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Old and new models
©00000

Complex simple Lie (super-)algebras

Simple Lie alg g were classified by , :
o Ay =slp41(C), By = 502041(C), G = 5p2(C), Dy = 502(C).
o Exceptional: _ 8 ‘ G Fs Es E; Eg
dim | 14 52 78 133 248
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Old and new models
©00000

Complex simple Lie (super-)algebras

Simple Lie alg g were classified by , :
e A = 5[g+1((C), B, = 5025+1(C>, G = 5]324(@), Dy = 502@(@).
o Exceptional: __ 9 ‘ Go Fa B¢ E7 Eg
dim | 14 52 78 133 248
@ Abstract classification via Dynkin diagrams, e.g. o=&o
’ Explicit geometric realizations of g?‘ (as syms of some structure)
: Easy. What about the exceptionals?

What about simple Lie superalgebras (LSA)? g = g5 @ g7 with
i [va] = _(_1)|X||y‘[yvx]

o [x,[y,z]] = [[x,y]. 2] + (_1)|X|M[Ya [x, ]].
where |x|, |y| € Zy (parities).
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Old and new models
©00000

Complex simple Lie (super-)algebras

Simple Lie alg g were classified by , :
e A = 5[g+1((C), B, = 5025+1(C>, G = 5]324(@), Dy = 502@(@).
o Exceptional: __ 9 ‘ Go Fa B¢ E7 Eg
dim | 14 52 78 133 248
@ Abstract classification via Dynkin diagrams, e.g. o=&o
’ Explicit geometric realizations of g?‘ (as syms of some structure)
: Easy. What about the exceptionals?

What about simple Lie superalgebras (LSA)? g = g5 @ g7 with
i [va] = _(_1)|X||y‘[yvx]
° [X7 [y,Z]] = [[X,y],Z] + (_1)|X||y‘[ya [Xa Z]]
where |x|, |y| € Zy (parities). From Kac (1977), we'll focus on:
g dim 9 91
G(3) (17]14) Gy x A; C'C?
F(4) (24/16) B3 x Ay SXC? (Bs-spin rep S)
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Old and new models
000000

Cartan & Engel (1893): Structures with G, symmetry

’ Dim \ Geometric structure \ Model ‘
7 Parabolic Goursat | 9(uxx)? + 12(uyy )% (Usxtlyy — (Uxy)?)
PDE F +32(txy )3 — 36U liny iy =0
0 I”‘(’)‘;"IJ;B’E Zalr oo = 3(uy)?, ey = 5(uyy)?
dU — PdX,
dP — QdX,

5 (2,3,5)-distrib. £ dZ — Q2dX

(a.k.a. Hilbert—Cartan: Z’ = (U")?)
Gy-contact structure | 92 Txady1 — yidx + xedy> — yadxo = 0,

) dx3 + v/3dyrdy> = 0,
5 (contact twisted drodys — 3dxidys — 0,

cubic field) dy? + v/3dxidx, = 0
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Old and new models
00000

Cubic forms

W : complex Jordan algebra with a distinguished @ € S3W*.
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Old and new models
00000

Cubic forms

W : complex Jordan algebra with a distinguished @ € S3W*.
o Let A be R¢,Cc,Hg, Qc, or 0, and

Al oviow
W=\73(A) = i M wl:vieA \eC
IZRRE

Here, €(t3) = €(t, t,t) := det(t).
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Old and new models
00000

Cubic forms

W : complex Jordan algebra with a distinguished @ € S3W*.
o Let A be R¢,Cc,Hg, Qc, or 0, and

Al oviow
W=\73(A) = i M wl:vieA \eC
IZRRE

Here, €(t3) = €(t, t,t) := det(t).
o W = C with &(¢3) := t3

@ Given (C™ (-, -)), let W JISm = C" @ C (“spin factor”).
Given t = (v, \), we have €(t3) := (v, V).
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Old and new models
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Cubic forms

W : complex Jordan algebra with a distinguished @ € S3W*.
o Let A be R¢,Cc,Hg, Qc, or 0, and

Al oviow
W=\73(A) = i M wl:vieA \eC
IZRRE

Here, €(t3) = €(t, t,t) := det(t).
o W = C with &(¢3) := t3

@ Given (C™ (-, -)), let W JISm = C" @ C (“spin factor”).
Given t = (v, \), we have €(t3) := (v, V).

algebra
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Old and new models
00000

Exceptionally simple (complex) PDE

Let n—1:=dim(W). Basis {w,} on W, dual basis {w?} on W*. Let
{x"}7-4 lin.coords on C® W.

Dennis The Exceptionally simple super-PDE



Old and new models
00000

Exceptionally simple (complex) PDE

Let n —1:=dim(W). Basis {w,} on W, dual basis {w?} on W*. Let
{x"}7=4 lin.coords on C@® W. Param. submfld of J2(C",C):

Ee: (ug) = ( Ugo Uob ) _ ( () 3¢,(t?) )7 fe W

Ua0 Uap %€a(t2) 3¢ab(t)
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Old and new models
00000

Exceptionally simple (complex) PDE

Let n — 1 := dim(W). Basis {w,} on W, dual basis {w?} on W*. Let
{x"}7=4 lin.coords on C@® W. Param. submfld of J2(C",C):

Ee: (ug) = ( Ugo Uob > _ ( () 3¢,(t?) )7 fe W

Ua0 Uap %Qa(tz) 3¢ab(t)

Theorem (T. 2018, symmetries of E¢)

IS20-5 | TS2—6
w €=3) | (¢>5) C |73(0)|T3(Re) | T3(Cc) | J3(He) | J3(Oc)
n 20 —3 20—4 |2 4 7 10 16 28
sym(Sq;) Be Dg G2 D4 F4 Eﬁ E7 Eg
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Old and new models
00000

Exceptionally simple (complex) PDE

Let n —1:=dim(W). Basis {w,} on W, dual basis {w?} on W*. Let
{x"}7=4 lin.coords on C@® W. Param. submfld of J2(C",C):

Ee: (ug) = ( Ugo Uob > _ ( () 3¢,(t?) )7 fe W

Ua0 Uap %Qa(tz) 3¢ab(t)

Theorem (T. 2018, symmetries of E¢)

IS20-5 | TS2—6
w €=3) | (¢>5) C |73(0)|T3(Re) | T3(Cc) | J3(He) | J3(Oc)
n 20 —3 20—4 |2 4 7 10 16 28
sym (gqj ) Be D@ G2 D4 F4 Eﬁ E7 Eg

Theorem (Degenerate cases)

(] U,'J' = 0, 1 < /7_/ < n: point sym = An+1- (NOTE I)

@ ujx =0,1<i,j,k<n: contact sym = Cpy1.
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Old and new models
000000

Example: D4-symmetric PDE system

. o (wo wp) _ [ €() 3¢(t?)
Let's write out (uj) = <u30 u3b> = ( %(’Sa(t2) 3€.(t) for

¢(t3) = 2ty tots.
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Example: D4-symmetric PDE system

. o (wo wp) _ [ €() 3¢(t?)
Let's write out (uj) = <u30 u3b> = ( 36,(82) 3C,u(1) for

@(t3) = 2t1trt3. This parametric system is:

uoo | o1 o2 Ug3 2titrts | bts i3 ity
ulo | U1l U2 U1z | _ tts | 0 t3 B
up | Up1 U2 W23 tit3 ts 0
u3p | U3l U3 U33 tit to tn 0
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Example: D4-symmetric PDE system

. o (wo wp) _ [ €() 3¢(t?)
Let's write out (uj) = <u30 u3b> = ( 36,(82) 3C,u(1) for

@(t3) = 2t1trt3. This parametric system is:

uoo | o1 o2 Ug3 2titrts | bts i3 ity
ulo | U1l U2 U1z | _ tts | 0 t3 B
up | Up1 U2 W23 tit3 ts 0
u3p | U3l U3 U33 tit to tn 0

Eliminate (tl, to, t3) = (U23, u3s, U12) to get:

Upo = 2Up3U31U12, Upl = U31U12, Up2 = U12U23, UQ3 = LR3U3].
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Old and new models
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Example: D4-symmetric PDE system

Let's write out (uj) = (

Lo U0b> _ ( e} 3es(t?) >
Uao  Uzp %Qa(tz) 3€ab(t)
@(t3) = 2t1trt3. This parametric system is:

uoo | o1 o2 Ug3 2titrts | bts i3 ity
ulo | U1l U2 U1z | _ tts | 0 t3 B
up | Up1 U2 W23 tit3 ts 0
u3p | U3l U3 U33 tit to tn 0

Eliminate (tl, to, t3) = (U23, u3s, U12) to get:

Upo = 2Up3U31U12, Upl = U31U12, Up2 = U12U23, UQ3 = LR3U3].

This PDE system has contact symmetry algebra I:'
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Old and new models
0o0000e

Exceptionally simple super-PDE

Note: If x' has parity |i| € Zo, then u; = (—1)/lUly;, etc.

Dennis The Exceptionally simple super-PDE



Old and new models
0o0000e

Exceptionally simple super-PDE

Note: If x' has parity |i| € Zo, then u; = (—1)/lUly;, etc.

CeWw e(t3) sym(E¢) Reference
2|2 X 2X610, G(3 Kruglikov, Santi, T. (2021)
3
(312)  A(M2)?+2X01602  F(4) Santi, T. (2022)
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Old and new models
0o0000e

Exceptionally simple super-PDE

Note: If x' has parity |i| € Zo, then u; = (—1)/lUly;, etc.

CeWw e(t3) sym(E¢) Reference
2|2 X 2X610, G(3 Kruglikov, Santi, T. (2021)
3
(312)  A(M2)?+2X01602  F(4) Santi, T. (2022)

Here is a related, but quite different story:

Theorem (Santi, T. 2022)

Let u be even, and x°, x', x?, x3 be odd. The 3rd order super-PDE
Ugab = Uapl123, 1< a<b<3

has contact symmetry superalgebra F(4).
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Preliminaries
©000

Supermanifolds

Definition
A supermanifold of dim (m|n) is a pair M = (M,, Ay), where
@ M, is an m-manifold (the “body”);

® Ay is a sheaf of superalgebras on M, s.t. locally Ap|y = T(A®E*),
where E — U is a vector bundle of rank n over U c M,.
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Preliminaries
©000

Supermanifolds

Definition
A supermanifold of dim (m|n) is a pair M = (M,, Ay), where
@ M, is an m-manifold (the “body”);
® Ay is a sheaf of superalgebras on M, s.t. locally Ap|y = T(A®E*),

where E — U is a vector bundle of rank n over U c M,. |

Superfunctions are sections of Ap. Locally, they are of the form:
f=1f(x)+ fa, ()0 + ... + foy. 0, ()0 A oo A OO

where fy, o, € C¥(U) and {0*} are generators for E*. The latter are
called “odd coordinates”. They anticommute wrt A, so are nilpotent.
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Preliminaries
000

What is a 2nd order super-PDE?

Global | Local
Contact supermanifold JHC",C): (X', u,u), o= du— (dx")u;
(M?r+1.C) C = {0 =0} = span{d + uj0y, 0y, }
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What is a 2nd order super-PDE?

Global | Local
Contact supermanifold JHC",C): (X', u,u), o= du— (dx")u;
(M?r+1.C) C = {0 =0} = span{d + uj0y, 0y, }
C is a field of conformal C equipped with do|c = dx’ A du;lc
super-symplectic spaces (0 + uidy, 0y, is an adapted CSpO-frame)
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What is a 2nd order super-PDE?

Global | Local
Contact supermanifold JHC",C): (X', u,u), o= du— (dx")u;
(M?r+1.C) C = {0 =0} = span{d + uj0y, 0y, }
C is a field of conformal C equipped with do|c = dx’ A du;lc
super-symplectic spaces (0 + uidy, 0y, is an adapted CSpO-frame)
Lagrangian subspace span{dyi + u;j0, + U0y}
of Catme M ( )
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What is a 2nd order super-PDE?

Global | Local
Contact supermanifold JHC",C): (X', u,u), o= du— (dx")u;
(M?r+1.C) C = {0 =0} = span{d + uj0y, 0y, }
C is a field of conformal C equipped with do|c = dx’ A du;lc
super-symplectic spaces (0 + uidy, 0y, is an adapted CSpO-frame)
Lagrangian subspace span{dyi + u;j0, + U0y}
of Catme M ( )
Lagrange—Grassmann JS(C",C): (X', u,uj, uy)
bundle (M = LG(C),C) C = span{Dyi 1= 0, + u;dy + Uy, Oy}
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What is a 2nd order super-PDE?

Global | Local
Contact supermanifold JHC",C): (X', u,u), o= du— (dx")u;
(M?r+1.C) C = {0 =0} = span{d + uj0y, 0y, }
C is a field of conformal C equipped with do|c = dx’ A du;lc
super-symplectic spaces (0 + uidy, 0y, is an adapted CSpO-frame)
Lagrangian subspace span{dyi + u;j0, + U0y}
of Catme M ( )
Lagrange—Grassmann JS(C",C): (X', u,uj, uy)
bundle (M = LG(C),C) C = span{Dyi 1= 0, + u;dy + Uy, Oy}

A 2nd order PDE ¥ is a subsupermanifold of M. A contact sym is a sym
of (M,C) that preserves .
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What is a 2nd order super-PDE?

Global | Local
Contact supermanifold JHC",C): (X', u,u), o= du— (dx")u;
(M?r+1.C) C = {0 =0} = span{d + uj0y, 0y, }
C is a field of conformal C equipped with do|c = dx’ A du;lc
super-symplectic spaces (0 + uidy, 0y, is an adapted CSpO-frame)
Lagrangian subspace span{dyi + u;j0, + U0y}
of Catme M ( )
Lagrange—Grassmann JS(C",C): (X', u,uj, uy)
bundle (M = LG(C),C) C = span{Dyi 1= 0, + u;dy + Uy, Oy}

A 2nd order PDE ¥ is a subsupermanifold of M. A contact sym is a sym
of (M,C) that preserves .

IDEA: filtered Gp-structure
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Preliminaries
[eYe] Yo

Contact gradings

The algebraic model for (M?"+1 C) is Heisenberg m = m_» ®m_
(with dim(m4) =1 & A?m_; — m_, ndg).
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Contact gradings

The algebraic model for (M?"+1 C) is Heisenberg m = m_» ®m_
(with dim(m4,) = 1 & A%m_; — m_, ndg). Look for m = g_ in
a “contact grading” g=g_>® ... ® g, of a simple g

Dennis The Exceptionally simple super-PDE



Preliminaries
[eYe] Yo

Contact gradings

The algebraic model for (M?"+1 C) is Heisenberg m = m_» ®m_
(with dim(m4,) = 1 & A%m_; — m_, ndg). Look for m = g_ in
a “contact grading” g=g_>® ... ® g of a simple g, e.g.

a2
go = gl, =CPsly
Go/Pp, ==X s G2
g-1=
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Preliminaries
[eYe] Yo

Contact gradings

The algebraic model for (M?"+1 C) is Heisenberg m = m_» ®m_
(with dim(m4,) = 1 & A%m_; — m_, ndg). Look for m = g_ in
a “contact grading” g=g_>® ... ® g of a simple g, e.g.

go = gl, =CPsly

as
G/ Py, ==X

aq
g1 = 53C2
g go g-1
G3)| Caosp(32) cH
F(4) | C@osp(42;2) Co* | (“mixed-contact”)
F(4) C®Bs S =~ C% | (“odd-contact”)
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[eYe] Yo

Contact gradings

The algebraic model for (M?"+1 C) is Heisenberg m = m_» ®m_
(with dim(m4,) = 1 & A%m_; — m_, ndg). Look for m = g_ in
a “contact grading” g=g_>® ... ® g of a simple g, e.g.

E% %E go = gl, =CPsly
G2/P2’ O$< g ~ §302
1=

g %o
G3)| Caosp(32) ©4l4

F(4) | C@osp(42;2) coM (“mixed-contact” )
F(4) C®Bs S =~ C% | (“odd-contact”)

Have detg, (m) = cspo(m) 2 go.
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Contact gradings

The algebraic model for (M?"+1 C) is Heisenberg m = m_» ®m_
(with dim(m4,) = 1 & A%m_; — m_, ndg). Look for m = g_ in
a “contact grading” g=g_>® ... ® g of a simple g, e.g.

E% %E go = gl, =CPsly
G2/P2’ O$< g ~ §302
1=

g %o
G3)| Caosp(32) ©4l4

F(4) | C@osp(42;2) coM (“mixed-contact” )
F(4) C®Bs S =~ C% | (“odd-contact”)

Have derg, (m) = cspo(m) 2 go. What structure reduces it to go?
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Preliminaries
[eYe] Yo

Contact gradings

The algebraic model for (M?"+1 C) is Heisenberg m = m_» ®m_
(with dim(m4,) = 1 & A%m_; — m_, ndg). Look for m = g_ in
a “contact grading” g=g_>® ... ® g of a simple g, e.g.

go = gl, =CPsly
g1 = s3¢?

as
G/ Py, ==X

a1
g 90 g-1
G3)| Caosp(32) cH

F(4) | C@osp(42;2) coM (“mixed-contact” )
F(4) C®Bs S =~ C% | (“odd-contact”)

Have derg, (m) = cspo(m) 2 go. What structure reduces it to go?
How to relate it to Lagrangian subspaces and super-PDE?
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Preliminaries
oooe

Tanaka—Weisfeiler prolongation

Given m = m_ and gg < detg (m), the Tanaka—Weisfeiler prolongation
pr(m, go) is the graded LSA with:

(i) pr<(m,go) = m®go
(ii) if [X,g-1] = 0 for X € pr . (m,go), then X = 0;

(i) pr(m,go) is maximal for the above properties.
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Tanaka—Weisfeiler prolongation

Given m = m_ and gg < detg (m), the Tanaka—Weisfeiler prolongation
pr(m, go) is the graded LSA with:

(i) pr<(m,go) = m@® go
(ii) if [X,g-1] = 0 for X € pr . (m,go), then X = 0;
(i) pr(m,go) is maximal for the above properties.

?7 Test a candidate g via the criteria:

g=pr(m,go) iff Hi(m,g)=0.
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Tanaka—Weisfeiler prolongation

Given m = m_ and gg < detg (m), the Tanaka—Weisfeiler prolongation
pr(m, go) is the graded LSA with:

(i) pr<(m,go) = m@® go
(ii) if [X,g-1] = 0 for X € pr . (m,go), then X = 0;
(i) pr(m,go) is maximal for the above properties.

?7 Test a candidate g via the criteria:

g=pr(m,go) iff Hi(m,g)=0.

Simple (non-super) g: Kostant's thm = efficient cohom. computation
(Yamaguchi 1993: equality almost always; exceptions: A,/P1, C,/P1.)
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Tanaka—Weisfeiler prolongation

Given m = m_ and gg < detg (m), the Tanaka—Weisfeiler prolongation
pr(m, go) is the graded LSA with:
(i) pr<(m,go) = m@® go
(ii) if [X,g-1] = 0 for X € pr . (m,go), then X = 0;
(i) pr(m,go) is maximal for the above properties.
?7 Test a candidate g via the criteria:

g=pr(m,go) iff Hi(m,g)=0.

Simple (non-super) g: Kostant's thm = efficient cohom. computation
(Yamaguchi 1993: equality almost always; exceptions: A,/P1, C,/P1.)
Super-setting: Case-by-case. Confirmed for G(3), F(4) cases of interest.
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oooe

Tanaka—Weisfeiler prolongation

Given m = m_ and gg < detg (m), the Tanaka—Weisfeiler prolongation
pr(m, go) is the graded LSA with:

(i) pre(m, go) = me go

(ii) if [X,g-1] = 0 for X € pr . (m,go), then X = 0;

(i) pr(m,go) is maximal for the above properties.

?7 Test a candidate g via the criteria:

g=pr(m,go) iff Hi(m,g)=0.

Simple (non-super) g: Kostant's thm = efficient cohom. computation
(Yamaguchi 1993: equality almost always; exceptions: A,/P1, C,/P1.)
Super-setting: Case-by-case. Confirmed for G(3), F(4) cases of interest.

Theorem (Kruglikov, Santi, T. 2022)

Consider a filtered Gy-structure Gy — M of type (m, go) satisfying
g = pr(m, go). Then the symmetry superalgebra s satisfies
dim(s) < dim(g) (both even and odd parts).
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A G story and its extensions
©0000

Twisted cubic V < P(V)

G/ P, suggests looking at V := S3C? = g_;. The twisted cubic
V = {[v?] : [v] e P!} ¢ P(V) is invariant wrt Gy = GL,. On V,

1
n(f.g) = a(fxxxgyyy — 3y 8yyx T 3hayy By — fyyyBox)s
defines a GLp-invariant CS-form [n]. Have dim(LG(V)) = 3.
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A G story and its extensions
©0000

Twisted cubic V < P(V)

G,/P, suggests looking at V := S3C2 = g_;. The twisted cubic
V = {[v?] : [v] e P!} ¢ P(V) is invariant wrt Gy = GL,. On V,

1
n(f.g) = a(fxxxgyyy — 3y 8yyx T 3hayy By — fyyyBox)s
defines a GLp-invariant CS-form [n]. Have dim(LG(V)) = 3.

Example (Osculating filtration: differentiate (t) = (x + ty)3)

¢ < W o< TP < TPv-=-v
& oS, x%y) S, %y, xy%)
Lagrangian!
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A G story and its extensions
©0000

Twisted cubic V < P(V)

G/ P, suggests looking at V := S3C? = g_;. The twisted cubic
V = {[v?] : [v] e P!} ¢ P(V) is invariant wrt Gy = GL,. On V,

1
n(f.g) = a(fxxxgyyy — 3y 8yyx T 3hayy By — fyyyBox)s

defines a GLp-invariant CS-form [n]. Have dim(LG(V)) = 3.

Example (Osculating filtration: differentiate (t) = (x + ty)3)

¢ < W o< TP < TPv-=-v
& oS, x%y) S, %y, xy%)
Lagrangian!

Wrt CS-basis, i.e. n = (7?d2 igz), have
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A G story and its extensions
©0000

Twisted cubic V < P(V)

G/ P, suggests looking at V := S3C? = g_;. The twisted cubic
V = {[v?] : [v] e P!} ¢ P(V) is invariant wrt Gy = GL,. On V,

1
n(f.g) = a(fxxxgyyy — 3y 8yyx T 3hayy By — fyyyBox)s
defines a GLp-invariant CS-form [n]. Have dim(LG(V)) = 3.

Example (Osculating filtration: differentiate (t) = (x + ty)3)

¢ < W o< TP < TPv-=-v
& oS, x%y) S, %y, xy%)
Lagrangian!

Wrt CS-basis, i.e. n = (7?d2 igz), have
Take CS-basis (x3, —3x?y, —6y3, —6xy?) wrt [n]. Then:

3 2
ty) o (1,—t,——,—— ).
(x +ty) ( e 2)
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A G story and its extensions
0®000

Canonical objects associated to the twisted cubic

o V= {?@v leVic . differentiate & row reduce:

(1,—r,—§2,—§) (o -
0,-1,-%5,—1t) 01 t

N tow| Lo
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A G story and its extensions
0®000

Canonical objects associated to the twisted cubic

o V= {?@v leVic . differentiate & row reduce:

(1,—r,—§2,—§) (o -
0,-1,-%5,—1t) 01 t

S 2
- <C11 C12) _ (52 2 ) (curve in LG(V)).
5 t

N tow| Lo

Ci2 22
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A G story and its extensions
0®000

Canonical objects associated to the twisted cubic

o V:={TV:leV}c . differentiate & row reduce:

(1,—r,—§2,—§) (o -
0,-1,-%5,—1t) 01 t

N tow| Lo

3 2
> <C11 C12) = (32 2 ) (curve in LG(V)).
Cl2 2 St
o V= U{Ee : ¢ < E} (surface in LG(V)).
ey
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A G story and its extensions
0®000

Canonical objects associated to the twisted cubic

V= {?@v leVic . differentiate & row reduce:
3 2 3 2
(17_t7_%27_%) — 1 0 %2 %
0,-1,-%5,—1t) 01 5 t
11 €12 g2
~ < ) = ( 32 > (curve in LG(V))
C12 €22 5t
o V= U{Ee ¢c E}  (surface in LG(V))
ey
= Uy P (TV) = {Q = 0} , Where

[Q] € IP’(54V*) (discriminant).
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A G story and its extensions
0®000

Canonical objects associated to the twisted cubic

V= {?@v leVic . differentiate & row reduce:
3 2 3 2
(17_t7_%27_%) — 1 0 %2 %
0,-1,-%5,—1t) 01 5 t
11 €12 g2
~ < ) = ( 32 > (curve in LG(V))
C12 €22 5t
o V= U{Ee ¢c E}  (surface in LG(V))
ey
= Uy P (TV) = {Q = 0} , Where

[Q] € IP’(54V*) (discriminant).

These all inherit Gy =~ GL, invariance from V.
(and go < csp, is a maximal subalgebra.)
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:

@ a field of sub-adjoint varieties V < P(C);
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Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:

@ a field of sub-adjoint varieties V < P(C);
@ a field c LG(C) = M;
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:

@ a field of sub-adjoint varieties V < P(C);
@ a field c LG(C) = M;

® a field c LG(C) = M;
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = M;
@ a field c LG(C) = M;
@ afield 7(V) = {Q = 0} c P(C).
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:

@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = M;
@ a field c LG(C) = M;
@ afield 7(V) = {Q = 0} c P(C).
(Get compatible str grp reductions Go — CSpa,. .. same sym alg!)
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:

@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = M;
@ a field c LG(C) = M;
@ afield 7(V) = {Q = 0} c P(C).
(Get compatible str grp reductions Go — CSpa,. .. same sym alg!)

@ Have dim(sym) < dim(g) from H} (g—,g) = 0 (via Kostant's thm).
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:
@ a field of sub-adjoint varieties V < P(C);
@ a field c LG(C) = M;
@ a field c LG(C) = M;
@ afield 7(V) = {Q = 0} c P(C).
(Get compatible str grp reductions Go — CSpa,. .. same sym alg!)

@ Have dim(sym) < dim(g) from H} (g—,g) = 0 (via Kostant's thm).

@ Have unique max sym model: “flat” model, has sym g.
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A G story and its extensions
00000

Generalizations

For simple G # SL,, the adjoint variety G/P — P(g)
~~ contact grading R
~ sub-adjoint variety: Go-invV < P(V) =P(g—1) (T¢V Lagrangian!)

Definition (G # A¢, Ct)

A G-contact structure is a contact mfld (M?"™*,C) with any of:

@ a field of sub-adjoint varieties V < P(C);
o a field c LG(C) = M;
@ a field c LG(C) = M;
@ afield 7(V) = {Q = 0} c P(C).
(Get compatible str grp reductions Go — CSpa,. .. same sym alg!)

@ Have dim(sym) < dim(g) from H} (g—,g) = 0 (via Kostant's thm).
@ Have unique max sym model: “flat” model, has sym g.

@ Can efficiently compute syms of £, F by using V instead. (In the flat
cases, can do this uniformly and by-hand!)
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A G story and its extensions
0000

Where does € come from?

Sub-adjoint variety V = F/Q < P(V):
e Osculating filtration at £ = V0 c V1 c V2 cVv3=V.
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A G story and its extensions
0000

Where does € come from?

Sub-adjoint variety V = F/Q < P(V):
e Osculating filtration at £ = V0 c V1 c V2 cVv3=V.

o Landsberg-Manivel (2001): Associated graded has a
f3°-graded algebra structure. Get:

VaWeVoiedV,L,eViiCoWwew* ecC

where W = Jordan alg with (§3*-inv)
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A G story and its extensions
0000

Where does € come from?

Sub-adjoint variety V = F/Q < P(V):
e Osculating filtration at £ = V0 c V1 c V2 cVv3=V.

o Landsberg-Manivel (2001): Associated graded has a
f3°-graded algebra structure. Get:

VaWeVoiedV,L,eViiCoWwew* ecC

where W = Jordan alg with (§3*-inv)

From L.-M., 3CS-basis adapted to V =CP W Cd W* s.t.
- ¢(t3 3AC,(t2
YV < P(V) is given by [\, t°] — [)\3, — i, = (2 ) 2( )] ,

Using these as components wrt 0,0 + gy, Oxa + Ua0y, Ouys O,
leads to the asserted distinguished PDE.
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
o Confirm Hi(g_,g) = 0 directly — Kostant not available.
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
o Confirm Hi(g_,g) = 0 directly — Kostant not available.

@ Uniform formulas for the symmetries in terms of € were found.
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
o Confirm Hi(g_,g) = 0 directly — Kostant not available.

@ Uniform formulas for the symmetries in terms of € were found.

@ Need local expressions for V, e.g. for g = G(3), the Gp-orbit
V < P(V) is the “(1]2)-twisted cubic”.
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
o Confirm Hi(g_,g) = 0 directly — Kostant not available.

@ Uniform formulas for the symmetries in terms of € were found.

@ Need local expressions for V, e.g. for g = G(3), the Gp-orbit
V < P(V) is the “(1]2)-twisted cubic”. We have

g = f=F-1®fo @1
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
o Confirm Hi(g_,g) = 0 directly — Kostant not available.

@ Uniform formulas for the symmetries in terms of € were found.

@ Need local expressions for V, e.g. for g = G(3), the Gp-orbit
V < P(V) is the “(1]2)-twisted cubic”. We have

Ss .
0 = f=F-10f0DF1. f-1 = span{Y, A, B}.

1 1 1

(1) —A —A —A

0 -2 - -2 4 soa

0 exp'(_i\Y) a2 exp'(_gA) 22 exp'(_r,;)B) A2 + 60

’ 0 0 0

0 0 0 )

0 0 0 P
0 —OX —0A
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
o Confirm Hi(g_,g) = 0 directly — Kostant not available.

@ Uniform formulas for the symmetries in terms of € were found.

@ Need local expressions for V, e.g. for g = G(3), the Gp-orbit
V < P(V) is the “(1]2)-twisted cubic”. We have

ss .
0 = f=F-10f0DF1. f-1 = span{Y, A, B}.

1 1 1

(1) —A —A —A

0 - -3 —2% + 0

0 [ewcan) A2 | exp(oA) A2 | en(B) R

- S —5 AN -5 Y -5 + ¢

0 0 0 6

0 0 0 )

0 0 0 P
0 —OX —OX

(Rigorously, use the functor of points A — V(A) := (V®A)5 = (V5 ® 45) @ (Vf ® A7).)
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A G story and its extensions
0000®

Extending to the super-setting

These ideas / formulas remarkably persist for G(3) and F(4).
o Confirm Hi(g_,g) = 0 directly — Kostant not available.

@ Uniform formulas for the symmetries in terms of € were found.

@ Need local expressions for V, e.g. for g = G(3), the Gp-orbit
V < P(V) is the “(1]2)-twisted cubic”. We have

ss .
0 = f=F-10f0DF1. f-1 = span{Y, A, B}.

1 1 1

(1) —A —A —A

0 - -3 —2% + 0

0 [ewcan) A2 | exp(oA) A2 | en(B) R

- S —5 AN -5 Y -5 + ¢

0 0 0 6

0 0 0 )

0 0 0 P
0 —OX —OX

(Rigorously, use the functor of points A — V(A) := (V®A)5 = (V5 ® 45) @ (Vf ® A7).)
In a CSpO-basis, differentiate & row reduce. Wrt frame
{04 + ujdy, 0y}, this leads to a 2nd order super-PDE.
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The odd-contact F(4) story
©0000000

The odd-contact grading of F(4)

Consider g = F(4) with odd-contact grading g =g_2® ... ® g:

g—2 g—1 do
even | C . CoBs
odd | - | Sx~(C® :
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The odd-contact F(4) story
©0000000

The odd-contact grading of F(4)

Consider g = F(4) with odd-contact grading g =g_2® ... ® g:

g—2 g—1 do
even | C . CoBs
odd | - | Sx~(C® :

go-invariant structures?
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The odd-contact F(4) story
©0000000

The odd-contact grading of F(4)

Consider g = F(4) with odd-contact grading g =g_2® ... ® g:

g—2 g—1 do
even | C . CoBs
odd | - | Sx~(C® :

go-invariant structures?
o n: /\2 g_1 — g_o is super-skew, i.e. symmetric.
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The odd-contact F(4) story
©0000000

The odd-contact grading of F(4)

Consider g = F(4) with odd-contact grading g =g_2® ... ® g:

g—2 g—1 do
even | C . CoBs
odd | - | Sx~(C® :

go-invariant structures?
o n: /\2 g_1 — g_o is super-skew, i.e. symmetric.
e V={n=0}cP(S): itisan orbit of CO(S) =~ CO(8) 2 Gp.
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The odd-contact F(4) story
©0000000

The odd-contact grading of F(4)

Consider g = F(4) with odd-contact grading g =g_2® ... ® g:

g—2 g—1 do
even | C . CoBs
odd | - | S=cCo® :

go-invariant structures?
o n: /\2 g_1 — g_o is super-skew, i.e. symmetric.
e V={n=0}cP(S): itisan orbit of CO(S) =~ CO(8) 2 Gp.
o [Q] € P((O*S*) is super-sym, i.e. skew. (“Q Cayley 4-form”,
) This reduces CO(8) to CSpin(7).
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The odd-contact F(4) story
©0000000

The odd-contact grading of F(4)

Consider g = F(4) with odd-contact grading g =g_2® ... ® g:

g—2 g—1 do
even | C . CoBs
odd | - | S=cCo® :

go-invariant structures?
o n: /\2 g_1 — g_o is super-skew, i.e. symmetric.
e V={n=0}cP(S): itisan orbit of CO(S) =~ CO(8) 2 Gp.
o [Q] € P((O*S*) is super-sym, i.e. skew. (“Q Cayley 4-form”,
) This reduces CO(8) to CSpin(7).
3 basis {¢:,1;} of S whose dual basis {¢',1)'} can be used to write:
1= ¢ + ¢l + ¢ + 97y
Q=0"nd' A" AP + 6" AT AU AP+ NG AP AW
—(bl/\¢2/\¢1/\1/)2—¢1A¢3A¢1A¢3—¢2A¢3A¢2A¢3
—20° AP AT AP 20" A PP AP A
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The odd-contact F(4) story
0®000000

The flat odd-contact F(4)-supergeometry

Definition

An odd-contact F(4)-supergeometry is (M8 C. [Q]), with
Q e M((®*C*) locally as above (for a conformal coframe of C).

Dennis The Exceptionally simple super-PDE



The odd-contact F(4) story
0®000000

The flat odd-contact F(4)-supergeometry

Definition
An odd-contact F(4)-supergeometry is (M8 C. [Q]), with
Q e M((®*C*) locally as above (for a conformal coframe of C).

Locally, (M8 C) is J*(CO* CI°). For the frame d,i + u;dy, 0y, of
C, we have dual basis dx’, duj. Set gi)i =dx', ¢¥' = du; in Q, and
call it the “flat” structure.
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The odd-contact F(4) story
0®000000

The flat odd-contact F(4)-supergeometry

Definition
An odd-contact F(4)-supergeometry is (M8 C. [Q]), with
Q e M((®*C*) locally as above (for a conformal coframe of C).

Locally, (M8 C) is J*(CO* CI°). For the frame d,i + u;dy, 0y, of
C, we have dual basis dx’, duj. Set gi)i = dx’, W = du; in Q, and
call it the “flat” structure.

The flat odd-contact F(4)-supergeometry has symmetry F(4).
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The odd-contact F(4) story
0®000000

The flat odd-contact F(4)-supergeometry

Definition
An odd-contact F(4)-supergeometry is (M8 C. [Q]), with
Q e M((®*C*) locally as above (for a conformal coframe of C).

Locally, (M8 C) is J*(CO* CI°). For the frame d,i + u;dy, 0y, of
C, we have dual basis dx’, duj. Set gi)i = dx’, W = du; in Q, and
call it the “flat” structure.

The flat odd-contact F(4)-supergeometry has symmetry F(4).

But how is (M8 C,[Q]) related to a 3rd order super-PDE?
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The odd-contact F(4) story
0®000000

The flat odd-contact F(4)-supergeometry

Definition
An odd-contact F(4)-supergeometry is (M8 C. [Q]), with
Q e M((®*C*) locally as above (for a conformal coframe of C).

Locally, (M8 C) is J*(CO* CI°). For the frame d,i + u;dy, 0y, of
C, we have dual basis dx’, duj. Set gi)i = dx’, W = du; in Q, and
call it the “flat” structure.

The flat odd-contact F(4)-supergeometry has symmetry F(4).

But how is (M8 C,[Q]) related to a 3rd order super-PDE?

Take inspiration from correspondence space / twistor theory.
Abstractly, we are concerned with F(4)/Pl, — F(4)/Pl. How to
geometrically "lift” the structure?
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via Bz, V admits a
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via B3, V admits a ,and YVl e V:

canonical filtration | f = L)V < T,V < S
dimensions 1 <4< 7 < 8
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The odd-contact F(4) story
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Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via B3, V admits a ,and YVl e V:

canonical filtration | f = L)V < T,V < S
dimensions 1 <4< 7 < 8

o T,V (7-dim) affine tangent space
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via B3, V admits a ,and YVl e V:

canonical filtration | f = L)V < T,V < S
dimensions 1 <4< 7 < 8

o T,V (7-dim) affine tangent space

e L,V: (4-dim) Lagrangian tangent space (self-dual, n-Lag), eg.
for n, Q defined earlier, we have Ly V = {¢o, ¢1, P2, ¢3}.

Let L(V) := {L,V: Le V}.
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via B3, V admits a ,and YVl e V:

canonical filtration | f = L)V < T,V < S
dimensions 1 <4< 7 < 8

o T,V: (7-dim) affine tangent space
e L,V: (4-dim) Lagrangian tangent space (self-dual, n-Lag), eg.
for n, Q defined earlier, we have Ly V = {¢o, ¢1, P2, ¢3}.
Let L(V) := {LV : £ € V}. FACTS:
O LG(S) = LGL(S) U LG_(S) (conn. comps, two SO(S)-orbits).
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via B3, V admits a ,and YVl e V:

canonical filtration | f = L)V < T,V < S
dimensions 1 <4< 7 < 8

o T,V: (7-dim) affine tangent space
e L,V: (4-dim) Lagrangian tangent space (self-dual, n-Lag), eg.
for n, Q defined earlier, we have Ly V = {¢o, ¢1, P2, ¢3}.
Let L(V) := {LV : £ € V}. FACTS:
O LG(S) = LGL(S) U LG_(S) (conn. comps, two SO(S)-orbits).
@ L(V) = LG4(S). (This does not reduce CO(8) to CSpin(7).)
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via B3, V admits a ,and YVl e V:

canonical filtration | f = L)V < T,V < S
dimensions 1 <4< 7 < 8

o T,V: (7-dim) affine tangent space
e L,V: (4-dim) Lagrangian tangent space (self-dual, n-Lag), eg.
for n, Q defined earlier, we have Ly V = {¢o, ¢1, P2, ¢3}.
Let L(V) := {LV : £ € V}. FACTS:
O LG(S) = LGL(S) U LG_(S) (conn. comps, two SO(S)-orbits).
@ L(V) = LG4(S). (This does not reduce CO(8) to CSpin(7).)
Q@ L(V) 2 {LeLG(S):Q|. =0} (use Pliicker embedding)
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The odd-contact F(4) story
00®00000

Lagrangian tangent spaces

Consider the quadric V® < P(S). Abstractly, B3/P3 =~V = Dy/P;.
Via B3, V admits a ,and YVl e V:

canonical filtration | f = L)V < T,V < S
dimensions 1 <4< 7 < 8

o T,V: (7-dim) affine tangent space

e L,V: (4-dim) Lagrangian tangent space (self-dual, n-Lag), eg.
for n, Q defined earlier, we have Ly V = {¢o, ¢1, P2, ¢3}.

Let L(V) := {LV : £ € V}. FACTS:

O LG(S) = LGL(S) U LG_(S) (conn. comps, two SO(S)-orbits).

@ L(V) = LG4(S). (This does not reduce CO(8) to CSpin(7).)

Q@ L(V) 2 {LeLG(S):Q|. =0} (use Pliicker embedding)

Q Themap ®:V — L(V), £ — L,V is a bijection.
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The odd-contact F(4) story
00000000

Encoding the Gp-reduction via a flag manifold

Consider the flag manifold F(V) = {(¢,L) : L€ V,L = L,V}.
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Encoding the Gp-reduction via a flag manifold

Consider the flag manifold F(V) = {(¢,L) : L€ V,L = L,V}.

Proposition
Q Given { = [¢p] €V, we have {x € * : 1,1,Q = 0} = L,V.
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Encoding the Gp-reduction via a flag manifold

Consider the flag manifold F(V) = {(¢,L) : L€ V,L = L,V}.

Proposition

Q Given { = [¢p] €V, we have {x € * : 1,1,Q = 0} = L,V.
@ The stabilizer of F(V) in CO(S) is CSpin(7). Moreover, the
unique CSpin(7)-invariant element of P(A*S*) is [Q].
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Encoding the Gp-reduction via a flag manifold

Consider the flag manifold F(V) = {(¢,L) : L€ V,L = L,V}.

Proposition

Q Given { = [¢p] €V, we have {x € * : 1,1,Q = 0} = L,V.
@ The stabilizer of F(V) in CO(S) is CSpin(7). Moreover, the
unique CSpin(7)-invariant element of P(A*S*) is [Q].

. F(V) or [Q] equivalently reduce CO(8) to Gy = CSpin(7).

Dennis The Exceptionally simple super-PDE



The odd-contact F(4) story

[e]o]e] lelelele)

Encoding the Gp-reduction via a flag manifold

Consider the flag manifold F(V) = {(¢,L) : L€ V,L = L,V}.

Proposition

Q Given { = [¢p] €V, we have {x € * : 1,1,Q = 0} = L,V.
@ The stabilizer of F(V) in CO(S) is CSpin(7). Moreover, the
unique CSpin(7)-invariant element of P(A*S*) is [Q].

. F(V) or [Q] equivalently reduce CO(8) to Gy = CSpin(7).
Incidence Lagrange-Grassmann (ILG) bundle 7 : M® — M,

MO = {(£,L): LeV, L =LV}
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Encoding the Gp-reduction via a flag manifold

Consider the flag manifold F(V) = {(¢,L) : L€ V,L = L,V}.

Proposition

Q Given { = [¢p] €V, we have {x € * : 1,1,Q = 0} = L,V.
@ The stabilizer of F(V) in CO(S) is CSpin(7). Moreover, the
unique CSpin(7)-invariant element of P(A*S*) is [Q].

. F(V) or [Q] equivalently reduce CO(8) to Gy = CSpin(7).
Incidence Lagrange-Grassmann (ILG) bundle 7 : M® — M,
MO = {(£,L): LeV, L =LV}

Identify with LG,.(C) = M = LG(C) (locally, J2(C%*,C19)), so C
is inherited by M°.
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[e]o]e] lelelele)

Encoding the Gp-reduction via a flag manifold

Consider the flag manifold F(V) = {(¢,L) : L€ V,L = L,V}.

Proposition

Q Given { = [¢p] €V, we have {x € * : 1,1,Q = 0} = L,V.
@ The stabilizer of F(V) in CO(S) is CSpin(7). Moreover, the
unique CSpin(7)-invariant element of P(A*S*) is [Q].

. F(V) or [Q] equivalently reduce CO(8) to Gy = CSpin(7).
Incidence Lagrange-Grassmann (ILG) bundle 7 : M® — M,
MO = {(£,L): LeV, L =LV}

Identify with LG (C) = M = LG(C) (locally, J2(C%*, C1I)), so C
is inherited by M°. Given (¢, L) € M°, define C° of rank (6|1) by

Cliey = (ma) 7H(0) < (m) (L) = Clie,n)-
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The odd-contact F(4) story
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A distinguished distribution on the ILG bundle

~ ~

Define D « C° via [D,C] < (C°)2.
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A distinguished distribution on the ILG bundle

Define D « C° via [D.C] < (C°)%. Relevant sym superalgebra is

inf(M°,C, D) = {X € X(M°) : LxC = C, LxD < D}.
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0000000

A distinguished distribution on the ILG bundle

Define D « C° via [D.C] < (C°)%. Relevant sym superalgebra is
inf(M°,C, D) = {X € X(M°) : LxC = C, LxD < D}.

For the flat odd-contact F(4)-supergeometry, we obtain:

[ [ even [ odd
0u23 - UlZauoz + U3lau03a N - - -
D Oug; — 1230up3 + U120ug; 5 Do —u3Dy —usDop —uppD3
Ouyp — U310uy; + U230ug,
2
D°/D Ougy s Ougys Ougz Da, D2, D3
D3/D? : Oup + w30uy, Ouy + u310uy; Juz + U120uy
D*/D3 ug
D5 /D* ou :
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A distinguished distribution on the ILG bundle

Define D « C° via [D.C] < (C°)%. Relevant sym superalgebra is

inf(M°,C, D) = {X € X(M°) : LxC = C, LxD < D}.

For the flat odd-contact F(4)-supergeometry, we obtain:

[

[ even [ odd
0u23 - UlZauoz + U3lau03a N - - -
D Ougy — U230uy3 + U120y, 5 Do —u3Dy —usDop —uppD3
Fuyp = u310ugy + U230ug,
D?/D Qugy > Qugys dugg Da, Do, D3
D3/ D? . Oup + w30uy, Ouy + u310uy; Juz + U120uy
D*/D3 : Jug
D/ D* N .
with D? = C, D3 = (C°)?, D* = C? = (C°)%, and inf(M°,C, D) = F(4).
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A distinguished distribution on the ILG bundle

Define D « C° via [D.C] < (C°)%. Relevant sym superalgebra is
inf(M°,C, D) = {X € X(M°) : LxC = C, LxD < D}.

For the flat odd-contact F(4)-supergeometry, we obtain:

l [ even | odd
6"uzg, - U12§u02 + U3lau03a N - - -
D Oug; — 1230up3 + U120ug; 5 Do —u3Dy —usDop —uppD3
Ouyp — U310uy; + U230ug,
2
D°/D 6”01’ 0“02’ au03 D1, Da, D3
D3/D? : Oup + w30uy, Ouy + u310uy; Juz + U120uy
D*/D3 Aug
D5 /D* ou :

with D2 = C, D3 = (C°)2, D* = C2 = (C°)3, and inf(M°,C, D) =~ F(4).
Moreover, the even and odd parts of D are covariant wrt D:
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A distinguished distribution on the ILG bundle

Define D « C° via [D.C] < (C°)%. Relevant sym superalgebra is
inf(M°,C, D) = {X € X(M°) : LxC = C, LxD < D}.

For the flat odd-contact F(4)-supergeometry, we obtain:

l [ even | odd
6"uzg, - U12§u02 + U3lau03a N - - -
D Oug; — 1230up3 + U120ug; 5 Do —u3Dy —usDop —uppD3
Ouyp — U310uy; + U230ug,
2
D°/D 6”01’ 0“02’ au03 D1, Da, D3
D3/D? : Oup + w30uy, Ouy + u310uy; Juz + U120uy
D*/D3 Aug
D5 /D* ou :

with D2 = C, D3 = (C°)2, D* = C2 = (C°)3, and inf(M°,C, D) =~ F(4).
Moreover, the even and odd parts of D are covariant wrt D:

@ Di:= Ch(D3) = {Xel(D?) : LxD? < D3};
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A distinguished distribution on the ILG bundle

Define D « C° via [D.C] < (C°)%. Relevant sym superalgebra is

inf(M°,C, D) = {X € X(M°) : LxC = C, LxD < D}.

For the flat odd-contact F(4)-supergeometry, we obtain:

[

[ even [ odd
0u23 - UlZauoz + U3lau03a N - - -
-
D Oug; — u230up3 + u120ug; 5 Do —u3Dy —usDop —uppD3
Ouyp — U310uy; + U230ug,
2
D°/D Ougy s Ougys Ougz Da, D2, D3
D3/D? : Oup + w30uy, Ouy + u310uy; Juz + U120uy
D*/D3 Aug
D5 /D* ou :

with D2 = C, D3 = (C°)2, D* = C2 = (C°)3, and inf(M°,C, D) =~ F(4).
Moreover, the even and odd parts of D are covariant wrt D:

@ Di:= Ch(D3) = {Xel(D?) : LxD? < D3};

@ Dj := D ker(my) = D ~ Ch(C2) = D ~ Ch(D*).
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The odd-contact F(4) story
00000000

From the ILG bundle to 3rd order super-PDE

Start with M° 5 M, i.e. J2~—> JL. Construct M° — I\7I°, i.e. N
J3 — J?, as isotropic E = C complementary to ker(m,) = Ch(C?).
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From the ILG bundle to 3rd order super-PDE

Start with M° 5 M, i.e. J2~—> JL. Construct M° — I\7I°, i.e. N
J3 — J?, as isotropic E = C complementary to ker(m,) = Ch(C?).

Locally, we have coordinates (x', u, u;, ujj, Ujjk) with C = <5va Ouy)»
ker(m,) = (>, and E = (D) with

DX,' = DXi + Z UUkaujk = (9Xi + U0y + u,-J-ﬁuj + Z Uijkaujk.
j<k Jj<k
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00000000

From the ILG bundle to 3rd order super-PDE

Start with M° 5 M, i.e. J2~—> JL. Construct M° — I\7I°, i.e. N
J3 — J?, as isotropic E = C complementary to ker(m,) = Ch(C?).

Locally, we have coordinates (x', u, u;, ujj, ujk) with C = (D,i, dy,),

ker(m,) = (>, and E = (D) with

DX,' =D, + Z UUkaujk = (9Xi + U0y + u,-J-ﬁuJ. + Z Uijkauj-k-
Jj<k Jj<k

Now use (I\h",& ZND) to geometrically construct a distinguished
super-PDE ¥ < M° ~, J3(C%*, C0);
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From the ILG bundle to 3rd order super-PDE

Start with M° 5 M, i.e. J2~—> JL. Construct M° — I\7I°, i.e. N
J3 — J?, as isotropic E = C complementary to ker(m,) = Ch(C?).

Locally, we have coordinates (x', u, u;, ujj, Ujjk) with C = <5va Ouy)»
ker(m,) = (>, and E = (D) with
5Xi = in + Z UUkaujk = (9Xi + U0y + u,-J-ﬁuJ. + Z Uijkauj-k-

Jj<k Jj<k

Now use (I\h",& ZND) to geometrically construct a distinguished
super-PDE ¥ < M° ~, J3(C%*, C0);

Require:  E S Dj.
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The odd-contact F(4) story
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A simple computation

In J3(CO|4, Cl‘o)i DXO - U23DX1 - U3lDX2 - U12DX3
= Do — up3Dy1 — u31 D0 — 112D, 3
+ Z(Uoj'k — Un3Uyjk — U31U2jk — U12U3jk ) Ouy
j<k
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The odd-contact F(4) story
00000000

A simple computation

In J3(CO|4, Cl‘o)i DXO - U23DX1 - U3lDX2 - U12DX3
= Do — up3Dy1 — u31 D0 — 112D, 3
+ Z(Uoj'k — Un3Uyjk — U31U2jk — U12U3jk ) Ouy
j<k

odd-contact F(4)-supergeometry_ N
(Mo C D) with Dl = <Dx° — LI23D 1 — U31DX2 — U12DX3>.
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A simple computation

In J3(CO|4, Cl‘o)i DXO - U23DX1 - U31DX2 - U12DX3
= Do — up3Dy1 — u31 D0 — 112D, 3
+ Z(Uoj'k — Un3Uyjk — U31U2jk — U12U3jk ) Ouy
j<k

odd-contact F(4)-supergeometry_ N
(Mo C D) with Dl = <Dx° — LI23D 1 — U31DX2 — U12DX3>.

Require = summation above must vanish!

= [ Uoab = UapU123 |
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A simple computation

In J3(CO|4, Cl‘o)i DXO - U23DX1 - U31DX2 - U12DX3
= Do — up3Dy1 — u31 D0 — 112D, 3
+ Z(Uoj'k — Un3Uyjk — U31U2jk — U12U3jk ) Ouy
j<k

odd-contact F(4)-supergeometry_ R N
~ (MO,C,D) with Di = <DX0 — u23DX1 — U31DX2 — u12DX3>.

Require

= [ Uoab = UapU123 |
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A simple computation

In J3(CO|4, Cl‘o)i DXO - U23DX1 - U3lDX2 - U12DX3
= Do — up3Dy1 — u31 D0 — 112D, 3
+ Z(Uoj'k — Un3Uyjk — U31U2jk — U12U3jk ) Ouy
j<k

odd-contact F(4)-supergeometry_ N
~ (Mo C D) with Dl = <Dx° — LI23D 1 — U31DX2 — U12DX3>.

Require = summation above must vanish!

= [ Uoab = UapU123 |
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