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1 Keldysh Green’s function for noninteracting fermions

Consider a one-band model for noninteracting spinless fermions on a lattice with Hamiltonian
H= Zf.(k)CLCk, (1)
k
with dispersion €(k) and canonical second quantization fermionic operators with anticommutation relations
fois el ="k
The single-particle Keldysh Green’s function is defined as
? s . !
Gk, t,t') = —iT (cp(t)ck(t), (2)
T [exp(—ﬁff)...}

ot Tr {exp(—ﬁf;f)]

Il

with contour time-ordering operator 7 and time-dependent operators in the Heisenberg picture. The time
arguments ¢ and t' are on the 3-branch contour defined in the lecture. Here 3 is the inverse temperature.

(a) Compute the contour Green's function G(k,t,t'). Hint: Use the fact that chk|nk) = ng|ng) implies
exp(ie(k)c}ecktﬂnk) = exp(ie(k)ngt)|ng) in particle-number notation.

(b) Extract specifically the imaginary-time Green’s function. Convince yourself that the imaginary branch
of the 3-branch contour can be attached in different ways. What is the periodicity of the imaginary-
time Green'’s function? Compute the Matsubara frequency Green'’s function by Fourier transformation,
fliwy) = foﬁ drexp(iwn7) f(7) with w, = (2n + 1) /8.

(c) Extract the retarded Green’s function and Fourier transform to real frequencies, f(w) =
J dtexp(iwt) f(t). How is the spectral function obtained from this expression?

(d) How is the expression obtained in (a) modified in the presence of an electromagnetic vector potential field
A(t) that is homogeneous in space, but time-dependent (“Peierls substitution”): e(k) — e(k — A(t))?
Assume that A(0) = 0 for the earliest time on the contour, i.e. the initial state is unaffected by the field.
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