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Unifying themes in physics 
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Why material = coffee mug?!
Can we use light to change topology of a material?!
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Outline 

① Topology	in	materials	
② Floquet	states	
③ Light-induced	Hall	effect	in	graphene	(2D	Dirac)	
④ Optical	control	of	Majoranas	(2D	chiral	superconductor)	
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① Topological states of matter 
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Global	Change	without	Local	Change	illustrates	Berry’s	Phase	
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Topological states of matter 
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Start	system	in	the	nth	eigenstate	

Adiabatic	theorem	tells	us	that	we	
stay	in	the	nth	eigenstate,	but	we	
can	pick	up	a	phase	that	does	not	
affect	the	physical	state.	

Dynamical	phase,	but	an	additional	
phase	is	also	allowed	(this	is	called	
the	Berry	phase	γ).	

M.	V.	Berry,	Proc.	R.	Soc.	A	392,	45	(1984)	
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Topological states of matter 
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Equation	for	Berry’s	phase	

Operate	with	bra	on	l.h.s.	

Dynamical	phase,	but	an	additional	
phase	is	also	allowed	(this	is	called	
the	Berry	phase	γ).	



Max Planck Institute for the Structure and Dynamics of Matter 

Topological states of matter 
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Berry	phase,	related	to	
changes	of	the	eigenstate	
when	moved	along	path	in	
parameter	space.	

Berry	phase	is	real.	
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Topological states of matter 
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Berry	connection	as	a	gauge	potential.	

Under	gauge	transformation.	

Gives	no	change	to	the	Berry	phase.	

Berry	phase	is	gauge	invariant	and	can	be	
measured,	e.g.	Aharonov-Bohm	effect.	
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Topological states of matter 
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Topological	band	theory	of	solids	

C. Kane, “Topological 
band theory and the Z2 
invariant”, Chapter 1 in 
“Topological Insulators”, 

Elsevier (2013)	

Bloch	state	under	gauge	transformation		

Berry	connection	

Berry	phase	

J. Phys.: Condens. Matter 24 (2012) 213202 Topical Review

Figure 3. Left: conical intersection of energy surfaces. Right: direction of the monopole field ⌦+(k).

For the Kramers doublet the Berry curvature must always be
an su(2) matrix even in the case of a u(2) connection because
a gauge transformation induces a unitary transformation
of the curvature which does not alter the trace. Indeed,
TI ⌦n""(k) = �⌦n""(k) = ⌦n##(k), which proves that the
trace is equal to zero. Therefore, in contrast to the spinless
case, discussed in the next section, the Berry curvature may
be nontrivial even in nonmagnetic materials with inversion
symmetry.

Despite the Berry curvature being gauge covariant, we
may derive several observables from it. As we have seen,
the trace of the Berry curvature is gauge invariant. In
the multiband formulation of the semiclassical theory, the
expectation value of the curvature matrix with respect to the
spinor amplitudes enters the equations of motion [4, 5]. In the

context of the spin Hall effect one is interested in Tr( ¯̄S
↵

¯̄�
�
),

where ¯̄
S

↵
is the ↵th component of the vector-valued su(2) spin

matrix (cf section 2.4.2).

1.4. Symmetry, topology, codimension and the Dirac

monopole

It is expedient to exploit symmetries of the Hamiltonian for
the evaluation of the Berry curvature. From equations (20)
and (21) we may easily determine the behavior of ⌦n(k)

under symmetry operations. In crystals with a center of
inversion, the corresponding symmetry operation leaves Enk
invariant while r, ṙ, k, and k̇ change sign, and hence ⌦n(k) =

⌦n(�k). On the other hand, when time-reversal symmetry is
present, Enk, r, and k̇ remain unchanged while ṙ and k are
inverted, which leads to an antisymmetric Berry curvature
⌦n(k) = �⌦n(�k). Thus, if time-reversal and inversion
symmetry are present simultaneously the Berry curvature
vanishes identically [7]. This is true for spinless particles
only. Taking into account spin, we have to acknowledge the
presence of a twofold degeneracy of all bands throughout the
Brillouin zone [8, 9], the Kramers doublet, discussed in the
previous section.

As was mentioned already in section 1.2.2, the Berry
curvature of a band arises due to the attempt of a single-band
description; e.g., in the semiclassical theory it keeps the

information about the influence of other adjacent bands.
If a band is well separated from all other bands by an
energy scale large compared to one set by the time scale of
the adiabatic evolution, the influence of the other bands is
negligible. In contrast, degeneracies of energy bands deserve
special attention, since the conventional adiabatic theorem
fails in this case. Special attention has been paid to point-like
degeneracies, where the intersection of two energy bands is
shaped like a double cone or a diabolo. These degeneracies
are called diabolical points [10]. A typical one, studied within
a tight-binding model in [11], is shown in figure 3.

In general, a Hermitian Hamiltonian Ĥ(k) with three
parameters kx, ky, kz has degeneracies (band crossings) at
points k⇤. Taking k⇤ as the origin and assuming that
Ĥ(k) depends linearly on the k measured from k⇤, a generic
example for two bands crossing can be constructed as follows.

At k = k⇤ there are two orthogonal states |ai and |bi

whose energies are the same, Ea = Eb = 0, which we take
to be the energy zero. In the vicinity of the point k⇤ we can
express the eigenstates in terms of the two states

|un(k)i = can(k) |ai + cbn(k) |bi (29)

where n = {+, �} and the coefficients can(k) and cbn(k) are
determined by the eigenvalue problem

Ĥ(k) |un(k)i = Enk |un(k)i . (30)

Using the expansion of equation (29), little is lost in generality
by taking Ĥ(k) in the representation of the two states |ai and
|bi to be of the form [3]

H(k) =

 
kz kx � iky

kx + iky �kz

!

, (31)

and hence the eigenvalue equation can be written as
 

kz kx � iky

kx + iky �kz

! 
can(k)

cbn(k)

!

= Enk

 
can(k)

cbn(k)

!

. (32)

The solution of this eigenvalue problem is

E±k = ±

q
k2

z
+ k2

x
+ k2

y
= ± |k| = ±k (33)

5

F(k)	

Chern	number	=	topological	invariant	
=	number	of	Dirac	monopoles	inside	the	surface	
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Topological states of matter 
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K	 K‘	

K K‘	
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A B
Two atoms in unit cell:

Electrons always in a 
superposition of A- and 

B-sublattice states

Two triangular sublattices bonded together
Honeycomb lattice

James McIver
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Bloch sphere
Visualizes states in a two-level system

A⟩｜

James McIver

100% A-sublattice character
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Bloch sphere
Visualizes states in a two-level system

B⟩｜

A⟩｜

James McIver

100% B-sublattice character
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Bloch sphere
Visualizes states in a two-level system

ei!A⟩｜ B⟩｜+

B⟩｜

A⟩｜

James McIver

On the equator we have equal 
amplitudes on the A and B 

sublattices, but there can be a 
phase difference between them
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Bloch sphere
Visualizes states in a two-level system

A⟩｜ B⟩｜+

B⟩｜

A⟩｜

James McIver

A and B equal amplitudes, in phase
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Bloch sphere
Visualizes states in a two-level system

A⟩｜ B⟩｜

B⟩｜

A⟩｜

A⟩｜ B⟩｜+

James McIver

A and B equal amplitudes, exactly 
out of phase
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Pseudospin 
Shows how the states on the A- and 

B-sublattices superpose

Honeycomb lattice wavefunctions

⟩!｜k
= e i k r

In Graphene, electrons are always 
equally distributed between the 

identical A and B sublattices. This 
means that the pseudospin always 

lies on the equator of the Bloch 
sphere, indicating that the A and B 

sublattice states have equal 
amplitude, but there can be a 

phase difference between them. 

James McIver
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Bonding band

Anti-bonding band

kx

E
ky

Graphene: electronic structure
Identical A- and B-sublattices made of carbon

P.R. Wallace (1947)

Bands cross without gapping 
because coupling between A 

and B sublattices just happens 
to go to zero at these points 
(“accidental crossing”). This 
changes if symmetries are 

broken.

James McIver
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kx

ky

K

K’

!
"

Graphene conduction band
Graphene: pseudospin texture

Bloch sphere equator

James McIver
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Eigenstates’ phase winds in opposite directions at K and K’

kx

ky K K’

Chirality
 The difference between K and K’

*Note that exactly at K or K’ (exactly at the Dirac 
point), the pseudospin vector is undefined

James McIver
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Topological states of matter 

21	

H(K 0 + q) =

✓
mK0 qx � iqy

qx + iqy �mK0

◆
(1)

H(K + q) =

✓
mK qx + iqy

qx � iqy �mK

◆
(2)

Dirac	fermions	in	pseudospin	representation:	Decompose	into	Pauli	matrices	

= px�x + py�y + pz�z

Pseudospin	winding	<->	Berry	phase	
Berry	phase	on	a	closed	loop	around	Dirac	point	is	quantized	=	+/-	π
+/-	sign	depends	on	sign	of	mass	term	mK	
	
+/-	½	Dirac	monopole		
	
Chern	number	C	=	sum	of	Dirac	monopoles	in	the	Brillouin	zone	
Distinguishes	trivial	from	nontrivial	(topological)	insulators	

px	=	qx	
py	=	qy	
pz	=	mK	

C=0	 C≠0	
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Topological states of matter 
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H(K 0 + q) =

✓
mK0 qx � iqy

qx + iqy �mK0

◆
(1)

H(K + q) =

✓
mK qx + iqy

qx � iqy �mK

◆
(2)

H(K 0 + q) =

✓
mK0 qx � iqy

qx + iqy �mK0

◆
(1)

H(K + q) =

✓
mK qx + iqy

qx � iqy �mK

◆
(2)

K vs. K’: opposite winding of in-plane pseudospin
mK = mK’
trivial insulator

mK = - mK’
nontrivial insulator

M. Sentef et al., Nat. Comm. 6, 7047 (2015) !
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Chern number and quantum Hall effect 

„Kubo = Chern“!
!
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Japanese physicist = Chinese mathematician*!
*quote by Shou-Cheng Zhang!
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Hall conductance σHall = C e2/h!
!
C = Chern number!
= Berry curvature integrated over occupied states !

(bulk-boundary correspondence: C=#edge channels)!
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David	J.	Thouless	
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② Floquet topological states 
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Haldane model (PRL 61, 2015 (1988))

Local	flux	φ
Staggered	field	m	
Fictitious	fields!	

Graphene + circularly polarized light (breaks trs)

breaks trs

br
ea

ks
 in

v

? pump
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F.	Duncan	M.	Haldane	
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electrons	in	solids	

by Koichiro Tanaka (Kyoto university)	

Floquet	state	(photo-dressed	state)	

Artistic view of Floquet states 
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Floquet states of matter 
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time periodic system	

ε:  Floquet quasi-energy	

Floquet Hamiltonian  (static eigenvalue problem)	

 ~ absorption of m “photons”	

comes from the      term	

“Floquet mapping”	

=discrete Fourier trans.	
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Time-periodic quantum system	 Floquet theory (exact)	

two states + periodic driving	

Floquet theory	

n-photon dressed state 

effective theory	=	 ~	

Hilbert space size  
= original system 

projection to the original  
Hilbert space	

Floquet side bands 

Fictitious	fields!	

Floquet states of matter 

27	
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Dirac fermion + circularly polarized laser 
  

time dependent Schrödinger equation	

coupling to AC field	

Floquet theory	

 truncated at m=0,+1, -1 for display	
28	
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Dirac fermion + circularly polarized laser 
  

1-photon absorbed state 

0-photon absorbed state 

-1-photon absorbed state 

29	
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Dirac fermion + circularly polarized laser 
  

1-photon absorbed state 

0-photon absorbed state 

-1-photon absorbed state 
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Oka and Aoki,
PRB 79, 081406 (2009)	

2κ	

Mass	term	=	
synthetic	field	stemming	from	a	
real	time-dependent	field	A(t)	
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Dirac fermion + circularly polarized laser 
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2κ	

Dynamical gap 	

near Dirac point 

2nd order perturbation	

Projection to the original Hilbert space 

Mass	term	=	
synthetic	field	stemming	from	a	
real	time-dependent	field	A(t)	
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Summary 
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•  Floquet	states:	engineering	of	fictitious	gauge	
fields	with	real	laser	fields	

•  laser	control	of	topological	states	of	matter	
•  examples:	2D	graphene,	3D	Dirac	semimetal	

THANK	YOU!	

James McIver 

„Floquet engineering of artificial gauge fields“!
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③ Light-induced Hall effect in graphene 
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J. McIver et al., Light-induced anomalous Hall effect in graphene,!
arXiv:1811.03522, Nat. Phys. 2019!

*bulk-edge correspondence:!
topological gap in bulk implies!
topologically protected edge states!
along interface to trivial material/vacuum!



Max Planck Institute for the Structure and Dynamics of Matter 34	



Max Planck Institute for the Structure and Dynamics of Matter 35	



Max Planck Institute for the Structure and Dynamics of Matter 36	



Max Planck Institute for the Structure and Dynamics of Matter 

Theory of light-induced Hall effect 
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S. A. Sato et al., Microscopic theory for the light-induced anomalous Hall effect in graphene,!
Phys. Rev. B 99, 214302 (2019) !

Floquet topology and light-induced population effects both important!

Theory!

Experiment!
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③ Acknowledgments graphene work 
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James McIver 
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Unifying themes in physics?!
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Dirac fermions!
Majorana fermions!
Weyl fermions!
gaps / particle masses!
gauge fields!
!
topology?!

Thank you for your attention!!
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④ Optical control of Majoranas 
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Chiral topological superconductor!
=!

2 x quantum anomalous Hall insulator + superconductivity  !



Max Planck Institute for the Structure and Dynamics of Matter 

④ Optical control of Majoranas 

Can	one	switch	the	chirality	of	a	2D	topological	
superconductor	with	light	pulses?	
	

42	

key	idea:	use	two-pulse	sequence	with	linearly	and	circularly	polarized	light	

(c) (c)(c)
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Nonequilibrium pathway to switching 
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px	+	ipy	 px	–	ipy	

s,	sext	,	d,	…	

�equilibrium ⇠
⇢

px + ipy
px � ipy

�non-eq(t) ⇠ cos(✓) “px + ipy” + sin(✓)ei� “px � ipy”
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Optical control of Majoranas 
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two-pulse	sequence		
reverses	d+id	state	

in	graphene	
A B C D E A B C

D
E

(a)

(b)

(c) (f)(d)

(e)

A B C D E A B C
D
E

(a)

(b)

(c) (f)(d)

(e)
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Bloch vector rotation 
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A „programmable“ topological quantum computer? 

non-Abelian	statistics	of	Majorana	fermions:	
o  half-quantum	vortices	of	chiral	superconductors	

host	single	Majorana	fermions	

o  Two	Majoranas	represent	one	electron:	½	+	½	=	1		

à Braiding	between	Majoranas	is	a	non-Abelian	
operation	in	electron	(charge)	basis!	

Ivanov,	PRL	86,	268	(2001)	

p+ip p+ipp-ip
1

2
p+ip p+ip

p-ip p-ip

p+ip
1

2
p+ip p+ipp-ip

1

2
p+ip p+ip

p-ip p-ip

p+ip
1

2

simplest	operation:	a	switchable	Hadamard	gate	

B.	Lian	et	al.,	PNAS	115,	10938	(2018)	
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④ Acknowledgments Majorana work 
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•  All-optical	control	of	chiral	Majorana	modes	
•  towards	arbitrarily	programmable	quantum	computer?	

	„program	the	gate	optically,	read	it	out	electrically“	

M.	Claassen 	D.	Kennes											M.	Zingl	

M.	Claassen	et	al.,	
Nat.	Phys.	15,	766	(2019)	
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Unifying themes in physics?!
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Dirac fermions!
Majorana fermions!
Weyl fermions!
gaps / particle masses!
gauge fields!
!
topology?!

Thank you for your attention!!


