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Main points

For simplicity, | present only the universal bosonic sector and ignore the
vertical complex structure. Spinors are easy to add if the spacetime
manifold has Spiny(3,1) structure, much harder if it only admits a
Sping(3,1) structure.

We define the classical and semiclassical theories on any paracompact,
connected and oriented four-manifold M, so (M) can be “wild” (for
example we can have m (M) = Q).

Our formulation of the classical and semiclassical theories are manifestly
U-duality invariant.

We prove that the DSZ quantization is implemented using certain principal
bundles whose structure group is the group of affine transformations of
certain integral symplectic tori. This includes a local and unconstrained
realization of electromagnetic duality at the level of gauge connections.

The globally-defined solutions of the classical or semiclassical theory are
(classical or semiclassical) locally geometric U-folds. Our formulation gives
a global geometric description of such objects in four dimensions as global
solutions of a coupled system of geometric PDEs.

The formulation relies on a much more general theory of quasi-Abelian
principal bundles and connections which | will not discuss.
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Classical GESM theories

Let M be an oriented and connected four-manifold. The universal bosonic
sector of classical 4d supergravity defined on M is a generalized
Einstein-Scalar-Maxwell (GESM) theory, which is parameterized by:

e A scalar bundle (7, #,G), where 7: X — M is a surjective submersion
equipped with a complete flat Ehresmann connection H and a vertical
Euclidean metric G, i.e. a Euclidean metric on the vertical bundle ¥V which
is invariant under the parallel transport of H.

@ A duality structure A = (S,w, D) i.e. a flat symplectic vector bundle
defined on X.

e A vertical taming J of A, i.e. a taming of (S, w) which is invariant
under the extended parallel transport induced by H and D.

For simplicity, | take the scalar potential of the theory to vanish identically.
The configuration space is Lor(M) x I'(m) x Q3_.4(M,S).
Definition

Let ® = (7, H,G, A, J) be a scalar-electromagnetic bundle. The fundamental
field of & is:
v D7) e (X, V ® End(S)),

where h is the Kaluza-Klein metric induced by g and H on X.
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Classical GESM theories

def.

Let Q = wo (J ®ids) be the Euclidean metric induced on S. The GESM
theory parameterized by ® = (w,H,G, A, J) is defined by:

@ The Einstein equations:
. 1 1 « *
Rlc(g) - ER(g)g = ETrg(svg)g - svg + 2F @QS -F7 (1)

where Ric(g)/R(g) are the Ricci tensor/scalar of g, Tr, : @*T*M — R is
the g-trace, s;G = G o (d"s ® d"s) is the vertical first fundamental form
of s and @gs is the twisted inner contraction of S°-valued two-forms.
Here d's = Py ods: TM — V.

@ The scalar equations:

1

Trg(V'd"s) = §(>s<.7-"7 Ve F)g 05, 2
where V" is a certain connection on TM ® V° and ( , )g,s is the twisted
exterior pairing on AT*"M ® S°.

@ The twisted Maxwell equations:
*g, TS F = .7:, (3)
where %z, 75 = %z ® J° is the J°-polarized Hodge operator on
AT*M® S°.
The globally-defined solutions are classical locally geometric U-folds.
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Duality and electromagnetic structures

Let (S, D) be a flat vector bundle defined on a manifold X and H5 (X, S) be
the cohomology of the twisted de Rham complex:

0 C®(X,8) 2 al(x,8) & ... 2 Q%(X,8) = 0 .
We have a natural isomorphism of graded vector spaces:

Hp(X,S) ~ H* (X, Cqan(S)) -

Proposition

For any x € X, the set of isomorphism classes of duality structures of rank 2n
on X is in bijection with the character variety:

R(m (X, x),Sp(2n,R)) = Hom(m1(X, x), Sp(2n,R))/Sp(2n, R),

where Sp(2n,R) acts through its adjoint representation.

Definition
An electromagnetic structure defined on X is a pair = = (A, J), where

A = (S,w, D) is a duality structure on X and J is a taming of the symplectic
vector bundle (S,w). The rank of = is the rank of A.
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Field strength formulation of twisted electromagnetic theories

Let (M, g) be an oriented and connected Lorentzian four-manifold and
= =(S,w,D,J) be an electromagnetic structure on M. Let A aef (S,w, D).

Definition
The J-polarized Hodge operator %, 7 € Aut,(A*(M,S)) is defined through:
*g,J = *g ®J.
The polarized Hodge operator restricts to an involution of /\Q(I\/I,S).
Definition
The space of field strength configurations of A = (S,w, D) is:
Conf(M, A) < @3 (M,S) = {v € (M, S)|dpV = o} :
The Maxwell equation defined by = = (A, J) is:
*g, g7V =V (where V € Conf(M, A)) .

The solutions are called classical field strengths and form the vector space:

def.

Sol(M, g,=) = Sol(M, g, A, J) = {V € Conf(M,A)| *g,7 V =V} .

Calin Lazaroiu Self-dual formulation of 4d sugra  6/18




Integral symplectic spaces

Definition
An integral symplectic space is a triple (V,w, A) such that:
e (V,w) is a finite-dimensional symplectic vector space over R.

o A C Vs full lattice in V/, i.e. a lattice in V such that V = A ®z R.
@ w is integral with respect to A, i.e. we have w(A,A) C Z.

Define: det.
Div" = {(t1,...,ta) € Z% | ti|t2] ... |tn} -

Definition
An integral symplectic basis of a 2n-dimensional integral symplectic space
(V,w,A) is a basis € = (&1, -+ -, €, C1,y - - -, Ca) Of A such that:

W(&i,gj):w(<i7<j)207 w(§l>Cj):_t/ [/ Vi,j=1,...,n7

where t € Div".

Every integral symplectic space admits integral symplectic bases. The type
t(V,w, \) does not depend on the choice of such a basis. (V,w, ) is called
principal if:

t(V,w,A) =3(n) < (1,...,1) € Div"
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Modified Siegel modular groups

Proposition

The type gives a bijection between the set of isomorphism classes of integral
symplectic spaces and the set Div".

For any t € Div", let Ay C R?" be the full lattice:

AL 7" @ (@117)

Then (R?", was, A¢) is the standard integral symplectic space of type t. Let:

T eSp(V,w) | T(\) = A} .

Sp(V,w,A) =

Definition
The modified Siegel modular group of type t € Div” is:

Spi(2n,Z )def SP(R2" wan, \¢) C Sp(2n,R)

Div" is a lattice with bottom §(n) under the partial order:
(tr, ... ta) < (t,...,t0) iff g]tf Vi=1,...,n

We have Sps,(2n,Z) = Sp(2n, Z) and Sp((2n,Z) C Spy(2n,Z) when t < t'.
Hence (Sp(2n,Z)):cpivr is a direct system of overgroups of Sp(2n,Z).
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Special symplectic tori

Definition
An affine torus is a principal homogeneous space 2l for a torus group A. The

standard affine d-torus is the affine torus 2, given by the right action of
U(1)¢ on itself. The toral affine group Aff4 is the group Aff(2y).

Definition

A special affine symplectic torus is a pair A = (2, Q2), where 2 is an
even-dimensional affine torus and 2 is a translation-invariant symplectic form
on 2 which has integer periods, i.e. such that (Hi(2,R), H1(2,Z),w) is an
integral symplectic space, where w = [Q] € H*(,R) ~ A?Hy (2, R)".

Let Q; be the symplectic form induced by w2, on the torus group R*"/A;.

Definition

The standard special symplectic torus group of type t € Div” is:
ACE (RN, Q)

The standard special affine symplectic torus A is obtained from A¢ by
forgetting the origin.
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Any special affine symplectic torus A = (2, Q) is affinely symplectomorphic to a

unique standard special affine symplectic torus A¢, whose type t is called the
type of A.

The standard special toral affine group Aff; of type t € Div" is:

Aff S Aut(A)

For any t € Div", we have Aff; = A, x Sp,(2n,Z), where A, ~ U(1)*" is the
underlying torus group of As.



Dirac systems and integral duality structures

Let A = (S,w, D) be a duality structure defined on M.

Definition

A Dirac system for A is a smooth fiber sub-bundle £ C S of full symplectic

lattices in (S,w) which is preserved by the parallel transport of D. A pair

A (A, L) consisting of a duality structure A and a choice of Dirac system

L for A is called an integral duality structure. A duality structure A of rank
2n is called semiclassical if it admits a Dirac system, i.e. if its holonomy group
can be conjugated to lie inside Sp,(2n,Z) for some t € Div".

Definition

The type ta € Div" of an integral duality structure A = (S,w, D, L) is the
common type of the integral symplectic spaces (Sm,wm, Lm), where m € M.

Proposition

For any m € M, the set of isomorphism classes of integral duality structures of
type t defined on M is in bijection with the character variety:

Ri(m1(M, m), Sp,(2n, Z)) € Hom(m (M, m), Sp,(2n, Z))/Sp(2n, Z)
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Siegel systems

Definition

A Siegel system of rank 2n is a local system of free Abelian groups of rank 2n
defined on M whose structure group reduces to a subgroup of Sp,(2n,Z) for
some t € Div". The smallest t with this property is called the type tz of Z.

Proposition

Let Z be a bundle of free Abelian groups of rank 2n defined on M. T.a.e.:

@ Z is a Siegel system of type t defined on M.

@ The vector bundle S oz ®z R admits a symplectic pairing w which
makes (S,w, D, Z) into an integral duality structure of type t, where D is
the flat connection induced from Z.

Let £; : Spy(2n,Z) — Autz(Z*") be the left action of Sp,(2n,Z) on Z*". For

any principal Sp,(2n,Z)-bundle Q defined on M, let Z(Q) “Q X ¢, Z*". For

any Siegel system Z, let Fr(Z) be its principal bundle of frames.

Proposition

The correspondences Q — Z(Q) and Z — Fr(Z) extend to quasi-inverse
equivalences between the groupoids of principal Sp,(2n,Z)-bundles and Siegel

systems of type t defined on M.
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The lattice of charges and the twisted Dirac integrality condition

Let A = (A, Z) be an integral duality structure on M, where A = (S, w, D).

Consider the flat bundle of torus groups A def- S/Z. The exact sequence of
sheaves of Abelian groups:

1 C(2) L Ciou(S) 2% ciau(A) — 1
induces a long exact sequence in sheaf cohomology:
o HA(M, Adiee) 2 HA(M, Z) 255 HE (M, S) 225 HA(M, Agiee) — - ..
where d1 is the connecting morphism.
Definition
The lattice of charges of the integral duality structure A is:
La S j.(H* (M, Z)) C HB(M,S)

A field strength configuration V € Conf(M, A) = QéD_CI(M, S) is called
integral if [V]p € La.

The condition [V]p € La is the twisted Dirac integrality condition.
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Siegel bundles

Definition

A Siegel bundle P of type t € Div" is a principal bundle on M with structure
group Affy.

Notice that G < Aff is a split weakly Abelian Lie group:
G~Ax, Iy where A=R>/A~U(1)* and (= Sp,(2n,7Z) ,

with fundamental lattice A ~ m1(G) ~ Z*". By our general results on weakly
Abelian principal bundles, Siegel bundles of type t are classified by their
remnant bundle I'¢(P) and their twisted Chern class c(P) € H*(M, A(P)). In
this case:
@ The local system A¢(P) o p X ad, ¢ is a Siegel system of type t, which
we denote by Z(P).
e g=R» and ad(P) = Z(P) @z R L S supports the duality structure
(S,w, D), induced by Z(P).
e AP)=P X pah A coincides with the bundle of symplectic torus groups

A(P) < s/Z(P).
@ The characteristic lattice L(P) = Lo(P) € H*(M,ad(P)) = H*(M,S) of P

coincides with the lattice of charges La, of Ap def- (S,w, D, Z(P)).

Let Ap < (S,w, D).
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Siegel bundles

Theorem

Consider the set:

def.

T(M) < {(Z, ¢)| Z is a Siegel system on M & ¢ € H*(M, Z)} /s
where (Z,c) ~ (Z',c) iff there exists an isomorphism ¢ : Z = Z' s.t.

wx«(c) = c’. Then the map P — (Z(P), c(P)) induces a bijection between the
set of isomorphism classes of Siegel bundles defined on M and the set ¥ (M).

Let ¢(P) € H5(M, ad(P)) = H5(M, S) be the twisted real Chern class of P.

Proposition

We have ¢(P) = j.(c(P)), where j, : H*(M,Z) — H*(M,S) is induced by the
inclusion Z = N((P) — S = ad(P).

Since ¢(P) € L(P) = La, it follows that the adjoint curvature V4 of any
principal connection A € Conn(P) satisfies the Dirac integrality condition
[V]p € La of the integral duality structure Ap determined by P.
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Gauge connection formulation

Theorem

Let Z be a Siegel system on M and A = (A, Z) be its integral duality
structure, where A = (S,w, D). For any ¢ € La, there exists a Siegel bundle P
on M s.t. Ap = A and ¢ = ¢(P). Thus any V € Conf(M,A) = Q3__1(M,S)
which satisfies the Dirac integrality condition [V]p € La coincides with the
adjoint curvature V.4 of some principal connection A € Conn(P).

Definition

A polarized Siegel bundle is a pair P = (P, J), where P is a Siegel bundle
and J is a taming of the duality structure Ap defined by P.

Definition

Let P = (P, J) be a polarized Siegel bundle on M. The space of gauge
configurations defined by P on M is the affine space:

Conf(M, P) <L Conn(P) .
The quasi-Abelian gauge theory defined by P on (M, g) has e.o.m:
*g,7 Va4 =Va where A€ Conn(P).
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Semiclassical GESM theories

Let M be an oriented and connected 4-manifold, (7, H,G) a scalar bundle, P a
Siegel bundle of type t € Div™ on X. Let A(P) = (S,w, Z, D) be the integral
duality structure determined by P. Given a vertical taming J of A(P), the pair
(P, J) is called a polarized Siegel bundle. Let:

=(P,J) = (A(P). )
be the integral electromagnetic bundle determined by (P, J). Given s € I'(7),
the pullback of P? is a Siegel bundle over M. Let A(P{) and =(P°, J°) be the
associated integral duality and electromagnetic bundles, which coincide with
the s-pullbacks of the corresponding bundles defined by (P, J) on X. The
adjoint curvature of a connection A € Conn(P;) is denoted by
Fa € Q*(M,S%) and is dps-closed by the Bianchi identity, because all
connections on P° induce the same connection on S°, which coincides with D*:

dpFa=0.

Definition

A scalar-Siegel bundle of type t € Div™ over M is a system

Cdgf' (m,H,G, P), where (m,H,G) is a scalar bundle over M with submersion
7 : X — M and P is a Siegel bundle of type t € Div™ defined on X. Given a
vertical taming J of A(P), the system ¢ et (¢,J) is called a polarized
scalar-Siegel bundle of type t over M.
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The universal bosonic sector of 4d supergravity

Definition

Let ¢ def- (m,H,G, P, J) be a polarized scalar-Siegel bundle of type t over M.
The semiclassical configuration space of the bosonic supergravity defined by
¢ is the set:

Conf(¢) = {(g,s,A) | g € Lor(M), s € (x), A€ Conn(P°)} .
The theory is defined by the following eom for (g, s, A) € Conf(¢):
@ The Einstein equations:

Ric® — %Rg = %Trg(sfg)g —5,G+2F 4 @Dqgs Fa.

@ The scalar equations:
1

Tre(V'd"s) = 5(*}',4, VT A)g,qs -

@ The Maxwell equations:
*g,75 FA=Fa,

Globally-defined solutions of the theory are semiclassical locally geometric
U-folds.
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