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Linear Supergeometry

@ Super vector space: V = V@ V;.
Example: k™" := k™ & k", superspace of dimension m|n, k =R, C.

@ Superalgebra: super vector space with product respecting parity, p.

o Commutative Superalgebra: ab = (—1)P(P(b)pa (or p(a) = |a|)
Prototype of commutative superalgebra: polynomial superalgebra.

Kxi.. . Xm,&1 ... &n] = Sym(x1 ... xm) @ A (&1 ... &n)

@ Supermodules: modules over commutative superalgebras.
AmIn .= A ® k™" free A-module of dimension m|n.

Ag"" =ARkTBA RKk"={(a1,.--,am, 1, ..., n)}
AT = Ay @ k" Ay @ k™ = {(ax,. .., Cm, a1, .-, 3n)}
EVEN: latin letters, ODD: greek letters.
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The functor of points approach

The A points of the supervector space V = k™" are:

V(A) = (A2 V) = AT = Ag@ k™ B A @ k" = {(a1, ... am, 01, ..., )}

where A is a commutative (always!) superalgebra.

We may interpret them as:
V(A) ={f k[x1...xm & ... &) — A} =

= Homqaig) (k[x1 - - - Xm, &1+ €], A)

In fact:
fookixi...xm&...& — A
Xi — aj
& =
Rita Fioresi
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The Categories of Supermanifolds and Superschemes

@ Supermanifold: (Mg, Op)
My topological space
Omlu = Cif lu @ A(§1, - - -, &n) sheaf of comm. superalgebras on My

@ Superscheme: (My, Op)
My topological space
Owm|u = SpecA sheaf of commutative superalgebras on My

@ Functor of points of M supermanifold or (affine) superschemes:

M : (smflds)® — (sets), T — Hom(T, M) = Hom(O(M), O(T)),

M()(f) =foo
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The functor of points of GL(m|n)

The A points of GL(m|n) are:

GL(m|n)(A) = Hom(salg)(coo(xij) ® /\(gkl)[u_la V_1]7 A)

u= det(xj)i<ij<m, v = det(Xk)mti<k,i<n

We can write the A points of GL(m|n) as matrices:

cutminn - { () ©))

(tij), (tw) invertible matrices with entries in Ay,
(0ir), (0xj) matrices with entries in A;.
In fact, we can write a morphism as (both supermanifolds, superschemes):
f: O(GL(m|n)) — A=0(T)
Xijy Xkl — tij, tu
§ity Ekj > Oir, O
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The functor of points of GL(m|n) and actions

The functor of points is very useful for the action language!

We naturally recover the action of GL(m|n) on k™"

GL(m|n)(A) x k™In(A) — kmIn(A)
&) o) [ (&) o [
<(9kj) (m))’ T <(9kj) (m))
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Super Harish-Chandra pairs (SHCP)

Supergroup G as a Super Harish-Chandra pair: G ~ (Gp, g),
@ Gp: Lie group;
@ g: Lie superalgebra, go = Lie(Gp);
@ Gp actson g, on go as Ad (Ad(g) : X — gXg™ 1)

Example

GL(m|n) = (GL(m) x GL(n), gl(m|n)), where gl(m|n) is the vector
superspace of m + n matrices with entries in R or C and parity

(ujj, via € k):

<(UOU) (ui/)> ((V(L) (%")> odd

The bracket:
[X, Y] = XY — (=1)PX)P(M yx

Antisymmetry and Jacobi identity come with signs.
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Representations of Supergroups

A Representation of G in V = V& V; is equivalently as follows:
@ Action of G on V via functor of points: G(A) x V(A) — V(A)
@ Natural transformation: G(A) — GL(V)(A)
© SHCP representation,

mo : Gop — GL(Vp) x GL(V1) p" g — End(V)
with compatibility conditions

mo(g)p" (X)mo(g) ™! = p"(Ad(g)X),  p7| =~ dmg
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Example of SHCP representations: Osp(1|2)

Im 0 O
Osp(m|2n)(A) := {X € GL(m|2n)(A) | X'"UX =J}, J= ( o 0 I )

In SHCP notation:Osp(1|2) = (SLa(k), osp(1|2)) where:

osp(1]2) = { ( ) |B € Slz} C gl(1]2), with basis
0
: = ,f= 0
0
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Classification of highest weight Osp(1|2) representations

Theorem. Let V = V@ Vi be the highest weight representation of
Osp(1|2) = (SLa(k),0sp(1|2)) with highest weight A € C, vy highest
weight vector. V' is finite dimensional if and only if A = n € Z>.

Vo: highest weight module for slo with highest weight A.

Vi: highest weight module for sl with highest weight A — 1.

Vo e e
Vn Vn—2 Vn—4
Vl Vh—1 ° Vh—3 .
Note: span{e, f, h} = sly;
y and f reverse the arrows of x and e.
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Hermitian and Super Hermitian products

V. complex super vector space

Definition. (,) is a super hermitian product on V if:
(u,v) = (=)MVI(v, v), Yu,veV
(u,v) =0 for |u|#|v|
If X is an endomorphism of V/, its adjoint X* is
(Xu,v) = (=1)“XI(u, X*v),

Observation.hermitian product (, ) <= (, ) super hermitian product:

(u,v) = {i(u, v) Jul=|v|=1

(u,v) otherwise

(assuming Vo and V4 are orthogonal).
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Unitary representations of Lie superalgebras

g: real Lie superalgebra; v : g — End(V') representation.

Definition. v : g — End(V) is unitary if and only if

. ) —(X), |IX|=0 or - —~v(X), IX| =0
10 —{M(X), xj=1 % ‘{—wm, X =1

v(X)* adjoint for (,), v(X)! adjoint for (,).

Equivalently (Carmeli, Cassinelli, Toigo, Varadarajan):

Proposition. -y is unitary if and only if V is equipped with an ordinary
hermitian product (, ) in which V, and V; are orthogonal, and

(U1) For all X € go, iv(X) is symmetric on V.

(U2) For all Z € g1, v(Z) := e~'™/*~(Z) is symmetric on V.
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Unitary representations of Lie Supergroups

Definition. Let G = (Go, g) be a real supergroup. A supergroup
morphism 7 : G — Aut(H) is a unitary representation for G in the
Hilbert superspace H if:

© 7 is an even unitary representation of Gg in H;

Q y=dn:g— End(V) C End(C})) (analytic vectors)
~ is a unitary representation of g = Lie(G);
© H is the completion of V.
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Harish-Chandra representations

V: complex super vector space (infinite dimensional)
gc: complex contragredient Lie superalgebra
(gc is A(m, n), B(m, n), C(n), D(m,n), F(4), G(3))
gc = tc @ pe: Cartan decomposition (complexified)
E.g. su(p,q|r,s) = su(p) @ su(q) ®su(r) Ssu(s)®iRdiIRdp
7 : gc — End(V) a representation.
Definition. V is a Harish-Chandra module for gc if
d 7k, Kp — Aut(V), 7 : gc — End(V):
@ 7(Ad(k)X) = i (K)m(X)mi (k)7
e V= ZTGG V(T)
V(7): span of all the finite dimensional subspaces with 7 as character
© V/(7) is finite dimensional.
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Infinitesimal Harish-Chandra highest weight unitary

representations

Definition. Harish-Chandra homomorphism f:
B: Z(gc) — S(he)"

u = Blu)y=u mod(P), P=73,.0U(gc)dca

Theorem. (Kac). The Harish-Chandra homomorphism identifies the
center Z(gc) of the universal enveloping superalgebra with the subalgebra

I(bc) of S(hc)":
I(bc) = {¢ € S(bc)W | o(A+ta) = ¢(N), Y\ € (a)t, aisotropic, Vt € C}

This is a new super phenomenon!
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Infinitesimal Harish-Chandra highest weight unitary

representations

Theorem (Carmeli-F.-Varadarajan, 2021). Let A € hi and let 7y be
the irreducible highest weight representation of highest weight A. Then:

7y is unitary if and only if (—)l2l3(a*a)(\) > 0 for all a € U(gc).
In particular it is necessary to be in the Harish-Chandra cone:
O X\(H.) > 0 for a even compact
@ A\(H,) < 0 for @ non compact.

Furthermore the weight spaces are orthogonal.

Note: * : U(gc) — U(gc) antiautomorphism extending the adjoint.
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The Harish-Chandra cone in s((2|1)
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Example: gc = ospc(1]2) and its real form ospg(1|2).
Theorem. Let V; be the universal (Verma) ospg(1]2) module of highest
weight t € C. (Note: t = \(H,)).
© V4 is a unitary module for ospg(1|2) if and only if t e R, t < 0
© V4 unitary is irreducible.
© All unitary representation of the real Lie supergroup Ospg(1]2) =
(SLa(R), osp(1]2)) are given on the completion H of V;:
o V; C C¥(mp) analytic vectors
@ mo: unitary representation of SLy(R) in H integrating (V;)o.
Remark. t = A(H,) < 0, « the only (non compact) root.
[osp(m|2n) does not admit compact forms]
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Geometric realizations of HC Unitary Representations

Assume:
@ G: real Lie supergroup (e.g. G = SU(r,s|p,q))
@ T: maximal compact torus (e.g. T purely imaginary diagonal)
@ A: maximal non compact torus (e.g. A real diagonal matrices)
o g = Lie(G): contragredient superalgebra
°
rkt =rkb, h=tda, a=it

where:
g=tdp, Super Cartan decomposition

(e.g. t=su(r) ®su(s) ®su(p) ®su(q) ® iR IiR))
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Admissible Positive Systems

Fix a positive system A" admissible for g = &+ p:
+ + + + +
A+ Ay CAf, Ay + Ay CA
Example: admissible systems for Ay, A¢ = {£a}, A, = {£6,£(a+ B)}

B aB
-p P

{a, B, + B}: admissible
{a + 8,—p,a}: not admissible

Key Point: PT subsupergroup of superalgebra p™.
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Hermitian Symmetric Super Spaces

Fix an admissible positive system for g =t D p~ D p™T.
Let P* the complex supergroup associated with the subalgebras p*.

Theorem (Harish-Chandra decomposition). We have an isomorphism

onto the image:
P~ x Kx Pt — G

(P~ k,p*) = pTkp*

Corollary.
GR/K]R C GRKP+/KP+
hence Gr/Kgr acquires naturally a Gg invariant complex structure.

Example: The upper half plane SLy(R)/SO(2)
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Example: The Super Lagrangian

Define the super Lagrangian L as:

L = Osp(m|2n)/P,

a 0 [67%)
P(A) = { ( B1 b1 b2 ) } C Osp(m|2n)(A).
0 0 by

Osp(m|2n)(A) := {X € GL(m|2n)(A)| X*JX = J}

(
Im 0 0
J=| 0 0 I
0 —I, 0

where:
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The Siegel superspace

Define the Siegel superspace:
S(A) ={(z,0)|¢¢C+2z"—z=0,z=x+1y, l[y| >0} C (C"2|m"(A),

It is an analytic supermanifold of dimension n? — n(n — 1)/2|mn.

Theorem
© Ospr(m|2n) acts transitively on the super Siegel space.
© The stabilizer of the topological point (i/,0) € S is the subgroup:

a 0 0
Kr = Stab(iI,O) = 0 b1 b € OspR(m\Qn)
0 —bix b

© We have:
S = Ospg(m|2n)/ Kz

hence Ospr(m|2n)/Kr acquires naturally a complex structure.
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Geometric realizations of HC Unitary Representations

Define super sections of a super line bundle on G/B:

L(U) = {f e H(V)If(ga) = x (a)f (g)},  x=e€"Aew Cp*
Theorem (Main Result 1, Carmeli-F.-Varadarajan, 2019).
Assume L, (GrB™/B™) # 0 modulo J the odd ideal. Then:
Q@ L,(GrB™/B™) contains v analytic continuation of the const. poly. 1;

Q ((U(g)) C L, (GrB*/B%) is a Fréchet Gg-module, Kg-finite

Q A\(H,) € Z>g for all compact positive roots .
Hence:

o V = (¢(U(g))y) HC highest weight module for g
o H = ((U(g))y HC module for Gg.

Note. (A + p)(H.) <0, & non compact = V irreducible.
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Super lwasawa Decomposition

Iwasawa decomposition: gc = g® a® ng
Hence GANg is open in G¢.

Examples
©® G =SU(1]1), Gc = SL(11):

ne =1, 1) pee={(3 3)]

X = Gc/Nc = stz Gc/Bc = polt
@ G = Osp(1]2)r, Gc = Osp(1|2)c

Hence:

X = Ge/Ne = (C*)* — G¢/Bc = P!

Rita Fioresi August 23, 2022



Super Geometric Quantization

Question. Determine “all” irreducible unitary representations of a real
supergroup G at once in the superspace of holomorphic sections of a
super line bundle on the supermanifold X = GA C G¢/N¢ (open).
Facts in ordinary geometry (Guillemin-Chuah 2000):

@ There is a unique (up to scalar) Gy x T invariant Kahler form wq on
Xo = GoA (T = Tp, A= Aoy, H=TA).
® wo = i0OFy globally

@ There is an hermitian line bundle £y on Xp; wg is its Chern class
(trivial as C*° line bundle, wp exact)

@ There exist a unique Gy x T invariant non vanishing holomorphic
section sg of Ly

@ The hermitian product on the fiber £, is determined by:

<50750>z = e_FO(Z)7 z € Xp
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Quantization and Unitary representations of Gy

Key fact. sy realizes the identification:
H(Lo) = H(Xo)

The hermitian structure on Lo gives an hermitian product on H?(Lo):

(f,g)z/)((fso,gs())z:/ f(z)g(z)e™ Fo(2) ¢

Xo

H2(Lo): section for which the integral exists and it is finite.

H(Lo)x = {f € H(Lo)|f(ga) = x}(a)f(g)} C H(Lo)

Theorem. (Guillemin, Chuah 2000). Let H(Lo)x be the (infinite
dimensional) representation of G with character x = e, A € it*. Then
H(Lo)x C H?(Lo) if and only if X is in the image of the moment map
&g : Xo — go for the hamiltonian action of Gg on Xy = GoA.
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Super Quantization/1

Ingredients:

@ The super 1|0 hermitian bundle: £ = Ly ® A(€)

@ There exist a unique G x T invariant w super Kahler form.
w = iOOF globally, with F super kahler potential
G left acts on X = GA open in Gc/Nc

T right acts on X with a Hamiltonian action.

[

The super moment map ® : X — t* is well defined

We can define the super representations:

H(L)\ = {f € H(L)|f(ga) = X_l(a)f(g)}, x=eMAebh* integral
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Super Quantization/2

Let A € b* be typical, integral and in the Harish-Chandra cone:

C={xep|(a,N) >0for alla € AT, (8,)\) < Ofor all 3 € A}

® : X — g* the (super) moment map.

Theorem (Main Result 2, Chuah-F. 2022). The irreducible unitary
highest weight G-representation with HC super character x4, occurs in
H(L) if and only if A € Im(®), and it is given by

H(L)\ = {f € H(L)If(ga) = x "(a)f(g)}
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