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Definition of the Higgs bundle

The notion of Higgs bundle is introduced by Hitchin for the one
dimensional case and by Simpson for the general case. The
following definition is due to Simpson:

Definition (Higgs bundle)

A Higgs bundle is a pair (H,0), where H is a holomorphic vector
bundle over a complex manifold B and 6 is an End(H)-valued
holomorphic one form such that 6% = 0 on B.

By using the Higgs field 6, one may define a holomorphic bundle
map from the tangent bundle Tg of B to End(H) as follows

n:vevaif:=0,, ve Tg. (1)

Then 62 = 0 iff [0, , 6,,] = 0.
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Admissible Higgs bundle

We shall also use the following definition:

Definition (Admissible Higgs bundle)

A Higgs bundle (H,0) is said to be admissible if the associated
bundle map n is an injection from Tg to End(H).

Example: It is known that there is a natural Higgs bundle
structure on the base manifold of a proper holomorphic fibration.
More precisely, let 7w be a proper holomorphic submersion from a
complex manifold X’ to a complex manifold B with connected
fibres X; := 771(t). Let us denote by

kv k(v) € HYY(Ty,), (2)

the Kodaira-Spencer map.
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Higgs bundle structure on the base manifold

Let E be a holomorphic vector bundle over the total space X. If
the following direct image sheaves

HE = BpyqiHET, H2T = RIm,O(E © AP T} ).

are locally free then the Kodaira-Spencer map « defines a natural
holomorphic bundle map, say n, from Tg to End(?—[’g—) such that
n(v) maps H29 to HZ 19T Moreover, we have

[7(v), n(w)] = 0, (3)

which implies that the End(?—lﬁ—)—valued holomorphic one form, say
0, associated to 7 satisfies that 6% = 0. Thus (Hk,0) is a Higgs
bundle over the base manifold B.
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Two remarks

Remark (Relation with the period map)

In case E is flat and the total space is Kahler, we know that 1) is
just the differential of the period map. Thus in that case,
(HE,0) is admissible iff the period map is an immersion.
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Two remarks

Remark (Relation with the period map)

In case E is flat and the total space is Kahler, we know that 1) is
just the differential of the period map. Thus in that case,
(HE,0) is admissible iff the period map is an immersion.

Remark (Natural metric on the base)

If (H,0) is an admissible Higgs bundle then Tg can be seen as a
holomorphic subbundle of End(H). Fix a smooth metric h on H.
Then one may define a natural Hermitian structure on the
subbundle Tg of End(H) as follows:

(Vv W)H o= (0V79W)h®h*7 v v, w € TBa (4)

here we identify End(H) with H ® H*.
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Hodge metric on the base manifold

If B is the base manifold of a Calabi-Yau family then the above
metric is just the Hodge metric introduced by Zhiqin Lu. In
general, we have:

Definition (Hodge metric)

Let (H,0) be an admissible Higgs bundle. Then we call the
Hermitian metric defined above the Hodge metric on B.
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Hodge metric on the base manifold

If B is the base manifold of a Calabi-Yau family then the above
metric is just the Hodge metric introduced by Zhiqin Lu. In
general, we have:

Definition (Hodge metric)
Let (H,0) be an admissible Higgs bundle. Then we call the
Hermitian metric defined above the Hodge metric on B.

Remark (Hodge semi-metric)

In general, a Higgs bundle may not be admissible. Then we call
the Hermitian form (v, w)y the Hodge semi-metric on B.
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Gauss-Manin connection and flat Higgs bundle

If the total space X' is Kahler and (E, h) is flat then we know that
there is a natural flat connection (Gauss-Manin connection), say
D", on (HE,0). Moreover, D can be written as

DH = D" + 6 + 0,

where D" := 3 4 9" denotes the Chern connection on (H, h) and
0* denotes the adjoint of 8. In general, we shall define:

Definition (Flat Higgs bundle, by Simpson)

Let (H,0) be a Higgs bundle with a smooth Hermitian metric h.
Then we call D' := D" + 6 4 6* the Higgs connection on H.
And a Higgs bundle (H, 0, h) is said to be flat if its Higgs
curvature O := (DH)?2 =0 on B.
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Nilpotent Higgs bundle

Let (H,0) be a Higgs bundle. By iteration, one may also define 7/
as a bundle map from ®/ Tg to End(H), i.e.

W@ @vj) =0, 000,

If H= ’H’E then each 7/ is just the iterated Kodaira-Spencer map
and n**t1 = 0. In general, we have the following definition:

Definition (Nilpotent Higgs bundle)

Let k be a natural number. A Higgs bundle (H, ) is said to be
k-nilpotent if the associated bundle map satisfies n¥T1 = 0.

Now let us state our main theorem:
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Theorem (Main theorem)

If there is a flat admissible Higgs bundle, say H, over a complex
manifold, say B, then the Hodge metric on B is a Kahler metric
with semi-negative holomorphic bisectional curvature. Assume
further that H is k-nilpotent. Then the holomorphic sectional
curvature of B is bounded above by —(k?Rank(H))™!.
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Theorem (Main theorem)

If there is a flat admissible Higgs bundle, say H, over a complex
manifold, say B, then the Hodge metric on B is a Kahler metric
with semi-negative holomorphic bisectional curvature. Assume
further that H is k-nilpotent. Then the holomorphic sectional
curvature of B is bounded above by —(k?Rank(H))™!.

o

Recently, a better bound is obtained by QionglLing Li. For the
variation of Hodge structure case, the above theorem is due to
Griffiths-Schmid and Deligne (the Kahler part is due to Zhigin Lu).
Later we shall show how to use curvature formula for the
subbundle to prove our main theorem.
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Proof of the Kahler part

By definition, we know that the fundamental form of the Hodge
metric associated to (H, ) can be written as

w=1i{6,0},

where {-,-} denotes the sesquilinear product on End(H). Since 6
is holomorphic, we have

dw = i{o"4(Mg o1,

where 9F"4(H) denotes the (1,0)-part of the Chern connection on
End(H). Since End(H) ~ H ® H*, by definition of the Chern
connection on the dual bundle and the tensor product bundle, we
know that

oFndHg = [9" 0.

Notice that [0, 6] is just the (2,0)-part of the Higgs curvature,
which is zero if H is flat. Thus w is Kahler.
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Proof of the second part

Since (H, 0) is admissible, we know that the associated bundle
map 7 : Tg — End(H), v — 6, defines a holomorphic subbundle
structure on Tg and the Hodge metric is just the induced metric
on Tg. Let us denote by D78 the Chern connection on Tg with
respect to the Hodge metric. Locally one may write

j T 5 o7 T Te 3
D8 =% dd@D/*+3 dP ©0,, ©/F :=[D/",du].
By the curvature formula for the subbundle, we have

S (©7Fv,vngE <3 (07 Ma,,0,)d8, v ¢ e CimB

where @ (M) are the Chern-curvature operators on End(H).
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Proof of the second part

Since End(H) ~ H ® H*, by the curvature formula of the dual
bundle and the tensor product bundle, we have

@j;}nd(H)a" _ [@J/]_’ 0,], (5)

where ©/ = (D")? denotes the Chern connection on (H, h). By
our assumption, (H,0) is flat, thus we have

o = 10k, 9],

where 0, := 0/0t/ s 6. Moreover, #? = 0 imples that [,,6,] = 0.
Thus we have

[O%: 641 = [[6%. 6,1, 6.1 = [0k, 641, 6)]. (6)
Notice that

([0, 041,61, 0v) = ([0k, 0v16; — 6;[0%, 6.],6.)
= _([e*aevL[Hj‘(aev])'
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Proof of the second part

Thus we have

> (07 a,,0,)dex = —|I>16;.0,)¢ | <0,

which implies the second part of our main theorem. In order to
prove the last part, it suffices to show the following inequality:

1167, 07111 > (k*Rank(H))~*|0/0¢|I}y, ¥ . (7)

Now let us prove this inequality:

Let us fix t € B. Then A := §;(t) is a C-linear transform from the
fibre V := H; to itself. Since (H,#) is k-nilpotent, we know that
A+l — 0.
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Proof of the last part

Using the Jordan normal form of A, we know that V can be
written as a direct sum of (k + 1) C-linear subspaces,

V = @o<p<k Vp,

such that
A(Vp) C Vpy1, A(Vi) = {0}

For each 0 < p < k — 1, let us denote the following C-linear map
A Vy = Vpya,

by Ap. Put
A1 =A(=0.
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Proof of the last part

By a direct computation, we have

Zogpgk |Trace(ApAp) — Trace(A,_1Ap—1)|
Rank(H) '

1167, 0,11 =

Put a, = Trace(A%Ap). Then each a, is non-negative, and
P pp P
Z lap —ap-1| = a0+ Z lap — ap—1| + ak—1

> max{ag, - ,ak_1} > %Zap.
Moreover, by definition, we have

10/061, = 3" ap.
Thus (7) is true. The proof is complete.
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Corollary

The following Griffiths-Schmid theorem is a direct corollary of our
main theorem.

Theorem (Griffiths-Schmid theorem)

Let w: X — B be a proper holomorphic submersion from a Kahler
manifold X to a complex manifold B with connected fibres X;.
Assume that the Higgs bundle

H* = @pyq=i{HPI(Xe)},

is admissible (i.e., the associated period map is an immersion).
Then the holomorphic sectional curvature of B with respect to the
Hodge metric is bounded above by a negative constant.
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Final remark!

Remark (Calabi-Yau case)
In the above theorem, if we assume further that the canonical line
bundle of each fibre is trivial then
@ H" (n=dimc X;) is admissible iff the Kodaira-Spencer map
is injective.

Thus the above theorem can be used to study the curvature
properties of the base manifold of a Calabi-Yau family.
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