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Complex simple Lie (super-)algebras

Simple Lie alg g were classified by Killing (1888), Cartan (1894):

A` “ sl``1pCq, B` “ so2``1pCq, C` “ sp2`pCq, D` “ so2`pCq.
Exceptional: g G2 F4 E6 E7 E8

dim 14 52 78 133 248

Abstract classification via Dynkin diagrams, e.g.

Explicit geometric realizations of g? (as syms of some structure)
Classical cases: Easy. What about the exceptionals?

What about simple Lie superalgebras (LSA)? g “ g0̄ ‘ g1̄ with

rx , y s “ ´p´1q|x ||y |ry , xs
rx , ry , zss “ rrx , y s, zs ` p´1q|x ||y |ry , rx , zss.

where |x |, |y | P Z2 (parities). From Kac (1977), we’ll focus on:

g dim g0̄ g1̄

G p3q p17|14q G2 ˆ A1 C7 b C2

F p4q p24|16q B3 ˆ A1 S b C2 pB3-spin rep Sq
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Cartan & Engel (1893): Structures with G2 symmetry

Dim Geometric structure Model

7
Parabolic Goursat

PDE F
9puxxq

2 ` 12puyy q
2puxxuyy ´ puxy q

2q

`32puxy q
3 ´ 36uxxuxyuyy “ 0

6
Involutive pair

of PDE E uxx “
1
3puyy q

3, uxy “
1
2puyy q

2

5 p2, 3, 5q-distrib. E

dU ´ PdX ,
dP ´ QdX ,
dZ ´ Q2dX

(a.k.a. Hilbert–Cartan: Z 1 “ pU2q2)

5
G2-contact structure

(contact twisted
cubic field)

dz ` x1dy1 ´ y1dx1 ` x2dy2 ´ y2dx2 “ 0,

dx2
2 `

?
3dy1dy2 “ 0,

dx2dy2 ´ 3dx1dy1 “ 0,

dy 2
2 `

?
3dx1dx2 “ 0
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Cubic forms

W : complex Jordan algebra with a distinguished C P S3W ˚.

Let A be RC,CC,HC,OC, or 0, and

W “ J3pAq :“

$

&

%

¨

˝

λ1 v1 v2

v1 λ2 v3

v2 v3 λ3

˛

‚: vi P A, λi P C

,

.

-

.

Here, Cpt3q “ Cpt, t, tq :“ detptq.

W “ C with Cpt3q :“ t3

3 .

Given pCm, x¨, ¨yq, let W “ JSm “ Cm ‘ C (“spin factor”).
Given t “ pv , λq, we have Cpt3q :“ xv , vyλ.

NOTE: The Jordan algebra structure plays no role in this talk.
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Exceptionally simple (complex) PDE

Let n ´ 1 :“ dimpW q. Basis twau on W , dual basis twau on W ˚. Let
tx iun´1

i“0 lin.coords on C‘W .

Param. submfld of J2pCn,Cq:

EC : puijq “

ˆ

u00 u0b

ua0 uab

˙

“

ˆ

Cpt3q 3
2Cbpt

2q
3
2Capt

2q 3Cabptq

˙

, t PW .

Theorem (T. 2018, Contact symmetries of EC)

W
JS2`´5

p` ě 3q
JS2`´6

p` ě 5q
C J3p0q J3pRCq J3pCCq J3pHCq J3pOCq

n 2`´ 3 2`´ 4 2 4 7 10 16 28

sympECq B` D` G2 D4 F4 E6 E7 E8

Theorem (Degenerate cases)

uij “ 0, 1 ď i , j ď n: point sym = An`1. (NOTE: sl2 excluded!)

uijk “ 0, 1 ď i , j , k ď n: contact sym = Cn`1.
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Example: D4-symmetric PDE system

Let’s write out puijq “

ˆ

u00 u0b

ua0 uab

˙

“

ˆ

Cpt3q 3
2Cbpt

2q
3
2Capt

2q 3Cabptq

˙

for

Cpt3q “ 2t1t2t3.

This parametric system is:

¨

˚

˚

˝

u00 u01 u02 u03

u10 u11 u12 u13

u20 u21 u22 u23

u30 u31 u32 u33

˛

‹

‹

‚

“

¨

˚

˚

˝

2t1t2t3 t2t3 t1t3 t1t2

t2t3 0 t3 t2

t1t3 t3 0 t1

t1t2 t2 t1 0

˛

‹

‹

‚

Eliminate pt1, t2, t3q “ pu23, u31, u12q to get:

u00 “ 2u23u31u12, u01 “ u31u12, u02 “ u12u23, u03 “ u23u31.

This PDE system has contact symmetry algebra D4 – sop8q .
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Exceptionally simple super-PDE

Note: If x i has parity |i | P Z2, then uij “ p´1q|i ||j |uji , etc.

Theorem

C‘W Cpt3q sympECq Reference

p2|2q λ3

3 ` 2λθ1θ2 G p3q Kruglikov, Santi, T. (2021)

p3|2q λ1pλ2q
2 ` 2λ2θ1θ2 F p4q Santi, T. (2022)

Here is a related, but quite different story:

Theorem (Santi, T. 2022)

Let u be even, and x0, x1, x2, x3 be odd. The 3rd order super-PDE

u0ab “ uabu123, 1 ď a ă b ď 3

has contact symmetry superalgebra F p4q.
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Supermanifolds

Definition

A supermanifold of dim pm|nq is a pair M “ pMo ,AMq, where

Mo is an m-manifold (the “body”);

AM is a sheaf of superalgebras on Mo s.t. locally AM |U – ΓpΛ‚E˚q,
where E Ñ U is a vector bundle of rank n over U Ă Mo .

Remark

Superfunctions are sections of AM . Locally, they are of the form:

f “ f0pxq ` fα1pxqθ
α1 ` ...` fα1...αnpxqθ

α1 ^ ...^ θαn ,

where fα1...αn P C
8pUq and tθαu are generators for E˚. The latter are

called “odd coordinates”. They anticommute wrt ^, so are nilpotent.

Dennis The Exceptionally simple super-PDE
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What is a 2nd order super-PDE?

Global Local

Contact supermanifold
pM2n`1, Cq

J1pCn,Cq : px i , u, ui q, σ :“ du ´ pdx i qui
C “ tσ “ 0u “ spantBx i ` uiBu, Bui u

C is a field of conformal
super-symplectic spaces

C equipped with dσ|C “ dx i ^ dui |C
pBx i ` uiBu, Bui is an adapted CSpO-frameq

Lagrangian subspace
of C at m P M

spantBx i ` uiBu ` uijBuj u
puij “ p´1q|i ||j|uji q

Lagrange–Grassmann

bundle p rM “ LGpCq, rCq
J2pCn,Cq : px i , u, ui , uijq

rC “ spant rDx i :“ Bx i ` uiBu ` uijBuj , Buij u

A 2nd order PDE Σ is a subsupermanifold of rM. A contact sym is a sym
of p rM, rCq that preserves Σ.

IDEA: contact supermanifold + structure (“filtered G0-structure”).
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Contact gradings

The algebraic model for pM2n`1, Cq is Heisenberg m “ m´2 ‘m´1

(with dimpm˘2q “ 1 &
Ź2 m´1 Ñ m´2 ndg).

Look for m “ g´ in
a “contact grading” g “ g´2 ‘ ...‘ g2 of a simple g, e.g.

G2{P2,

´2

´1

0

1

2

α1

α2

g0 – gl2 – C‘ sl2

g´1 – S3C2

g g0 g´1

G p3q C‘ ospp3|2q C4|4

F p4q C‘ ospp4|2; 2q C6|4 (“mixed-contact”)

F p4q C‘ B3 S – C0|8 (“odd-contact”)

Have dergr pmq – cspopmq Ľ g0. What structure reduces it to g0?
How to relate it to Lagrangian subspaces and super-PDE?
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Tanaka–Weisfeiler prolongation

Given m “ m´ and g0 Ă dergr pmq, the Tanaka–Weisfeiler prolongation
prpm, g0q is the graded LSA with:

(i) prďpm, g0q “ m‘ g0

(ii) if rX , g´1s “ 0 for X P pr`pm, g0q, then X “ 0;

(iii) prpm, g0q is maximal for the above properties.

How to identify prpm, g0q? Test a candidate g via the criteria:

g “ prpm, g0q iff H1
`pm, gq “ 0.

Simple (non-super) g: Kostant’s thm ñ efficient cohom. computation
(Yamaguchi 1993: equality almost always; exceptions: An{P1, Cn{P1.)
Super-setting: Case-by-case. Confirmed for G p3q,F p4q cases of interest.

Theorem (Kruglikov, Santi, T. 2022)

Consider a filtered G0-structure G0 Ñ M of type pm, g0q satisfying
g “ prpm, g0q. Then the symmetry superalgebra s satisfies
dimpsq ď dimpgq (both even and odd parts).

Dennis The Exceptionally simple super-PDE
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Twisted cubic V Ă PpV q

G2{P2 suggests looking at V :“ S3C2 “ g´1. The twisted cubic
V “ trv3s : rv s P P1u Ă PpV q is invariant wrt G0 “ GL2. On V ,

ηpf , gq :“
1

3!
pfxxxgyyy ´ 3fxxygyyx ` 3fxyygyxx ´ fyyygxxxq,

defines a GL2-invariant CS-form rηs. Have dimpLGpV qq “ 3.

Example (Osculating filtration: differentiate γptq “ px` tyq3)

` Ă pT`V Ă pT
p2q
` V Ă pT

p3q
` V “ V

xx3y xx3, x2yy xx3, x2y, xy2y

Lagrangian!

Wrt CS-basis, i.e. η “
`

0 id2

´id2 0

˘

, have coords p c11 c12
c12 c22

q on LGpV q.

Take CS-basis px3,´3x2y,´6y3,´6xy2q wrt rηs. Then:

px ` tyq3 Ø

ˆ

1,´t,´
t3

6
,´

t2

2

˙

.
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Canonical objects associated to the twisted cubic

pV :“ t pT`V : ` P VuĹ LGpV q: differentiate & row reduce:

p1,´t,´ t3

6 ,´
t2

2 q

p0,´1,´ t2

2 ,´tq

+

 

˜

1 0 t3

3
t2

2

0 1 t2

2 t

¸

 

ˆ

c11 c12

c12 c22

˙

“

ˆ

t3

3
t2

2

t2

2
t

˙

(curve in LGpV q).

rV :“
ď

`PV
tE P LGpV q: ` Ă Eu (surface in LGpV q).

τpVq :“
Ť

`PV Pp pT`Vq “ tQ “ 0uĂ PpV q, where
rQs P PpS4V ˚q (discriminant).

These all inherit G0 – GL2 invariance from V.
(and g0 Ĺ csp4 is a maximal subalgebra.)
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Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

Generalizations

For simple G ‰ SL2, the adjoint variety G{P ãÑ Ppgq
 contact grading
 sub-adjoint variety: G0-inv V Ă PpV q “ Ppg´1q ( pT`V Lagrangian!)

Definition (G ‰ A`,C`)

A G-contact structure is a contact mfld pM2n`1, Cq with any of:

a field of sub-adjoint varieties V Ă PpCq;

a field E “ pV Ă LGpCq “ rM;

a field F “ rV Ă LGpCq “ rM;

a field τpVq “ tQ “ 0u Ă PpCq.
(Get compatible str grp reductions G0 Ñ CSp2n. 6 same sym alg!)

Have dimpsymq ď dimpgq from H1
`pg´, gq “ 0 (via Kostant’s thm).

Have unique max sym model: “flat” model, has sym g.

Can efficiently compute syms of E ,F by using V instead. (In the flat
cases, can do this uniformly and by-hand!)
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Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

Where does C come from?

Sub-adjoint variety V “ F {Q Ă PpV q:
Osculating filtration at ` “ V 0 Ă V´1 Ă V´2 Ă V´3 “ V .

Landsberg-Manivel (2001): Associated graded has a
fss0 -graded algebra structure. Get:

V – V0 ‘ V´1 ‘ V´2 ‘ V´3 – C‘W ‘W ˚ ‘ C

where W = Jordan alg with (fss0 -inv) C P S3W ˚.

Lemma

From L.-M., DCS-basis adapted to V “ C‘W ‘ C‘W ˚ s.t.

V Ă PpV q is given by rλ, tas Ñ
”

λ3,´λ2ta,´Cpt3q

2 ,´3λCapt2q

2

ı

.

Using these as components wrt Bx0 ` u0Bu, Bxa ` uaBu, Bu0 , Bua
leads to the asserted distinguished PDE.

Dennis The Exceptionally simple super-PDE



Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

Where does C come from?

Sub-adjoint variety V “ F {Q Ă PpV q:
Osculating filtration at ` “ V 0 Ă V´1 Ă V´2 Ă V´3 “ V .

Landsberg-Manivel (2001): Associated graded has a
fss0 -graded algebra structure. Get:

V – V0 ‘ V´1 ‘ V´2 ‘ V´3 – C‘W ‘W ˚ ‘ C

where W = Jordan alg with (fss0 -inv) C P S3W ˚.

Lemma

From L.-M., DCS-basis adapted to V “ C‘W ‘ C‘W ˚ s.t.

V Ă PpV q is given by rλ, tas Ñ
”

λ3,´λ2ta,´Cpt3q

2 ,´3λCapt2q

2

ı

.

Using these as components wrt Bx0 ` u0Bu, Bxa ` uaBu, Bu0 , Bua
leads to the asserted distinguished PDE.

Dennis The Exceptionally simple super-PDE



Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

Where does C come from?

Sub-adjoint variety V “ F {Q Ă PpV q:
Osculating filtration at ` “ V 0 Ă V´1 Ă V´2 Ă V´3 “ V .

Landsberg-Manivel (2001): Associated graded has a
fss0 -graded algebra structure. Get:

V – V0 ‘ V´1 ‘ V´2 ‘ V´3 – C‘W ‘W ˚ ‘ C

where W = Jordan alg with (fss0 -inv) C P S3W ˚.

Lemma

From L.-M., DCS-basis adapted to V “ C‘W ‘ C‘W ˚ s.t.

V Ă PpV q is given by rλ, tas Ñ
”

λ3,´λ2ta,´Cpt3q

2 ,´3λCapt2q

2

ı

.

Using these as components wrt Bx0 ` u0Bu, Bxa ` uaBu, Bu0 , Bua
leads to the asserted distinguished PDE.

Dennis The Exceptionally simple super-PDE



Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

Extending to the super-setting

These ideas / formulas remarkably persist for G p3q and F p4q.

Confirm H1
`pg´, gq “ 0 directly – Kostant not available.

Uniform formulas for the symmetries in terms of C were found.

Need local expressions for V, e.g. for g “ G p3q, the G0-orbit
V Ă PpV q is the “p1|2q-twisted cubic”. We have
gss0 “: f “ f´1 ‘ f0 ‘ f1. Exponentiate f´1 “ spantY ,A,Bu.

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1
0
0
0
0
0
0
0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

exppλY q
ÞÑ

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1
´λ

´λ3

6

´λ2

2
0
0
0
0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

exppθAq
ÞÑ

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1
´λ

´λ3

6

´λ2

2
θ
0
0
´θλ

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

exppφBq
ÞÑ

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1
´λ

´λ3

6
` φθλ

´λ2

2
` φθ

θ
φ
φλ
´θλ

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(Rigorously, use the functor of points A ÞÑ V pAq :“ pV b Aq0̄ “ pV0̄ b A0̄q ‘ pV1̄ b A1̄q.)

In a CSpO-basis, differentiate & row reduce. Wrt frame
tBx i ` uiBu, Bui u, this leads to a 2nd order super-PDE.
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Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

The odd-contact grading of F p4q

Consider g “ F p4q with odd-contact grading g “ g´2 ‘ ...‘ g2:

g´2 g´1 g0

even C ¨ C‘ B3

odd ¨ S – C0|8
¨

g0-invariant structures?

η :
Ź2 g´1 Ñ g´2 is super-skew, i.e. symmetric.

V “ tη “ 0u Ă PpSq: it is an orbit of COpSq – COp8q Ľ G0.

rQs P Pp
Ä4 S˚q is super-sym, i.e. skew. (“Q Cayley 4-form”,

anti-self-dual) This reduces COp8q to CSpinp7q.
D basis tφi , ψiu of S whose dual basis tφi , ψi

u can be used to write:

η “ φ0ψ0
` φ1ψ1

` φ2ψ2
` φ3ψ3

Q “ φ0
^ φ1

^ ψ0
^ ψ1

` φ0
^ φ2

^ ψ0
^ ψ2

` φ0
^ φ3

^ ψ0
^ ψ3

´ φ1
^ φ2

^ ψ1
^ ψ2

´ φ1
^ φ3

^ ψ1
^ ψ3

´ φ2
^ φ3

^ ψ2
^ ψ3

´ 2φ0
^ ψ1

^ ψ2
^ ψ3

` 2φ1
^ φ2

^ φ3
^ ψ0 .
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Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

The flat odd-contact F p4q-supergeometry

Definition

An odd-contact F p4q-supergeometry is pM1|8, C, rQsq, with
Q P Γp

Ä4 C˚q locally as above (for a conformal coframe of C).

Locally, pM1|8, Cq is J1pC0|4,C1|0q. For the frame Bx i ` uiBu, Bui of
C, we have dual basis dx i , dui . Set φi “ dx i , ψi “ dui in Q, and
call it the “flat” structure.

Theorem

The flat odd-contact F p4q-supergeometry has symmetry F p4q.

But how is pM1|8, C, rQsq related to a 3rd order super-PDE?

Take inspiration from correspondence space / twistor theory.
Abstractly, we are concerned with F p4q{PI

12 Ñ F p4q{PI
1. How to

geometrically ”lift” the structure?
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Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

Lagrangian tangent spaces

Consider the quadric V6 ãÑ PpSq. Abstractly, B3{P3 – V – D4{P4.

Via B3, V admits a B3-invariant p3, 6q-distribution, and @` P V:

canonical filtration ` Ă L`V Ă pT`V Ă S
dimensions 1 ă 4 ă 7 ă 8

pT`V: (7-dim) affine tangent space

L`V: (4-dim) Lagrangian tangent space (self-dual, η-Lag), eg.
for η,Q defined earlier, we have Lφ0V “ tφ0, φ1, φ2, φ3u.

Let LpVq :“ tL`V : ` P Vu. FACTS:

1 LGpSq “ LG`pSq 9Y LG´pSq (conn. comps, two SOpSq-orbits).

2 LpVq “ LG`pSq. (This does not reduce COp8q to CSpinp7q.)

3 LpVq Ĺ tL P LGpSq : Q|L “ 0u (use Plücker embedding)

4 The map Φ : V Ñ LpVq, ` ÞÑ L`V is a bijection.
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4 The map Φ : V Ñ LpVq, ` ÞÑ L`V is a bijection.

Dennis The Exceptionally simple super-PDE



Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

Lagrangian tangent spaces

Consider the quadric V6 ãÑ PpSq. Abstractly, B3{P3 – V – D4{P4.
Via B3, V admits a B3-invariant p3, 6q-distribution, and @` P V:

canonical filtration ` Ă L`V Ă pT`V Ă S
dimensions 1 ă 4 ă 7 ă 8

pT`V: (7-dim) affine tangent space

L`V: (4-dim) Lagrangian tangent space (self-dual, η-Lag), eg.
for η,Q defined earlier, we have Lφ0V “ tφ0, φ1, φ2, φ3u.

Let LpVq :“ tL`V : ` P Vu. FACTS:

1 LGpSq “ LG`pSq 9Y LG´pSq (conn. comps, two SOpSq-orbits).

2 LpVq “ LG`pSq. (This does not reduce COp8q to CSpinp7q.)

3 LpVq Ĺ tL P LGpSq : Q|L “ 0u (use Plücker embedding)
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Encoding the G0-reduction via a flag manifold

Consider the flag manifold F pVq “ tp`, Lq : ` P V, L “ L`Vu.

Proposition

1 Given ` “ rφs P V, we have tx P `K : ιx ιφQ “ 0u “ L`V.

2 The stabilizer of F pVq in COpSq is CSpinp7q. Moreover, the
unique CSpinp7q-invariant element of PpΛ4S˚q is rQs.

6 F pVq or rQs equivalently reduce COp8q to G0 “ CSpinp7q.

Incidence Lagrange–Grassmann (ILG) bundle π : rMo Ñ M,

rMo “ tp`, Lq : ` P V, L “ L`Vu.

Identify with LG`pCq Ă rM “ LGpCq (locally, J2pC0|4,C1|0q), so rC
is inherited by rMo . Given p`, Lq P rMo , define rCo of rank p6|1q by

rCo |p`,Lq :“ pπ˚q
´1p`q Ă pπ˚q

´1pLq “ rC|p`,Lq.
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Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

A distinguished distribution on the ILG bundle

Define D Ă rCo via rD, rCs Ă prCoq2.

Relevant sym superalgebra is

infp rMo , rC,Dq “ tX P Xp rMoq : LX
rC Ă rC, LXD Ă Du.

For the flat odd-contact F p4q-supergeometry, we obtain:

even odd

D
Bu23

´ u12Bu02
` u31Bu03

,
Bu31

´ u23Bu03
` u12Bu01

,
Bu12

´ u31Bu01
` u23Bu02

rD
x0 ´ u23

rD
x1 ´ u31

rD
x2 ´ u12

rD
x3

D2{D Bu01
, Bu02

, Bu03
rD
x1 , rD

x2 , rD
x3

D3{D2 ¨ Bu1
` u23Bu0

, Bu2
` u31Bu0

, Bu3
` u12Bu0

D4{D3 ¨ Bu0
D5{D4 Bu ¨

with D2 “ rC, D3 “ prCoq2, D4 “ rC2 “ prCoq3, and infp rMo , rC,Dq – F p4q.
Moreover, the even and odd parts of D are covariant wrt D:

D1̄ :“ ChpD3q “ tX P ΓpD3q : LXD3 Ă D3u;

D0̄ :“ D X kerpπ˚q “ D X ChprC2q “ D X ChpD4q.
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infp rMo , rC,Dq “ tX P Xp rMoq : LX
rC Ă rC, LXD Ă Du.

For the flat odd-contact F p4q-supergeometry, we obtain:

even odd

D
Bu23

´ u12Bu02
` u31Bu03

,
Bu31

´ u23Bu03
` u12Bu01

,
Bu12

´ u31Bu01
` u23Bu02

rD
x0 ´ u23

rD
x1 ´ u31

rD
x2 ´ u12

rD
x3

D2{D Bu01
, Bu02

, Bu03
rD
x1 , rD

x2 , rD
x3

D3{D2 ¨ Bu1
` u23Bu0

, Bu2
` u31Bu0

, Bu3
` u12Bu0

D4{D3 ¨ Bu0
D5{D4 Bu ¨

with D2 “ rC, D3 “ prCoq2, D4 “ rC2 “ prCoq3, and infp rMo , rC,Dq – F p4q.
Moreover, the even and odd parts of D are covariant wrt D:

D1̄ :“ ChpD3q “ tX P ΓpD3q : LXD3 Ă D3u;

D0̄ :“ D X kerpπ˚q “ D X ChprC2q “ D X ChpD4q.

Dennis The Exceptionally simple super-PDE



Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

A distinguished distribution on the ILG bundle

Define D Ă rCo via rD, rCs Ă prCoq2. Relevant sym superalgebra is

infp rMo , rC,Dq “ tX P Xp rMoq : LX
rC Ă rC, LXD Ă Du.

For the flat odd-contact F p4q-supergeometry, we obtain:

even odd

D
Bu23

´ u12Bu02
` u31Bu03

,
Bu31

´ u23Bu03
` u12Bu01

,
Bu12

´ u31Bu01
` u23Bu02

rD
x0 ´ u23

rD
x1 ´ u31

rD
x2 ´ u12

rD
x3

D2{D Bu01
, Bu02

, Bu03
rD
x1 , rD

x2 , rD
x3

D3{D2 ¨ Bu1
` u23Bu0

, Bu2
` u31Bu0

, Bu3
` u12Bu0

D4{D3 ¨ Bu0
D5{D4 Bu ¨

with D2 “ rC, D3 “ prCoq2, D4 “ rC2 “ prCoq3, and infp rMo , rC,Dq – F p4q.
Moreover, the even and odd parts of D are covariant wrt D:

D1̄ :“ ChpD3q “ tX P ΓpD3q : LXD3 Ă D3u;

D0̄ :“ D X kerpπ˚q “ D X ChprC2q “ D X ChpD4q.

Dennis The Exceptionally simple super-PDE



Old and new models Preliminaries A G2 story and its extensions The odd-contact Fp4q story

From the ILG bundle to 3rd order super-PDE

Start with rMo π
Ñ M, i.e. J2 Ñ J1. Construct qMo Ñ rMo , i.e.

J3 Ñ J2, as isotropic E Ă rC complementary to kerpπ˚q “ ChprC2q.

Locally, we have coordinates px i , u, ui , uij , uijkq with rC “ x rDx i , Buij y,

kerpπ˚q “ xBuij y, and E “ x qDx i y with

qDx i :“ rDx i `
ÿ

jăk

uijkBujk “ Bx i ` uiBu ` uijBuj `
ÿ

jăk

uijkBujk .

Now use p rMo , rC,Dq to geometrically construct a distinguished
super-PDE Σ Ă rMo »loc J

3pC0|4,C1|0q:

Require: E Ą D1̄.
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A simple computation

In J3pC0|4,C1|0q: qDx0 ´ u23
qDx1 ´ u31

qDx2 ´ u12
qDx3

“ rDx0 ´ u23
rDx1 ´ u31

rDx2 ´ u12
rDx3

`
ÿ

jăk

pu0jk ´ u23u1jk ´ u31u2jk ´ u12u3jkqBujk

Flat odd-contact F p4q-supergeometry
 p rMo , rC,Dq with D1̄ “ x

rDx0 ´ u23
rDx1 ´ u31

rDx2 ´ u12
rDx3y.

Require E Ą D1̄ ñ summation above must vanish!

ñ u0ab “ uabu123
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