/43



Noncommutative jet functors
Introduction

L The setting of noncommutative geometry

Fundamental idea of noncommutative geometry

» Study a geometric object via an algebra of “regular” functions over
it (e.g. C°(M), O(M), klx1,...,xa]/1).

> Generalize the commutative algebra C°°(M) of smooth functions on
a manifold M to an arbitrary (associative, unital) algebra A.

» If A happens to be commutative, then constructions should
reproduce classical geometry.

» Results such as the Gelfand-Naimark theorem and the Serre-Swan
theorem show that this has merit.
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Noncommutative jet functors
Introduction

L The setting of noncommutative geometry

Our setting

» We need a way to encode the smooth structure on A. We borrow
some notions from quantum groups,

1. Exterior algebra
2. First order differential calculi

» In particular, we can work with any framework that has a notion of
exterior derivative.

1. Differential geometry
2. Supergeometry

3. "Quantum geometry”
4. Countless toy examples

Definition

A first order calculus (QY, d) for a unital associative algebra A is
1. An A-bimodule Q},
2. amap d: A— Q) satisfying d(ab) = adb + (da)b,
3. such that AdA = Q.
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Noncommutative jet functors

Introduction

L The setting of noncommutative geometry

Notation and lexicon

Geometry Algebra NCG analogue | Structure
point R (or C) k commutative ring
M C>(M) A unital k-algebra
vector bundle E rE) E F.G.P. left A-module
E—F IrE)—T(F) E—F left A-linear map
T*M Ql(m) Ql first order calculus

We will denote the categories of left and right A-modules by 4Mod and

Mod,, and A-bimodules by sMod 4.

» The full subcategory of flat left A-modules is denoted 4Flat.
» The full subcategory of projective left A-modules is denoted 4Proj.

» The full subcategory of finitely generated projective left A-modules
is denoted 4FGP.
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Noncommutative jet functors
Universal and first order jets

The noncommutative 1-jet functor

Universal calculus and 1-jets

Definition
The universal calculus QY for A is given by the kernel of the
multiplication map,

Ql =ker(-) CA® A.

The corresponding universal differential is

dy:a—1l®a—a®l

Proposition
We have
0-Q 2 ARA—- A0

Moreover, the universal prolongation ji: a+ 1 ® a splits the sequence in
MOdA.
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Noncommutative jet functors
Universal and first order jets

L The noncommutative 1-jet functor

For any first order calculus 2, there is a surjective map py : Q% — Q)
which takes d, to d, and we have

0= Ny — Q- QL —0

Analogously, for any left A-module E, we define
Ny (E) = ker(pg.e) = {Z ai®e;| Z aje; =0, Z da®ae; =0} C AQE
Definition
The 1-jet module for a left A-module E is
JYE := JLE/Ng(E) = A® E/Ny(E).

The prolongation operator is jg g2 E — JYE, given by j§ g(e) = [1 ® e].
The projection map is 7r(1,:(,):-: Dojai®e]— Y ae.
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Noncommutative jet functors
Universal and first order jets

= Functoriality

Functoriality
We may also lift morphisms. Let ¢ : E — F be an A-linear map. Then

Jip =idpa@ag: JGE = JGF

Theorem

The construction J} : E — JJE is an additive endofunctor on sAMod.
This realizes j}, and wcl,’o as natural transformations from, and to, the
identity functor on sMod, respectively. In the category of additive
endofunctors on sAMod, we have the exact sequence

L 71'1‘0
0 — QL@ — —— Jj —— id(,Moq) — 0.
and j&, splits this sequence. Moreover,
> If QL is in aFlat (resp. aAProj, AFGP), then J} preserves sFlat
(resp. aProj, sFGP)

The latter is geometrically comparable to the fact that the jets of a
vector bundle form a vector bundle. s



Noncommutative jet functors
Higher jet functors

L Summary of results

We construct the following three families of functors:
» The nonholonomic jet functors Jc(,"): AMod — 4Mod
» The semiholonomic jet functors JL"]: aMod — sMod
» The holonomic jet functors JJ: sMod — sMod
In particular we have J'” = JI = J0 — id, g, and SV = S = 2.

These functors come equped with natural transformahons

B idmes — S U A ed — T 2 i med — 5,

which are respectively called the nonholonomic, semiholonomic, and
holonomic jet prolongation maps. We also have the natural
transformations,

7T(({n,n—l;m): J‘(jn) —>J‘(1n_1)7 ﬂ_‘[jn,n—l]: J‘[jn] HJc[!n—l]’ 7_(_Zn 1, Jd _>Jn 1

respectively called the nonholonomic, semiholonomic, and holonomic jet
projections.
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Noncommutative jet functors
Higher jet functors
L Algebraic preliminaries
.

Definition
An exterior algebra Qf over a k-algebra A, is an associative graded
algebra (Q = D ,>, 24, /) equipped with a map d such that
1L Q% =A
2. d is a differential, that is a k-linear map d: Q% — Qf such that
d(Qn) € Qa* for all n > 0, which satisfies d*> = 0 and

dlanB)=danB+(-1)"andB, VYaecQi pecQh

3. A, dA generate QY via A.

Remark

Given an exterior algebra QF, the first grade and d: Q% = A — QY form
a first order calculus for A. Vice versa, given a first order differential
calculus, Q}, a maximal exterior algebra, QY ... is given by quotienting

the tensor algebra by the minimal relations for d> = 0 to hold.
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Noncommutative jet functors
Higher jet functors

Algebraic preliminaries

Quantum symmetric forms

In the classical case, the C*°(M)-module of differential forms with values
in a bundle E can be seen as Q*(M) ®co(m) M'(E).
So, given an exterior algebra 2% over A, we can define the functors

Q%: AMod — sMod E+— Q% ®aE;
Q7 AMod — sMod Er Q) @aE.
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Noncommutative jet functors
Higher jet functors

L Algebraic preliminaries

Quantum symmetric forms

In the classical case, the C*°(M)-module of differential forms with values
in a bundle E can be seen as Q*(M) ®co(m) M'(E).
So, given an exterior algebra 2% over A, we can define the functors

Q%: AMod — sMod E+— Qy®aE;
Q7 AMod — sMod Er Q) @aE.

We define the functors
52 = Qg = idAMody 53 =Ql = Qb QA —-
For n > 0, the functor of quantum symmetric forms SJ is defined by

induction as the kernel of the following composition

/\

Ql(Ln—l) _
d\tA Q}] OS" 2 ?,'Osg 2

1 n—1
Qgo0S]

and : S7 — QY 0 S77 ! is the inclusion.
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Noncommutative jet functors
Higher jet functors

Algebraic preliminaries

The following lemma shows other equivalent descriptions of Sj.

Lemma
If Q% and Q7 are flat in AMod, for all n > 0, the following subfunctors of

the tensor algebra T} := (Q})®4" coincide
1. S},
2 Mz ker (TéApia);
d

3. ﬂ > ker (Tj(/\h)-,—n—k—h), where Ap: Tg — Qh,'
0<k<n—h d

4. (Sho Ty ") N (T %o Sk) for 0 < h k < nsuch that h+ k> n.
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Noncommutative jet functors
Higher jet functors

L Algebraic preliminaries

Spencer cohomology

For all k, h > 0, consider the functor QX o Sh, and define "k as the
following composition

(_1 k/\k,l_
k() syt

k h k 1 h—1 d k+1 h—1
_ T
QdOSd QdOQdOSd Qd Osd

6h’k

We thus obtain a complex in the category of functors of type
AMOd — AMOd.

n,0 _ n—1,1 n—3,3
0—— 5720, Qlosnt S 2o g2 T g3 o gn3 SN L

Definition (Spencer cohomology)

We call this the Spencer §-complex, its cohomology the Spencer
cohomology, and we denote the cohomology at QX o Sh by HMk.
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Noncommutative jet functors
Higher jet functors

Construction of jet functors

Nonholonomic jet functors

Definition
We term the functor

I = (5" = Jo- 0 JL = (JIA)®A" @4 —: aMod — sMod

the nonholonomic n-jet functor. The following composition is called the
nonholonomic n-jet prolongation.

i(n (n)

) .1 -1
Jg -—JdJ‘(j,.)OJd,Jgnq OJdJ1 Ojd id — J;
For all 1 < m < n, we have the natural epimorphisms
(n,n—1;m) (h—m)_1,0
T =J; 7r

which will be called the nonholonomic n-jet projections.

. J(”) J n— 1)
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Noncommutative jet functors
Higher jet functors

Construction of jet functors

2-jet functor

We build the (holonomic) 2-jet module with the aim that the following
sequence is exact

2
Ld,E

e

2
0 » S3E y PE 5% JLE 0
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Noncommutative jet functors
Higher jet functors

Construction of jet functors

2-jet functor

We build the (holonomic) 2-jet module with the aim that the following
sequence is exact

2

21
Ld,E d,

0 > S2E <

» J2E JIE 0

JAE 0

0 —— QYULE) — JPE
d,J;E

1,0

™
1
d,JdE
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Noncommutative jet functors
Higher jet functors

Construction of jet functors

2-jet functor

We build the (holonomic) 2-jet module with the aim that the following
sequence is exact

LiyE 7_‘_2,’1
0 » S3E y PE 5% JLE 0
%L e0e | |5 H
2
0 —— QYUIE) s— JPVE —» JIE 0

d,JLE 1
' dJLE
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Noncommutative jet functors
Higher jet functors

Construction of jet functors

2-jet functor

We build the (holonomic) 2-jet module with the aim that the following
sequence is exact

2 7_‘_2,1
0 y S2E < 0E , 2E Ey JLE 0
%L e0e | [Be H
0 —— QYUIE) — JPE —5» JIE 0
d,J;E Wd,J(liE

We assume Q}, flat in Moda.
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Noncommutative jet functors
Higher jet functors

Construction of jet functors

2-jet functor

We build the (holonomic) 2-jet module with the aim that the following
sequence is exact

”?/,E 773’,}5
0 > S2E < » J3E JAE 0
Qb(%,:;)“i,fs\[ J:’g,E H
0 —— QYUIE) — JPE —5» JIE 0
d,J;E ﬂ-d,J;E

We assume Q}, flat in Mod . As for the classical case, we want the jet
prolongation to agree with the nonholonomic one, i.e.

1

(2) _ .1
E =Jd,stE ©JdE-

2 2
/d,E CJd,E = Jd

s
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Noncommutative jet functors
Higher jet functors

L Construction of jet functors

2-jet functor

We build the (holonomic) 2-jet module with the aim that the following
sequence is exact

2 2,1
Ld,E Td,E

0 > S2E < » J3E JAE 0
Qb(é,:;)“i,fs\[ J:’g,s H
0 —— QYUIE) — JPE —5» JIE 0
d,J;E ﬂ-d,J;E

We assume Q}, flat in Mod . As for the classical case, we want the jet
prolongation to agree with the nonholonomic one, i.e.

(2

2 2 1
/d7E CJd,E = Jd

) i1
E = Jd,stE ©Jd E-

Under these conditions, Aj((,z)(E) + S3E C J((f)E satisfies the 2-jet short
exact sequence.
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Noncommutative jet functors
[ Higher jet functors

L Construction of jet functors

We can describe J3E implicitly as the kernel of a left-linear (bilinear for
E=A) map

Pe: JPE — (Q) x Q2)(E),
where (Q} x Q2)(E) = (2} x Q2) @4 E.
As a right A-module, Q) x Q2 = QL & Q2, but as an A-bimodule, it
comes equipped with a non-trivial left action

fr(atw)=rfat+df Nha+fu, VFEA acQl, we?

Explicitly, we have

Pe: JPE (Q} x Q2)(E)

[a® bl ®a[c®e] —— (ad(bc) ®a e, daAd(bc)®ae).
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Noncommutative jet functors
Higher jet functors

Construction of jet functors

Semiholonomic jets

Definition
We define the semiholonomic n-jet functor, denoted J["], to be the
equalizer

J([,"] = Eq (wff’"il;m)‘l <m< n) )

We denote by ¢ ) : Jc[,"] — Jc(,") the corresponding inclusion.

[l
Jd
All the projections coincide for semiholonomic jets, so we call the
resulting unique natural transformation the semiholonomic projection:

Aol ol o)
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Noncommutative jet functors
Higher jet functors

Construction of jet functors
:

Proposition
The nonholonomic prolongation factors through the semiholonomic jets.

Proof.
We can decompose the prolongation as _jc(! " —J(” m) O_/EI ™ We construct

the following:

id ,Mod — pp—
iy Jd’Jsm)
.n.(’"’m 1) 7.r(n,n 1)
A(n—m)
(m—1) J . (m=1)
m—1) @y (n—1)
RSl —
jc(infl)

For all m, the diagram shows that 7r(" n—1im) Oj( " = J("_l), whence we
(n,n—1;m)

conclude that jl(,") factors through the equalizer of all the 7 . s



Noncommutative jet functors
Higher jet functors

L Construction of jet functors

Definition (Holonomic n-jet functor)

Let A be a k-algebra endowed with an exterior algebra Qf. We define Jj
as the kernel of the natural transformation

Dz 0 Jy(lg 1) Jyo Iyt — (U x Q) 0 S5,

where we denote the natural inclusion by [7: J7? — J%o J5~t. We call
JJ the (holonomic) n-jet functor.

It is natural to consider the following composition

Ly = I BY 0 STy 00 P 0 gy U,

Remark

The natural transformation v» provides a mapping from the holonomic
to the semiholonomic jet, but in general it is not injective (as has been
noted before in the setting of synthetic differential geometry.)
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Noncommutative jet functors

Higher jet functors
Construction of jet functors

Holonomic projections
Definition
We define the (holonomic) n-jet projection as the natural transformation
mp" = b (_)/" colfs i — 7

More generally, by composing them, we get, for all0 < m <n
WZ’ __Trgn 107TZ 1,n— 2O Oﬂ_Zw+1m Jd_>Jd
The natural map 1}y is defined by induction, for n > 2 as the unique
morphism that commutes in the following diagram
d(L ) 1 —1
—— QgoJy

1
Lon—1
\[ d,Jd

1 n—1
Jjo Jg
19/43
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Noncommutative jet functors
Higher jet functors

L Construction of jet functors

Lemma

The pro/ongatlon _] : 1dAMod — J( ) factors uniquely through

L Ji = Jd via a natural monomorphism j7: id,,med — JJj in the
category of functors of type sAMod — Mod.

Proof.
We proceed by induction on n. For n = 0, there is nothing to prove. For
n >0, and assume that we have the factorization jgn_l) =i oji L,

then we have
5‘,3720@(/3_1)0]‘(1"), DJn 20 J3(15 )OL_/nO_jd =0

implying the existence of j]. O
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Noncommutative jet functors
Higher jet functors

Sesquiholonomic jets and the higher jet functors

Theorem (Holonomic jet exact sequence)

Let A be a k-algebra endowed with an exterior algebra Q% such that Q},
Q?, and Q3 are flat in Moda. For n > 1, if the Spencer cohomology H™?
vanishes, for all 1 < m < n— 2, then the following sequence is exact,

Therefore, if H"=22 = 0 we obtain a short exact sequence

n n,n—

1
L ™ _
0 y S8 2y Jn 2 yo-l > 0.
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Noncommutative jet functors
Higher jet functors

Sesquiholonomic jets and the higher jet functors

We will now introduce another type of jet functor, which we will only use
as a tool to address the exactness of the jet sequence, although its
classical counterpart is known.

Definition
The sesquiholonomic n-jet functor, denoted by Jj"}, is the subfunctor of
Jy 0 J571 defined by the kernel of

+5'Jg_2 o JEIPYY: Joynt — QYo Jn2,

We denote the inclusion of Ji™ into JL o J1~1 by 3™,
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Noncommutative jet functors

Higher jet functors

Sesquiholonomic jets and the higher jet functors

Proposition
Let A be a k-algebra equipped with an exterior algebra Q% such that QY
is flat in AMod. If the holonomic (n — 1)-jet sequence is exact

n—1 n—1,n—2
L

0— st 1 T 2 0,

then the sesquiholonomic n-jet sequence is also exact

{n} {n,n—1}
d {n} T4
Jd

L

00— QLoSi e St ———o.

Moreover, ’D’J,,_2 remains surjective even when restricted to J(}, o Jj.
d
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Noncommutative jet functors

Higher jet functors

Sesquiholonomic jets and the higher jet functors

Proof.

L

0 ——— Qhosst — It ——— 0
Qy(en” 1)[ i ['J“} e \
1 n—1 4 g 1 n—1 g n—1
0 ——— QLo t e Jloyrn S0
Qb(w:_l’"_z)l lS’Jg,zoJé(lg“) l
0 ——— QLoJ)? =—= QloJ]? 0 0
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Noncommutative jet functors
Higher jet functors

Sesquiholonomic jets and the higher jet functors

Spencer and the jet exact sequence

\ n
y I

{n} l SAmn—1}

n—1
Jd

|

L

d N J§n} d
|

St —0

0 — ker(6"722)

|

Hn—2,2

DJ;,,Z on(Igfl)ol{"}

ker(6"722) ————

|

C

C+— o +—+

~
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Noncommutative jet functors
Higher jet functors
L Sesquiholonomic jets and the higher jet functors

Theorem (Stability)
Let A be a k-algebra.

1. Let Q}, be a first order differential calculus for A. If Q}, is in zFlat
(resp. aProj, AFGP), then JL(,") preserves aFlat (resp. aProj, aFGP);

2. Let Q}, be a first order differential calculus for A which is flat in
Mod 4. Ibe is in sFlat (resp. aAProj, AFGP), then JL"] preserves
aFlat (resp. aProj, AFGP);

3. Let Q% be an exterior algebra for A such that QY, Q3, and Q3 are
flat in Mod . If H™2 vanishes and ST is in aFlat (resp. aProj,
AFGP), for all 1 < m < n, then J] preserves sFlat (resp. aProj,
AFGP).
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Noncommutative jet functors
Differential operators

Definitions and properties

Definition

Let E,F € sMod. A k-linear map A: E — F is called a linear differential
operator of order at most n with respect to the exterior algebra Q% if it
factors through the holonomic prolongation operator jj, i.e. there exists
an A-module map A € AHom(JJE, F) such that the following diagram

commutes:
n
JNE

i X

E—25F

If n is minimal, we say that A is a linear differential operator of order n.
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Noncommutative jet functors
Differential operators

L Definitions and properties

Examples of differential operators

> Suppose ) is free and finitely-generated as a left A-module, i.e.
parallelizable. Given a basis 01, ...,60,, we can define the partial
derivative operator 0;: A — A, by da = )", 0;(a)b;.

» A (left) connection with respect to the first order differential
calculus Q2 on a left A-module E is a k-linear map

E— QL®4E,
satisfying the identity
V(fe) = df ®a e+ fVe.
> The operator Dg: JI(E) — (2 x Q2)(E), whose lift D defines

second order jets.

28/43



S

Noncommutative jet functors

Differential operators

Definitions and properties

Proposition
Let n < m, then a differential operator of order at most n is also a
differential operator of order at most m.

Proof.
Given A € Diff"(E, F), let A: JJE — F be the corresponding A-linear

lift of A. The map Aonyf: JJE — F is also left A-linear, and
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Noncommutative jet functors
Differential operators

Definitions and properties
.

Proposition

Let A1: E — F and A,: F — G be differential operators of order at
most n and m, respectively. Then the composition AyoA1: E — G is a
differential operator of order at most n + m.

Proof.
e
m—+n m( |n
IPE =5 JPE)
JdJnET \
_ JPF
TJdENFT \
O
Corollary

There is a category Diff with the same objects as sAMod and with
morphisms given by the differential operators.

30/43



Noncommutative jet functors
Differential operators

L Definitions and properties

The algebra D

The previous result shows, in particular, that the differential operators
from A to A form an algebra under composition. We will call this algebra
D, following the classical notation.

Proposition

The algebra A°P embeds into D as zero order differential operators, via
the right action of A on itself.

Remark

On the other hand, the left multiplication operators L, need not be
differential operators when A is non-commutative.
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Noncommutative jet functors
Differential operators

L Definitions and properties

Terminal calculi

Proposition

Let f € A, then there is a minimal first order differential calculus for
which left multiplication by f is a first order differential operator, with
Nr = ker(n ® m +— nfm) C QL. Left multiplication by f is a first order
differential operator with respect to d for any flat A-module E if

Ng C Np.

The map fr: m® n+— mfn is well-defined and A-bilinear, with kernel N¢,
and this realizes

Q} == pr(Q) = Alf, Al C A, di(a) = [F, 3]

Definition
We call Q} the terminal calculus for f. If S C A, let Ns = NgcsNy, and
QL = QL/Ns is the terminal calculus for S.
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Noncommutative jet functors

Differential operators

L Definitions and properties

Proposition

Morphisms in the category of first order calculi are epimorphisms when
considered in sModa. Moreover, when they exist, morphisms between
any two calculi are unique.

Proposition

Suppose there exists a morphism of calculi QY — Q1,. Let Diff5(E, F)
and DiffY, (E, F) be the differential operators of order at most 1 from E
to F with respect to QY and QY,, respectively. Then

Diff}, (E, F) C Diff}(E, F).

There is a full subcategory, consisting of all calculi for which S are of
order at most 1. Qg is a terminal object in this subcategory.
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Noncommutative jet functors
Examples
A terminal calculus for the quaternions

Example: quaternions

Definition
Let H be the Quaternions; the unital non-commutative algebra with
basis 1,1, j, k subject to the relations

The quaternions form a normed division algebra.

Remark

Left (right) H-modules are called left (right) quaternionic vector spaces.
These are characterized by quaternionic dimension up to isomorphism.
Quaternionic bimodules are not necessarily free.
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Noncommutative jet functors
Examples

L= A terminal calculus for the quaternions

Universal and terminal calculi for H
The universal calculus QL (H) is finite dimensional over R, and generated
as an H-module as follows:
QM) =(®i+1®1,jej+1®1, k®k+1x1)

Consider the terminal calculus for i. We have N; = ker(a ® b — aib). A
direct computation gives

Ni=(i®i+1®1,j®j—k®k)

And similarly for j, k. Since N; and N; each have quaternionic dimension
2, their intersection has dimension at least 1. Indeed, we have

Nijy =NinN;=(1@l+i®it+jej—k®k)
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Noncommutative jet functors
Examples

A terminal calculus for the quaternions

Structure of the terminal calculus QF,
Now, we may compute the structure of the calculus.

dk =[1®k—-k®1]
=[-kk®k+1®1)]
=[-kQ2e1+i®i+j®))]
= —jdi + idj
This is the structure equation for the calculus, and it is parallelizable and
generated by di, dj. We may also compute the bimodule structure,

idi = —(di)i, idj = —(dj)i
jdi = —(di)j, jdj = —(dj)j
kdi = (di)k, kdj = (dj)k

=
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Noncommutative jet functors
Examples

L= A terminal calculus for the quaternions

Differential operators on H
The zero order operators are the right multiplications, 1, R, R;, Re. At
first order, we have the partial derivative operators,

8,-: — ,6j: —

- R OO

1 1
i i
J J
k k
Proposition

The algebra D is generated by 1, R;, R;, Ry, 0;,0;. The relations are
9?7 = 87 = [0;, 9j] = 0 together with the HP-bimodule structure

[0;, Ril = [9;, Ri] = 0, [0, Re] = Ry,
[0i, Rl = [9;, Ri] = 1, [0, Ri] = —R;.

The algebra H embeds into D; L; and L; are of order 1 by construction
and Ly is of order 2. s



Noncommutative jet functors
Examples

A terminal calculus for the quaternions

Quantum symmetric forms for H

Proposition
We have that

S3=(di®dj—dj ® di), S3=o.
So jet dimension stabilizes,
JYH ~ H3, and J3H ~ H*,

as left quaternionic vector spaces. Moreover JIH ~ J3H for n > 2.

We have S2 = H as a bimodule, and so Q2 admits a unique quantum
metric (to scale). We may compute its Laplacian,

A= 28_,' Oa,'.
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Noncommutative jet functors
Examples
I Classical manifolds

Let M be a smooth manifold and consider the case kK = R and
A = C°°(M) with the exterior de Rham differential

d: C®(M) = QY(M),

regarded as a first order differential calculus. Let N — M be a vector
bundle, and let E := (M, N) be its C>°(M)-module of sections.

1 1,0

00— QLE) — 5 JIE TuE > 0
lpd’f l/l;dE H
0 —— QYM,N) —— (M, *N) =25 [(M,N) — 0

Pae=j omt® 4 140 pg o pu, f®o— [fo]' = (df) @ 0.
And thus an isomorphism is given by
[f ® 0] € JYE — [fo]' + df @ o € T(M, J}N).
This isomorphism intertwines the prolongation operators.

Ja(o) = ol
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Noncommutative jet functors
Examples
I Classical manifolds

Proposition (Goldschmidt '68)

Let N be a vector bundle. There exists a unique differential operator
p: JHJ"N) — CIN

of order 1, such that the symbol (i.e. the restriction of the lift p to
T* ® J"N) is the natural projection T* @ J"N — CN and the sequence

0— J"IN — JYJ'N) — CIN — 0

is exact.
Here CIN is the space (T* ® J"N)/6(Sym™ ™ (T*) ® N), and 4 is the
Spencer differential.
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L Classical manifolds

The uniqueness result of Goldschmidt identifies the map p with our map
D (easy to see for n = 2). Thus, the kernel of D is the classical 2-jet
module, seen as a submodule of the nonholonomic jets. The prolongation
maps coincide with the composition of the first jet prolongation with
itself both for our construction and classically. Thus

Proposition

We have J3E = T (M, J?N) in \Mod, the classical module of 2-jets of
sections of N, and the isomorphism takes our prolongation to the
classical prolongation.
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Noncommutative jet functors

Examples

Classical manifolds

Lemma (Quillen '64, Spencer '69)
Let N be a vector bundle. Then the following holds

JUEMN = JT(JTN) N I IMTENY c Jirm

where J("t™ N denotes the (classical) nonholonomic jet bundle of order
n+m.

42/43



Noncommutative jet functors
Examples

L Classical manifolds

Theorem (Classical correspondence)

Let A= C>*(M) for a smooth manifold M, let Q% = Q°*(M) equipped
with the de Rham differential d, and let E be the space of smooth
sections of a vector bundle. Then the classical nonholonomic and
holonomic n-jet bundles of E are isomorphic to Jc(,")E and JJE in sMod,
respectively, and the prolongation maps and jet projections are
compatible with the isomorphisms.

Sketch of proof.

The smooth one-forms Q(M) are regular enough, in particular flat as a
right module, that we can show J7E = J3(J~1E) N J3(J]E).
Combined with the Quillen result, the base cases n =1 and n =2, and
verifying that prolongations coincide, this yields an inductive proof of the
result for the holonomic case. O
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