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OUTLINE

INTRODUCTION TO QUANTUM TRANSPORT

THEORETICAL BACKGROUND

System setup and the model Hamiltonian
Green’s functions and the equations of motion
Solution to the equations of motion

GRAPHENE NANORIBBON SIMULATION RESULTS

How does the geometry affect the transients?
What do the spatial charge and current profiles look like?

FURTHER DEVELOPMENT: PHONON TRANSPORT

SUMMARY

Current transients in curved graphene ribbons
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INTRODUCTION TO QUANTUM TRANSPORT

1 2 3 4

I Possibility to manufacture and control nanoscale junctions
I Ultrafast transient responses experimentally reachable
I Nanoscale development of electronic devices

I Transistor count, switching times, sensors, etc.

I Need theory for describing the full time dependence
I Transient spectroscopy: “seeing” how the systems operate
1S. Ilani, et. al: Nature Physics 2, 687 (2006)
2M. Ahlskog, et. al: Phys. Rev. B 79, 155408 (2009)
3D. Talukdar, et. al: Phys. Rev. B 88, 125407 (2013)
4K. Arutyunov, et. al: Phys. Rev. B 70, 064514 (2004)
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SYSTEM SETUP AND THE MODEL HAMILTONIAN

Ĥ = ∑
mn,σ

Tmnd̂†
m,σd̂n,σ + ∑

kα,σ
εkαd̂†

kα,σd̂kα,σ

+ ∑
mkα,σ

(
Tmkαd̂†

m,σd̂kα,σ + Tkαmd̂†
kα,σd̂m,σ

)
+ interactions

Partition-free approach: Initially coupled systems in
equilibrium (unique µ and β)
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GREEN’S FUNCTIONS AND THE EQUATIONS OF

MOTION

I One-particle Green’s function (propagator): Ensemble
average of the contour-ordered product of particle creation
and annihilation operators (Heisenberg picture)

Gmn(t, t′) = −i〈Tγ[d̂m,H(t)d̂†
n,H(t

′)]〉

I Equations of motion for the Green’s function[
i

d
dt
−H

]
G(t, t′) = δ(t, t′) +

∫
γ
dt̄Σ(t, t̄)G(t̄, t′)

I Embedding (retarded) self-energy: purely imaginary
constant ∼ level-width matrix Γ (in wide-band limit)

ΣR
α,mn(ω) = ∑

k
Tmkα

1
ω− εkα −Vα + iη

Tkαn ≈ −
i
2

Γα,mn
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SOLUTION TO THE EQUATIONS OF MOTION

I Explicit expression for the time-dependent density matrix1

I Densities and currents
I Diagonal elements ∼ site-localized charge densities
I Off-diagonal elements ∼ local bond currents

I Extensions to local perturbations (EM fields)2,
superconductivity (NSN junctions) and arbitrary
temperatures3

1RT, R. van Leeuwen, E. Perfetto, and G. Stefanucci, J. Phys.: Conf. Ser. 427, 012014 (2013)
2RT, E. Perfetto, G. Stefanucci, and R. van Leeuwen, Phys. Rev. B 89, 085131 (2014)
3RT, R. van Leeuwen, E. Perfetto, and G. Stefanucci, J. Phys.: Conf. Ser. 696, 012016 (2016)
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TIME-DEPENDENT LANDAUER–BÜTTIKER FORMULA
1

Iα(t) = 2
∫ dω

2π
f (ω− µ)∑

β

Tr
{

ΓαGR(ω + Vβ)ΓβGA(ω + Vβ)− ΓαGR(ω + Vα)ΓβGA(ω + Vα)

+ Vβ

[
Γαei(ω+Vβ−heff)tGR(ω)

(
−iδαβGR(ω + Vβ) + Aβ(ω + Vβ)

)
+ h.c.

]
+ V2

β Γαe−ihefftGR(ω)Aβ(ω + Vβ)GA(ω)eih†
efft
}

,

Aα(ω) = GR(ω)ΓαGA(ω)

I Time-dependent bias voltages and local perturbations2

I Temperature bias, heat currents and local temperatures3

1RT, R. van Leeuwen, E. Perfetto, and G. Stefanucci, J. Phys.: Conf. Ser. 427, 012014 (2013)
2M. Ridley, A. MacKinnon, and L. Kantorovich, Phys. Rev. B 91, 125433 (2015)
3F. G. Eich, M. Di Ventra, and G. Vignale, Phys. Rev. B 93, 134309 (2016)
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GEOMETRY AFFECTS THE TRANSIENTS1

I Edge-state transition only visible in zigzag ribbons

1RT, E. Perfetto, G. Stefanucci, and R. van Leeuwen, Phys. Rev. B 89, 085131 (2014)
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CURVATURE TRIGGERS SPATIALLY AND TEMPORALLY

FOCUSED CURRENTS1

1C. G. Rocha, RT, R. van Leeuwen, and P. Koskinen, Nanoscale 7, 8627 (2015)
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TIME-DEPENDENT LANDAUER–BÜTTIKER FORMALISM

FOR PHONONS1

I Harmonic lattice: Ĥ = ∑j
p̂2

j
2 + ∑jk

1
2 ûjKjkûk =

1
2 ∑jk φ̂jΩjkφ̂k

I Spinor representation: φ̂j =

(
ûj
p̂j

)
; Ωjk =

(
Kjk 0
0 δjk

)
I Commutation relations:

[
φ̂j, φ̂k

]
= δjkα ; α =

(
0 i
−i 0

)
I Phonon Green’s function: Djk(z, z′) = −i〈Tγ[φ̂j(z)φ̂k(z

′)]〉
I Due to the spinor representation the equations of motion

will be 1st order in time! (Similar to the electronic case)
I Partitioned approach (subsystems initially uncoupled)
1RT, N. Säkkinen, D. Karlsson, G. Stefanucci, and R. van Leeuwen, Phys. Rev. B 93, 214301 (2016)
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TIME-DEPENDENT LANDAUER–BÜTTIKER FORMALISM

FOR PHONONS1

Explicit expression for the time-dependent density matrix

iD<(t, t) = e−iΩefftαfC(Ωα)eiΩ†
efft

+ ∑
λ

∫ ωc

−ωc

dω

2π
fλ(ω)

[
1− ei(ω−Ωeff)t

]
Bλ(ω)

[
1− e−i(ω−Ω†

eff)t
]

Ωeff =
1

α + i
2 Γ ′0

(Ω + Λ0) (non-hermitian)

Bλ(ω) =
1

ω(α + i
2 Γ ′0)−Ω−Λ0

ωΓ ′0,λ
1

ω(α− i
2 Γ ′0)−Ω−Λ0

1RT, N. Säkkinen, D. Karlsson, G. Stefanucci, and R. van Leeuwen, Phys. Rev. B 93, 214301 (2016)



INTRODUCTION BACKGROUND RESULTS DEVELOPMENT SUMMARY

TIME-DEPENDENT LANDAUER–BÜTTIKER FORMALISM

FOR PHONONS1

I 1D harmonic chains of atoms
I Time-dependent heat currents
I TC = (TL + TR)/2

Thermalization time τ

κ =
JQ(t = τ)− JQ

SS

JQ
SS

= 10%
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Further (future) applications could involve studying local heat currents and
temperatures in, e.g., graphene-based phononic junctions

1RT, N. Säkkinen, D. Karlsson, G. Stefanucci, and R. van Leeuwen, Phys. Rev. B 93, 214301 (2016)
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SUMMARY AND OUTLOOK
Time-dependent quantum transport in nanosystems
Noninteracting particles within WBA⇒ Analytic solution

How to deal with interactions (e-e, e-ph)?
I Generalized Kadanoff–Baym Ansatz: G≶(t, t′) = GR(t, t′)ρ≶(t′)− ρ≶(t)GA(t, t′)
I Diagonal propagation vs. (t, t′)-plane⇒ computable to more realistic systems?

More on quantum transport and the nonequilibrium Green’s functions:

R. Tuovinen (PhD thesis)
Time-dependent quantum transport in nanosystems: A nonequilibrium Green’s function
approach, University of Jyväskylä, 2016

G. Stefanucci and R. van Leeuwen
Nonequilibrium Many-Body Theory of Quantum systems: A Modern Introduction,
Cambridge University Press, 2013
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