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•  Floquet	topological	states	
	

Topological	band	theory	
+	

Floquet	theory	of	driven	systems	
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Global	Change	without	Local	Change	illustrates	Berry’s	Phase	



Max Planck Institute for the Structure and Dynamics of Matter 

Topological states of matter 

5	

Start	system	in	the	nth	eigenstate	

Adiaba[c	theorem	tells	us	that	we	
stay	in	the	nth	eigenstate,	but	we	
can	pick	up	a	phase	that	does	not	
affect	the	physical	state.	

Dynamical	phase,	but	an	addi[onal	
phase	is	also	allowed	(this	is	called	
the	Berry	phase	γ).	

M.	V.	Berry,	Proc.	R.	Soc.	A	392,	45	(1984)	



Max Planck Institute for the Structure and Dynamics of Matter 

Topological states of matter 

6	

Equa[on	for	Berry’s	phase	

Operate	with	bra	on	l.h.s.	

Dynamical	phase,	but	an	addi[onal	
phase	is	also	allowed	(this	is	called	
the	Berry	phase	γ).	
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Berry	phase	is	real.	

Berry	phase,	related	to	
changes	of	the	eigenstate	
when	moved	along	path	in	
parameter	space.	
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Berry	connec8on	as	a	gauge	poten[al.	

Under	gauge	transforma[on.	

Gives	no	change	to	the	Berry	phase.	

Berry	phase	is	gauge	invariant	and	can	be	
measured,	e.g.	Aharonov-Bohm	effect.	
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Topological	band	theory	of	solids	

C. Kane, “Topological 
band theory and the Z2 
invariant”, Chapter 1 in 
“Topological Insulators”, 

Elsevier (2013)	

Bloch	state	under	gauge	transforma[on		

Berry	connec[on	

Berry	phase	

J. Phys.: Condens. Matter 24 (2012) 213202 Topical Review

Figure 3. Left: conical intersection of energy surfaces. Right: direction of the monopole field ⌦+(k).

For the Kramers doublet the Berry curvature must always be
an su(2) matrix even in the case of a u(2) connection because
a gauge transformation induces a unitary transformation
of the curvature which does not alter the trace. Indeed,
TI ⌦n""(k) = �⌦n""(k) = ⌦n##(k), which proves that the
trace is equal to zero. Therefore, in contrast to the spinless
case, discussed in the next section, the Berry curvature may
be nontrivial even in nonmagnetic materials with inversion
symmetry.

Despite the Berry curvature being gauge covariant, we
may derive several observables from it. As we have seen,
the trace of the Berry curvature is gauge invariant. In
the multiband formulation of the semiclassical theory, the
expectation value of the curvature matrix with respect to the
spinor amplitudes enters the equations of motion [4, 5]. In the

context of the spin Hall effect one is interested in Tr( ¯̄S↵ ¯̄��
),

where ¯̄S↵
is the ↵th component of the vector-valued su(2) spin

matrix (cf section 2.4.2).

1.4. Symmetry, topology, codimension and the Dirac
monopole

It is expedient to exploit symmetries of the Hamiltonian for
the evaluation of the Berry curvature. From equations (20)
and (21) we may easily determine the behavior of ⌦n(k)

under symmetry operations. In crystals with a center of
inversion, the corresponding symmetry operation leaves Enk
invariant while r, ṙ, k, and k̇ change sign, and hence ⌦n(k) =
⌦n(�k). On the other hand, when time-reversal symmetry is
present, Enk, r, and k̇ remain unchanged while ṙ and k are
inverted, which leads to an antisymmetric Berry curvature
⌦n(k) = �⌦n(�k). Thus, if time-reversal and inversion
symmetry are present simultaneously the Berry curvature
vanishes identically [7]. This is true for spinless particles
only. Taking into account spin, we have to acknowledge the
presence of a twofold degeneracy of all bands throughout the
Brillouin zone [8, 9], the Kramers doublet, discussed in the
previous section.

As was mentioned already in section 1.2.2, the Berry
curvature of a band arises due to the attempt of a single-band
description; e.g., in the semiclassical theory it keeps the

information about the influence of other adjacent bands.
If a band is well separated from all other bands by an
energy scale large compared to one set by the time scale of
the adiabatic evolution, the influence of the other bands is
negligible. In contrast, degeneracies of energy bands deserve
special attention, since the conventional adiabatic theorem
fails in this case. Special attention has been paid to point-like
degeneracies, where the intersection of two energy bands is
shaped like a double cone or a diabolo. These degeneracies
are called diabolical points [10]. A typical one, studied within
a tight-binding model in [11], is shown in figure 3.

In general, a Hermitian Hamiltonian Ĥ(k) with three
parameters kx, ky, kz has degeneracies (band crossings) at
points k⇤. Taking k⇤ as the origin and assuming that
Ĥ(k) depends linearly on the k measured from k⇤, a generic
example for two bands crossing can be constructed as follows.

At k = k⇤ there are two orthogonal states |ai and |bi
whose energies are the same, Ea = Eb = 0, which we take
to be the energy zero. In the vicinity of the point k⇤ we can
express the eigenstates in terms of the two states

|un(k)i = can(k) |ai + cbn(k) |bi (29)

where n = {+, �} and the coefficients can(k) and cbn(k) are
determined by the eigenvalue problem

Ĥ(k) |un(k)i = Enk |un(k)i . (30)

Using the expansion of equation (29), little is lost in generality
by taking Ĥ(k) in the representation of the two states |ai and
|bi to be of the form [3]

H(k) =
 

kz kx � iky

kx + iky �kz

!

, (31)

and hence the eigenvalue equation can be written as
 

kz kx � iky

kx + iky �kz

! 
can(k)

cbn(k)

!

= Enk

 
can(k)

cbn(k)

!

. (32)

The solution of this eigenvalue problem is

E±k = ±
q

k2
z + k2

x + k2
y = ± |k| = ±k (33)

5

F(k)	

Chern	number	=	topological	invariant	
=	number	of	Dirac	monopoles	inside	the	surface	
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Dirac	fermions	in	pseudospin	representa[on:	Decompose	into	Pauli	matrices	

= p
x
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z

Pseudospin	winding	<->	Berry	phase	
Berry	phase	on	a	closed	loop	around	Dirac	point	is	quan[zed	=	+/-	π
+/-	sign	depends	on	sign	of	mass	term	mK	
	
+/-	½	Dirac	monopole		
	
Chern	number	C	=	sum	of	Dirac	monopoles	in	the	Brillouin	zone	
Dis[nguishes	trivial	from	nontrivial	(topological)	insulators	

px	=	qx	
py	=	qy	
pz	=	mK	

C=0	 C≠0	
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K vs. K’: opposite winding of in-plane pseudospin
mK = mK’
trivial insulator

mK = - mK’
nontrivial insulator
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Haldane model (PRL 61, 2015 (1988))

Local	flux	φ
Staggered	field	m	
Fic[[ous	fields!	

Graphene + circularly polarized light (breaks trs)

breaks trs

br
ea

ks
 in

v

? pump
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time periodic system	

 ~ absorption of m “photons”	

ε:  Floquet quasi-energy	

Floquet Hamiltonian  (static eigenvalue problem)	

comes from the      term	

“Floquet mapping”	

=discrete Fourier trans.	
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Time-periodic quantum system	 Floquet theory (exact)	

two states + periodic driving	

Floquet theory	

n-photon dressed state 

effective theory	=	 ~	

Hilbert sp. size  
= original system 

projection to the original  
Hilbert space	

Floquet side bands 

Fic[[ous	fields!	

Floquet states of matter 
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Dirac fermion + circularly polarized laser 
  

time dependent Schrodinger equation	

coupling to AC field	

Floquet theory	

 truncated at m=0,+1, -1 for display	
16	
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Dirac fermion + circularly polarized laser 
  

1-photon absorbed state 

0-photon absorbed state 

-1-photon absorbed state 
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1-photon absorbed state 

0-photon absorbed state 

-1-photon absorbed state 
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Oka and Aoki,
PRB 79, 081406 (2009)	

2κ	

Mass	term	=	
synthe[c	field	stemming	from	a	
real	[me-dependent	field	A(t)	
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2κ	

Dynamical gap 	

near Dirac point 

2nd order perturbation	

Projection to the original Hilbert space 

Mass	term	=	
synthe[c	field	stemming	from	a	
real	[me-dependent	field	A(t)	
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Floquet + topology in ac driven systems:
Oka&Aoki PRB 79, 081406 (09), Kitagawa et al PRB 82, 235114 (10), Kitagawa et al PRB 84, 235108 (11), 
Lindner et al Nature Phys 7, 490 (11), Gu et al PRL 107, 216601 (11), Calvo et al APL 98, 232103 (11), Dora et al 
PRL 108, 056602 (12), Suarez Morell et al PRB 86, 125449 (12), Rudner et al PRX 3, 031005 (13), Iadecola et al, 
PRL 110, 176603 (13), Gomez-Leon&Platero PRL 110, 200403 (13), Fregoso et al PRB 88, 155129 (13), Perez-
Piskunow et al, arXiv:1308.4362, Grushin et al, arXiv:1309.3571 … INCOMPLETE

•  continuous field       pulsed field?
•  exact time evolution, realistic parameters
•  Floquet states evolving in real time?

Our work:

ω
E, polarization

gaps? Wang et al.,
Science 342, 453 (2013)	

Bi2Se3	

Nature	Comm.	6,	
7047	(2015)	
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has frequency ⌦ = 1.5 eV, unless denoted otherwise, implying oscillation periods of 2.58 fs.

Its temporal width is �
pump

= 165 fs. We vary the peak vector potential A
max

= 0.10 . . . 1.00

in units of a
C�C

�1. This corresponds to peak electric field strengths E
max

= ⌦A
max

of 106 . . .

1060 mV Å
�1

for ⌦ = 1.5 eV and the graphene lattice parameters. The photoemission probe

pulse has a width �
probe

= 26 fs. This choice of parameters is motivated by the hierarchy

of time scales in the system: The oscillation period for the pump laser light, the temporal

width of the probe pulse which controls the time and energy resolution for the tr-ARPES

signal, and the temporal width of the pump pulse which controls the nonequilibrium state

and ensures a well-defined center frequency for the pump pulse.

B. Model and time evolution

Our goal is to obtain the lesser Green function matrix G<(k, t, t0) in 2 ⇥ 2 orbital space

(see below) with matrix elements

G<

↵�

(k, t, t0) ⌘ ih↵†
k(t)�k(t

0)i, (1)

where ↵†
k (�k) is a creation (annihilation) operator for a fermion at momentum k in orbital

↵ (�) 2 {a, b}. As shown below, the photocurrent and pseudospin contents are computed

from these lesser Green functions.

Including the field via Peierls substitution, the time-dependent Hamiltonian for A and B
sublattices with corresponding orbitals a and b reads

H(t) =
X

k

⇣
a†k b†k

⌘
0

@ 0 g(k�A(t))

g⇤(k�A(t)) 0

1

A

0

@ ak

bk

1

A , (2)

with the Hamiltonian matrix elements

g(k) = V

"
2 cos

 p
3k

x

2

!
cos

✓
k
y

2

◆
+ cos(k

y

) + i

 
�2 cos

 p
3k

x

2

!
sin

✓
k
y

2

◆
+ sin(k

y

)

!#
,

(3)

where V = 2.8 eV is the nearest-neighbor hopping matrix element matching the graphene

bandwidth and Dirac point velocity. In equilibrium, the Hamiltonian has two Dirac points

at momenta K and K 0 given by (±4⇡/(3
p
3), 0) ⇡ (±2.4184, 0), where momenta and the

vector field A(t) are measured in multiples of the inverse of the carbon-carbon distance

a
C�C

.8
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2x2 model for honeycomb tight-binding electrons:

Compute Green functions using exact time evolution:
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C. Floquet spectra

The Floquet spectra shown in Figures 2 and 3 are calculated from the Floquet Hamilto-

nian corresponding to Eq. (3):

H
F

= �
X

m↵

m⌦ |m,↵ihm,↵|+
X

mn

[g
m�n

(k) |m,Aihn,B|+ h.c.] (9)

where g
m�n

(k) are the Fourier series expansion coe�cients of g(k�A(t)):

g
m�n

(k) =
⌦

2⇡

ˆ 2⇡

⌦

0

dt ei(m�n)⌦tg(k�A(t)) (10)

=


ei[ky+

7⇡

2

(m�n)] + e
i

hp
3

2

k

x

� 1

2

k

y

+

⇡

6

(m�n)

i

+ e
�i

hp
3

2

k

x

+

1

2

k

y

� 5⇡

6

(m�n)

i�
J
m�n

(A) (11)

Here, J
n

(A) is the Bessel function of the first kind. As the pump frequencies considered in

this work are small with respect to the electronic bandwidth, the corresponding spectrum

must be evaluated numerically via truncation of the full Floquet Hamiltonian. In practice,

we achieve convergence for |m|  40.

D. Time-resolved ARPES formalism

The computation of the time-resolved photocurrent involves normalized Gaussian probe-

pulse shape functions s
�

probe

(t) of width �
probe

centered around time t. In the Hamiltonian

gauge, the photocurrent (tr-ARPES intensity) at momentum k, binding energy ! and pump-

probe delay time �t ⌘ t
pr

� t
p

is then obtained from27

I(k,!,�t) = Im
X

a

ˆ
dt

1

ˆ
dt

2

s
�

probe

(t
pr

� t
1

)s
�

probe

(t
pr

� t
2

)ei!(t1�t

2

)G<

aa

(k, t
1

, t
2

). (12)

In the main text (Fig. 2) we show tr-ARPES spectra at peak field strength with false color

plots of the tr-ARPES intensity I(k,!,�t = 0), i.e. intensity variations as a function of

binding energy ! along selected momentum cuts k. The location of energy bands E(k) can

be obtained from the maxima in the ARPES intensity as a function of binding energy at

constant momentum, the so-called energy distribution curves (EDCs). As seen in Fig. 2

of the main text, these bands are in excellent agreement with quasi-static Floquet bands,

whose calculation is described below.

The photocurrent as defined in Eq. (12) is computed from the lesser Green function in

a fixed gauge. We would like to point out that this quantity is not gauge-invariant. In

17

Obtain photocurrent from lesser Green function:
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(d) Amax = 0.315

•  Circularly polarized laser induces energy gap
•  Good agreement with Floquet band structure
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•  pseudospin <-> orbital content
•  determines Berry phase (topology)
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Supplementary Notes

Supplementary Note 1: Pseudospin content We would like to make contact with

pseudospin representations of 2⇥ 2 Hamiltonians that reflect their orbital content and fully

determine the Berry curvature (see main text). Out of equilibrium and in particular for low

driving frequencies, when a description in terms of a simple e↵ective Floquet Hamiltonian is

not available, one has to find an analogue of a pseudospin analysis in terms of nonequilibrium

Green functions. The pseudospin content of Green functions from our numerical simulations

is extracted by expanding the Green function matrices in orbital representation in Pauli

matrices,

G

x

(k, t, t0) ⌘ G

AB

(k, t, t0) +G

BA

(k, t, t0),

G

y

(k, t, t0) ⌘ �i(G
AB

(k, t, t0)�G

BA

(k, t, t0)),

G

z

(k, t, t0) ⌘ G

AA

(k, t, t0)�G

BB

(k, t, t0). (1)

The respective pseudospin content P

x,y,z

(k, t) specifically for states below the Dirac point

energy E

D

is obtained by computing the analogue of the tr-ARPES response for G<

x,y,z

,

P

j

(k,!,�t) = Im
X

a

ˆ
dt

1

ˆ
dt

2

s

�

probe

(t
pr

� t

1

)s
�

probe

(t
pr

� t

2

)ei!(t1�t

2

)

G

<

j

(k, t
1

, t

2

) (2)

with j 2 {x, y, z}. In order to obtain P(k,�t = 0) we integrate Supplementary Equation

(2) in a frequency window between E

D

� ⌦/2 and E

D

, chosen to represent states below

the equilibrium Fermi level in the n = 0 manifold near the Dirac point, and normalize

the resulting vector for each momentum point. We note that the pseudospin behavior is

independent of the choice of Floquet sideband for which it is analyzed. Every Floquet band

has exactly the same pseudospin content, and the pseudospins in upper and lower bands

within a manifold always point in opposite directions. This is easily understood from the

fact that at a given momentum the states integrated over all energies contain A and B

orbital content alike.

We note that in contrast to the Berry curvature obtained from pseudospin representations,

the orientation of pseudospin vectors is basis-dependent. For the lattice problem, in-plane

pseudospins can be rotated by moving the origin in the real-space unit cell, whereby the

Hamiltonian matrix elements g(k) acquire a momentum-dependent phase factor. However,

our conclusions about the relative orientations of pseudospins between Dirac points and the

structure of the S
1

, S
2

and S’
1

states are independent of this basis choice.

4

Pseudospin components:

Pseudospin measures orbital configuration in bands
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•  Pseudospin changes sign between K and K’
•  Light-controlled Berry phase
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•  3D	Dirac	semimetal	NaBi	
•  Dirac	point	with	spin-orbit	=	2	degenerate	Weyl	points	of	

opposite	chirality	

Z.	K.	Liu	et	al.,	Science	
343,	864	(2014)	
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•  Proposed	engineering	of	topological	states	via	fic[[ous	fields	
h1,	h2	(analogue	of	Haldane	model)	

Z.	Wang	et	al.,	PRB	
85,	195320	(2012)	

+	2x	

Fic[[ous	fields:	
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•  Ques[on:	Can	these	fic[[ous	fields	be	generated	with	lasers	
via	Floquet	engineering?	

Project	with	H.	Hübener,	A.	F.	
Kemper,	U.	de	Giovannini,	A.	Rubio	

+	2x	

Fic[[ous	fields:	
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•  Ques[on:	Can	these	fic[[ous	fields	be	generated	with	lasers	
via	Floquet	engineering?	

•  Preliminary	result	using	ab	ini[o	TDDFT	+	Floquet	
downfolding:	yes	(to	some	extent)	

Project	with	H.	Hübener,	A.	F.	
Kemper,	U.	de	Giovannini,	A.	Rubio	
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•  Ques[on:	Can	these	fic[[ous	fields	be	generated	with	lasers	
via	Floquet	engineering?	

•  Preliminary	result	using	ab	ini[o	TDDFT	+	Floquet	
downfolding:	yes	(to	some	extent)	

Project	with	H.	Hübener,	A.	F.	
Kemper,	U.	de	Giovannini,	A.	Rubio	
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Figure 1: Ab-initio Floquet bandstructures of Na3Bi with circular polarized driving
fields for four different amplitudes (in a.u.). Note that there seems to be a
small level repulsion, which is a residue of poor convergence with k-points
of the groundstate. The effect of the driving fields leads to a splitting of
the degenerate bands and the formation of Floquet Weyl points.

Figure 2: Ab-initio Floquet bandstructures of Na3Bi with linear polarized driving
field with amplitude of 5 a.u.

2

Splitting of 3D Dirac 
into 2 Weyl points
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•  Ques[on:	Can	these	fic[[ous	fields	be	generated	with	lasers	
via	Floquet	engineering?	

•  Preliminary	result	using	ab	ini[o	TDDFT	+	Floquet	
downfolding:	yes	(to	some	extent)	

Project	with	H.	Hübener,	A.	F.	
Kemper,	U.	de	Giovannini,	A.	Rubio	
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•  Floquet	states:	engineering	of	fic[[ous	gauge	
fields	with	real	laser	fields	

•  laser	control	of	topological	states	of	maper	
•  examples:	2D	graphene,	3D	Dirac	semimetal	

THANK	YOU!	


