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Example - Honeycomb lattice: not a Bravais lattice
. Basis: 2 atoms per unit cell
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Band structure for the square lattice in 2 dimensions

lattice: G = {a (n”) y MgyMy € Z}
Ny

reziprokal lattice: G* = {%r (Z”’) y MNg,MNy € Z}
Y

unit e =1

— Vi cos (FEHY)y

periodic potential: ~ V(z,y) = —Vo[cos (2%”) + cos (?)] 2

k)

e.g., good approximation for optical lattice
for cold atoms, see, e.g., |. Bloch, |. Dalibard,
and W. Zwerger, Rev. Mod. Phys. 80, 885

(2008)
y/a
Schrédinger equation in reziprocal space: etc ... .
T A
Ansatzz  ug(F) = Z Uj & e'cr ° ° °
Geg* Ga 3

U = Y g e CHPT

Geg- S _ - kx

Bloch wave at [ : G,

superposition of plane waves
with momentum k£ + G, G € G
® (] ®
Matrix equation:
— =
h?(k — G)?
guﬂ -+ ZV-" e = E-us ~ energy unit in the
om kG -G%,-G k.G o
- following: , o
G h
2ma?

Here V(yr,O) . V(_,,,O) . V(o,fr) = V(o,_n) = —Vo/2
‘/(7?,7?) = ‘/(—17,17) = Vv(1r,—'rr) = W—ﬂ’—ﬂ) = —V1/2



e ovie- durwunsional Cahe

A 6= XX

: < £ z
' a EG‘ < =ﬁ
| : kT
! N\ ER
! | /
ot s e 1

'Ec-)

Rk
¥

-1 n k’
a _C(

weale \ao{e/né{a_,o ; PQA")‘(AY bohve QI,VLOJL(QU lox o

dl%wwi& po'\w& :

& Hakee HM,O acuownt two P(am oaies -

RE Y

_ "G
U = 2 Ee'™

G

orly (o, G #0

=

=2

SJA\6 Ouud/—( QqLLCLJ\\OLL Q(‘ C oWy 212 Q,t\fdw ua&d P)U(;)-éocp

gk \/Q
'
Ve Ep-c
E hi =

C

s

©

G

Co

Ce,

| 3 ,
- ( (ék*éb-c) Ly & -Che)” + 4> )




— /3~
Wil V) = 2V, cos(Gx) G = ?Q?T

okt = b~'¥CP/L (él’-:ék»q‘zgo>

NN

\L( (x)] “~ '\m(c)
l(_)oucﬂwcg




V(r)=0: Backfolding of plane waves:

Band-structure along path through |st BZ:

VO — 1’ Vl —0 so;ry. factor 2 missing A kty
(7,0~ S I é
[ /:/_ . (—m,—=) / \x'\
\\_\ (0, —-r 4 P
uf ~ ) ©,—m
Ifnnlj; R T~ ) >
_--——-“"“F}-‘-—J} =(0,0) (~,0) ...:;:Ti';("‘--—-\____A x k T
(0,0)
(0,0) (0,1) (1.1) (0,0)
k/n
Pointsize: degeneracy (1,2,4) &

|. Brillouin zone
Label: Plane wave label G (line « plane wave at k+G )

Now: Numerical solution with finitely many plane waves:  (please try !)

G c {2_7" (nz> , Mgy My = _N._,N} choose N large enough to converge solution
a \TNy Below: N=3,4

Vo=4, V1 =0

Black: free dispersion

(0,0) (0,1) (1,1)
kim

(0,0)

degeneracies lifted
Weak potential: System still metallic

Fermi-surface for two electrons per unit cell:
hole pockets in |st band, electron pockets in 2nd band



4

degenerate 7?

k/m

(1,1)

(indirect) band gap:

(0,0)

Insulator for 2 electrons per unit cell

|G

Degeneracies lifted in |st order

perturbation
1

theory inV if Vc#0

Kz

(1,1)/
Vy £ 0

Degeneracies now already lifted in
I'st order perturbation theory inV

(0,0)



(0,0) (0,1) (1,1) (0,0)
K/t

(indirect) band gap:

Insulator for 2 electrons per unit cell

Strong-potential: Lowest band becomes flat
tight-binding limit (see below)

Convergence of the result with N (humber of plane waves)

Vo =20,V =2 black: plane waves
" red: N=I

green: N=2
blue: N=3

(0,0) (0,1) (1,1) (0;0)
kit

Relatively fast convergence because potential
is smooth and not too strong
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- Dynamics of Bloch electrons

Semiclassical equations of motion:
electron with momentum k and r, in external fields E(r), B(r)

wave packet Ar, Ak :
Ak < size of 1st BZ & Ar > lattice spacing

still variation of E(r) and B(r) on scales larger than Ar

equations of motion:
: . 10E,(k
7= U,(rk) =< (k)

h ok
Wk = —eB(7) — S6,(k) x B(7)
C

band index n conserved
/2 = /2 + é equivalent, i.e., kin 1.BZ (no further derivation here)

Example: acceleration in external field E:

d d 10E,( 1 0°FE
& e = Z
dt dth ak I Okgﬁk .\

—eEB

a,B=ux,y,2

c.f. acceleration of free electrons:

E(T) mass tensor: (E = 12 Oky0k.

1) 1 2B, (k)
B

my 0 0 ) e -
e.g. diagonaltensor m=| 0 m, 0| < U=—-——F

(symmetry) 0O 0 m, MM
/? //—"‘
. . 1 / a'<o
band electrons behave like particles ,' /

with a different effective mass N
good metals: m* same order of magnitude



Bloch-oscillations

sin(k(t)a)

consider one-dimensional band  €(k) = —2tg cos(ka)
. 1 8€(k) 2t0a
_ t) = = —
hi = —eE vt) = 2 ¢ p
k(t) = _ ekt _ 2tea sin Eaet
L R h
o . . Fae
periodic motion with Bloch frequency ) = T
2t FEae
t) = t.— — —t
x(t) = cons e €08 ( h )
Motion in more than one dimension
PRI
Ged
1KV . E 10~V
large field: —— a=1A 0= ca _ €
cm h h

7
= — > time between incoherent scattering events

Q

2t0 leV
a =
eFa 10—%eV

Axr = a = 10%a

Bloch oscillations usually destroyed by scattering

h
— =0.66
eV /s




AC field:  E(t) = Egcos(2t) (switch on at t=0)

= k(t) = k(0) — % sin(Q2F)

= current:

|k(0)|<kr
k
F E
= /_kF % 2tpa sin (kza - F?Sa sin(Qt)>
E e dk
= —sin ( iséa sin(Qt)) /_kF - 2tpa cos(ka)

all odd harmonics present!

n:i;ure . LETTERS
p OtOnlCS PUBLISHED ONLINE: 19 JANUARY 2014 | DOI: 10.1038/NPHOTON.2013.349

Sub-cycle control of terahertz high-harmonic
generation by dynamical Bloch oscillations GaSe

O. Schubert!, M. Hohenleutner’, F. Langer’, B. Urbanek’, C. Lange', U. Huttner?, D. Golde?, T. Meier3,
M. Kira?, S. W. Koch? and R. Huber*
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also even harmonics (band effects)
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GL Free energy : vector order parameter in cubic environment
2 4 4 4 4
F =alM}? + b|M|* 4+ ¢(M; + M, + M)

just two possible orientations with respect to the lattice,
depending on values of b and ¢

M Il body diagonal
«~
f(x,y,-0.5,0.1,0.3) f(x,y,-0.2,0.1,0.3)

f(x,y,-0,0.1,0.3) f(x,y,0.3,0.1,0.3)
T 0.1

T T T T
1 - 0.09 1
0.08

05 |- - 007 05 |-

0.06

i 005 0L
0.04

i 0.03 05 |

002

05

a i 001 4

M Il x or y axis

f(x,y,-0.5,0.4,-0.2)

f(x,y,-0.3,0.4,-0.2)

1(x,y,-0,0.4,-0.2)

T T T T T

f(xy,1,0.4,-0.2)

f(M:m My7 a, b7 C)

05 |-

05

Note: No breaking of continuous symmetry : no Goldstone modes

01

0.09
0.08
007
0.06
005
004
003
0.02
001
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+ Magnetism: definitions, phenomenology

Interaction of matter with magnetic fields:

e —
— .

Paramagnets: induced magnetisation Diamagnets: induced magnetisation
parallel to external field, fields antiparallel to external field, fields
increased inside material decreased inside material

Macroscopic description:
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- diamagnetic materials expel magnetic fields >> Levitation
TN / https://en.wikipedia.org/wiki/Superconductivity#
N\ e File:Mei _effect_p1390048.j
/;6\\\ / . ile:Meissner_effect_p 48.jpg

Magnetic order:

Ferromagnets: permanent magnetization
“spontaneous alignment of
microscopic magnetic moments”

magnetic compass
TT TT T T = P b’ (11th century, China)?

Wikipedia

Antiferromagnets: “‘spontaneous
anti-parallel alignment of neighbouring
microscopic magnetic moments”

Ferrimagnets: “spontaneous
anti-parallel alignment of neighbouring # ‘ #
microscopic magnetic moments”
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Spin-orbital exchange (Kugel-Khomski model KCuF3)

## eg orbitals
Cu 3d orbitals # t2g orbitals

9 electrons

Low-energy manifold in either of the two e.g. orbitals:

W wiE Wi wi

Orbital _ _ S
pseudospin: Tz = 3 Tz = 73 z 2 #

) _ 1 _ 1 _ 1 _
Sp/n.' S, = 5 S, = 3 S, = —5 S, = —

Interaction: intra-orbital Coulomb, inter-orbital Coulomb, Hunds-Coupling

Orbital-orbital exchange, and mixed orbital-spin exchange

Orbital-orbital exchange

N~ N
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